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THE CONSTRUCTION OF A STANCU TYPE OPERATOR

INGRID OANCEA

ABSTRACT. Using the Taylor series expansion around 0 of the Stancu operator we construct a
new linear and positive operator R,, : C([0,1]) — C([0, 1]) and we give a convergence theorem.

The Bernstein approximations B,,f, m € N associated to a given continuous function f :
[0,1] — R is the polynomial

1) (Bf) (@) = 3 psle)f <Z> ,
k=0

(2) Poi(z) = <’Z> 2F(1 — 2™k

are called the Bernstein fundamental polynomials of m—th degree (see [1]).
In 1968, D.D. Stancu defined in [5] a linear positive operator depending on two non-negative
parameters o and 3 satisfying the condition 0 < a < . Those operators defined for any non-

negative integer m, associate to every function f € C([0,1]) the polynomial P,Sf"ﬁ ) f,

fec(o,1]) — P,

in the following way:

m k+ «
(3) (P f) (x) = k() f :
> pna@f (155)

Note that for & = § = 0 the Bernstein-Stancu operators become the classical Bernstein operators
By, It is known that the Bernstein-Stancu operators verify the following relations:

Lemma 1 For Bernstein-Stancu operators Py(na’ﬁ), m € N, the following relations hold true:
1) (Ppeo) () =1

2) (Per) (z) =z + ‘:n —fg
1 — ) + (o — Bz)(2ma + Bz +
3) (Pea) () = 22 + T2 0) <C(Vm +?)(2 mz + fr +a)
where
ej(r)y=a | j=0,1,2

are test functions.
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Lemma 2 For any x € [0,1] we have:

1.
m m—1
(4) (P f)(x) = o > -1k [ak, apyas f]
k=0

where a, = f;%, k=0,m.

2.

1 &

(5) e (Paf)(@) = < ) me @ ok g f],
for 7 <m.

Proof:

1. We use the relation:
(6) p;n,k('x) = m(pm—l,k—l(-r) - pm—l,k(-r))v k=0,m, (V)ZL‘ € [O> 1]
(7) p0,0(ﬂf) = 17 ps,—l(x) = ps,s—l—l(x) = O, seN*

SO we can write:

_ - k4o _
=3t (55) =
i k+ o Ui k+ «
=m Pm—1,k— (l‘)f( > —m Pm— ,k(m)f< >
k;z:o 1,k—1 m+ B kZ:O 1 mt 8

The first term of the first sum is zero, and so is the last term of the second sum (because of 7),
therefore:
m m—1
kE+a k+a
=SS (55) - s (155 =
m—1
l+1+4+« k+ «
:mmeLl(CU)f< > me lk < —f—,@) =

S ) (1 () () -
ST ( () -1 () ) ]

+14+ I+
(S — ) (m+9)

om k+o k+1+a
_m—i-ﬁ;]pm_l’k(x) [m—i—ﬁ’ m‘i‘ﬁ af:|

2. We use induction method. For j = 1 the above formula is obtained. Let’s suppose that
the formula 5 holds for j — 1 and prove it for j.

L) 0 =3 (AR ) @ =

1( m) (j—1) mfl

=—. o Nak, ary1, - apyj—1; f1 =
_ ] o -1 m]+1k: + +J

IN =V (m+ 3y =
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1/ m (7 — 1! .
‘j<j—1)(m+ﬂ>“(m_‘7+1)'

m—j+1

m—j+1
) ( Z Pm—jk—1(2)[ak, aky1, - akyj1; f] — Z Pr—j () [Ahy Qg - - -5 pogj—1; ﬂ)
The first term of the first sum is zero, and so is the last term of the second sum, so we have

5 (P5) ) =

m ]*1 m—j+1
:( )(m+ﬂ] 1 Z Pm—jk— 1 akvak+17"'aak+j_1;f]—

_ me*j7k($)[ak,ak+1, .. 7ak+j1;f]> _
= ] (m+ﬁj (m 1 31 me ]l al+1,ak+2,...,al+j;ﬂ_

- Z pmfj,k(w) [a‘k7 Aft-1y -« -5 At5—15 f]) =
k=0

m—j
m (j—1)!
< ) 1 By me —iu(®) (a1, apto, - @y [l = las g, - aigj—1; f]) =

J
_ <m> (j—1)! mz:jp (al+17ak+27---aal+j§f]_[alaal+1a~--aal+j1§f})'
3] (m+By~" meiill a4y — @

- m—j
(ayj — @) = (T) (miﬁ)] Z Pm—j ke (T) [y g1y - - 5 Qprjs £
k=0

Lemma 3 The following relation holds:

®) (Puf) (2) = 3 (’j’)(mfﬁ) laosan, ... a5 f]

j=0
Proof We develop the polynomials P, f in Taylor series around x = 0
m (P2f)(0)
(Puf) (@) =) ij =

J=0

m
-7 Pm—ijk(0)[aks Qg1 - aprjs f
=5 (g B e Ol

j=0 k=0
and since py,—;,(0) = 0 for all k = 0,m — j, and py,—j(0) = 1 only the first term of the sum

remains:
m
)i

.
(Pnf) () = Ezj <T miﬁ)l‘[o s f].
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We construct the following operator R,, : C([0,1]) — C([0,1]) given by:

. /m k! i
9 R, f)(x)= —— 1tk ml@0, a1, ..., 0%; flT
Q ) @)= 32 () (o et aui

where the numbers ty, ,,, k = 0, m will be determined by the conditions of liniarity and positivity

of operators R,,.

Theorem 4 If e;j(x) =27, j =0,1,2 are the test functions then:

1. (Rpmeo) (z) = tOm

2. (Rye1) (z) = m+,6 (atom + mtimz)

3. (Rme2) (z) = W (Ptom + m(2a + 1)ty mz + m(m — 1)ty mz?)

Proof 1. If P € 11, is a polynomial of degree at most m, then for any zg, x1, ..., Tms1 We
have [zg,z1,...,Zm+1; P] = 0, so the sum in the expression of R,,ey has only one term

(Rmeo) () = to,mlao; eo] = tomeo(ao) = to,m;

2. Using the same observation when computing R,,e; we obtain 2 terms:

(Rme1) (z) = tomlao; e1] +

ap, a1, €e1|r =
m ﬁ 1,m (0, d1, €1
el(al) 61(0,0)

; m ; 1 (at ; )
= ag + T = « +m T
O,m 0 m ﬂ l,m 1 0 m /8 O,m l,m

m(m —1
t1.mlao, a1; ea)z + ( 2) tamlao, a1, ag; eg)a® =

(Rmez2) (x) = tomao; e2] + m+ g m

1
CENIE

Lemma 5 If hm tom =1 and lim t1,, =1 then lim t9,, = 1.
m—0o0 m—0o0

Proof If x € [O 1] then e1(x) > ea(x) and because R, has to be a linear and positive operator
it has to satisfy the inequality (Rne1) (z) > (Rpe2) (z), that is:

oz2t07m + m2a+ 1)t + m(m — 1)t2,mx2)

1
i3 (atom + mtimz) > CEYOE (a2t07m +m(2a + 1)ty ma + m(m — 1)t27m$2) .
For m — oo we obtain:
(10) lim ¢y, >z hm to.m
m—0o0 —00

that holds for any z € [0, 1].
We consider ¢, (t) = (t — ). Then (Rp,) () >0, and

(Bmpy) (@) = (Rme2) (2) — 22 (Rmer) (2) + 2 (Rmeo) (x) =

1
T mrt e (@tom +m(2a + 1)ty mx +m(m — 1)ty ma®) —
2x )
Tm+ 5 (ato,m + mit1mo) + 27tgm > 0.

Making m — oo it follows that

2® im (tom — 2t1m +tom) >0

m—00
or
lim (tom —tim) > lim (t1m —tom) =0
m—0oQ m—0o0
(11) lim tg,, > hm ti,m

m—00
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From 10 and 11 we have that lim to,, = lim #;,, = 1.
m—0o0 m—0o0
We will use the following result due to H. Bohman and P.P. Korovkin.
Theorem 6 Let L, : C([a,b]) — C([a,b]), m € N be a sequence of linear, positive operators
such that
(Lmeo) () = 1+ um(x)
(Lmer)(x) = = + v ()
(Lines)(&) = 22 + wp(2)
with

lim up,(x) = lim vy(z) = lm wy(z) =0,

uniformly on [0,1]. Then for every continuous function f € C([0,1]), we have
i (Lof) (@) = 1 (2),

uniformly on [0,1].

We apply theorem 6 to the results obtained in theorem 4 and lemma 5 and we get the
convergence theorem for the R, operators given by relation 9.

Theorem 7 If Tr}gnoo tom = 1 and lim t1,, = 1 then for every continuous function f €

C([0,1)) we have m—00
lim (Fonf) (@) = f (@),

m—00

uniformly on [0,1].
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