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Abstract: In this paper we study, in space with perturbated metric, the following
functional integral equation:

x(t) = g(t, h(z)(t), x(t),z(0)) + / K(t,s,z(s))ds,

“ot
where 0 € (0,1), t € [-T,T], T > 0.
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1 Introduction

Let (X, d) be a complete metric space. We denote by P the set of functions g : R, — R,
which is strictly increasing, continuous and surjective. By ® we denote the set of function
introduced by

Definition 1.1. amsfonts We say that the function ¢ : R, — Ry belongs to the ® class if
the following conditions are met:

(1) @ is increasing;
(2) ©"(t) = 0, for all t € R,.
Example 1. The function ¢ : Ry — R, ¢(t) = Hil, belong to the set ®.

Example 2. The function g : R, — R, g(t) = t2, belong to the set P.

Proposition 1.1. [3] Let (X, d) be a complete metric space, f : X — X an operator and
p € ®, g€ P such that:

(1) g(d(f(z), f(v)) < e(g(d(x,y))), for all z,y € X;

Then f has a unique fized point, which is the limit of successively approximations sequence.
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2 Main result

We consider the following functional integral equation:

x(t) = g(t, h(z) /K t,s,z(s (1)

where :
(Hy) € (0,1),te[-T,T], T > 0;

(Hy) K € C(-T,T) x [-T,T] x X), g € C([-T,T] x X?), (X,]| - ||) Banach space
h:C(-T,T],X)— C([-T,T], X);

(Hs) 9(0,h()(0),2(0),2(0)) = (0).

Proposition 2.1. We suppose that:
(1) [[P(2)(t) = h(y) D) < [l=(t) = y(®)], for allt € [-T,T], z,y € X;

(ii) there exists a,b > 0, ¢ € ® such that

lg(t, ur, ug, w) — g(t,v1, 09, w)||* < ap([Jug — us*) + bp(lloy — va][?),
for allt € [-T,T], uy, us,v1,v3 € X;

(iii) there exists a integrable function l(t,-) such that

IK(t,s,u) — K(t,5,0)[]* < 1(t, s)e(]lu = v]*),

forallt € [-T,T], u,v € X

ot
(i) sup 2(a+b+2T [ I(t,s)ds) <1
te[-T,T] —0t

Then the equation (1) has a unique solution in (C([=T,T], X), | - |loc)-

Proof: We consider the operator

A:C(-T,T), X) — C([-T,T], X),

A@)(#) = g(t, h(x) /K (t 5, 2(s
Then for all z,y € C([-T,T],X) we have

[A@)(8) = Al @)|I* <
< Allg(#, h(2)(t), x(2), 2(0)) — g(t, hy)(t) )l + / 1K (t,s,2(s) — K(t,5,y(s)) || ds}*

—0t

< 2([lg(#, ~2)(2), (8), 2(0) =g (¢, h(y) (1), y (1), y ||2+{/ K (2, 5,2(s) =K (t, 5,y(s))llds})

—0t
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< 2ap(llz(t) — y@ON*) + be(llz(t) — y(@)I*) +2T / IK(t,5,2(s) — K(t,5,(s)) ]| *ds)

<2fa+ b+ 27 [ Ut )dplle — yl2) < oo — vl
—0t
It follow that
I4) = AW < el — 12

and from Proposition 1.1 we obtain the conclusion.
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