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1 Introduction

Most of linear and positive operators on C|a, b] preserve ¢y and e :

Ln(eo)(x) = eolx)
Ln(ed)(x) = e(x)
for each n =0,1,2,... and z € [a, b].
J.P. King defined in [3] an interesting class of operators which preserve e,. Let (s,(2)), oy

be a sequence of continuous functions on [0, 1] so that 0 < s,(z) < 1. For any f € C]0,1]
and z € [0,1] let V}, : C[0, 1] — C[0, 1] be defined by

1@ =3 (}) e - s (1), )

For s,(z) = x, n € N operators V,, become Bernstein operators. The values of the operators
V,, on test functions e; = 27, j = 0,1,2 are given by

(Vaco) (2) =1
(Ver) () = sn()
(Veea) (@) = sa(0) + =52 0).

Using Bohman-Korovkin theorem ([1], [4]) it follows immediately that lim V,, f = f uniformly
n—,oo

on [0, 1] if and only if lim s,(z) = 2 uniformly on [0, 1].
n—oo

In order to preserve es, the s, sequence has to be as it follows:

s1(x) = 22
Sn($):—2(n—1_1)+\/%xQ-Fm,n:Q,g,...
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2 Main results

Let p be a non-negative integer. In 1962, F. Schurer [5] introduced the operators B, :
C'[0,1+ p] — C'[0,1], defined for any f € C'[0,1+ p], n € Nand z € [0,1 + p] by

(Bupf) () = Z (" 7)ata oy () @)

For p = 0 they become the Bernstein operators. We recall the values of the Schurer
operators on the test functions:

(Bn,peo) (x) =1 (3)
(Bn,pq) (z) = (1 + %) x (4)
(Buoea) (0) = 52 (n+ p)a? + (1 - 2). (5)

Let (r,,(2)), ey be a sequence of continuous functions on [0, 14p] so that 0 < r,(z) < 1+p.
We define now the operators V,,,, : C[0,1+ p] — C[0,1] by

(Fonf) (@) = Z ("}ﬁp) rh(@) (1 = ra(@))P 7 f (%) , (6)

for any function f € C[0,1+ p| and x € [0, 1+ p]. It’s obvious that for r,(z) =z, n € N the
Schurer operators are obtained. The V}, , operators are linear and positive.

Teorema 1. The operators ‘N/'w, defined above have the following properties:
1. <Vn,p60) (x)=1
2. <Vn,pel) (z) = “2r,(z)
5. (Vpea) (2) = Z2ra(@) (0 + p — Drale) + 1)

Proof. 1. We have:

2. The value on the test function e; can be written as it follows:

(Vaer) (@) = S (” }:p) ()1 = () =

n-—+p

k:p (”“‘P) F@)(1 = ro(z ))n+p—ki

n—+p

and because( p

)n—l—p: (nH) 1) or any k= 1,n + p we have

<‘7”’p61) (n o > rE(z) (1 = ry(2)" Pk =

n+p—1
n-+p Z <”+P_1> E+1 n+p—k—1
= T (@) (L= ry(2))"P7 0 =
n.o = k

+p

k=
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= rn(T).
3. Similarily for the test function ey we obtain:

() =3 (74t =i <

k=0

- () S (i) - )

k
2 n+p
n+p n+p—1\ , ok K
= 1—ry(z))"tP =
( - ) ( Lo )rn(m( )

n—+p

_ (n +p)2"+i <n+£— 1)7«5“(:0)(1—rn(;,;))nﬂa—k—lﬂ _

n—+mp

I
Y
3
S|+
S

)Zﬂ@(t:lCH€TJ>¢@KFWHQWH4%E§$+n+p>:

n—+p

1
n-—+p

- (%) (—"“’_ Uy ("R @ - e

k=1

= () o (S (ke

n
k=1

n n-+p

k=0

n n-+p

= (57 e (Hp_ SRR Sl (s E I

k=0

= (M) o (M2 e+ )

:”;pm@xm+p—nmwhﬂ)

Let’s see what form 7, (z) should take in order to have V,, ,e; = e, that is

n—+p
n2

ra(x) ((n+p—)r,(z) + 1) = 22

or
(n+p)(n+p—1)r2(x) + (n+p)ra(z) — n*z* = 0.
If we denote
a = (n+p)(n+p-1)
b = n+p
¢c = —n’x?
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then the discriminant of the second grade equation is given by
A=(n+p’+anctn+p)(n+p—1)>0

for any = € [0,1+ p]. For n 4+ p # 1 the solutions of the equation are

~(n+p) £ /(0 +p) + 40222 (n + p)(n +p - 1)
2(n+p)(n+p—1) '

(rn(2)); 2 =

We choose

. —(n+p)+\/(n+p)2+4n2x2(n+p)(n+p—1)
0= 20+ p)n D B g

and
ri(z) = 2*. (8)

Lema 2. For any x € [O, 1+ %} the following inequality holds 0 < r}(z) < 1.

_ —b+Vb2—4ac
- 2a

Proof. Because 7} (x) the inequality 0 < r*(z) < 1 becomes

_ 7 _
< b+\/2b 4ac <1
a

0

Since a > 0 we get

0< —b+Vb?—4ac<2a
0<b<Vb2—4ac<2a+0b

which leads to
b2 < b? — dac < 4a® + dab + b?

0< —ac < a®+ ab.

It results that we have to find x € [0,1 + p] such that
c<0
a+b+c>0 "
The first condition is met for any = € [0,1 + p|]. Replacing a, b, ¢ in the second inequality

becomes
(n+p)(n+p—1)+ (n+p) —n’z* >0

2
2 < <n+p> ’
n

therefore z € [—™2 2] which eventually gives us that z € [0, 2] . O

or

Remark 3. If we denote I,, = [0, 1+ %] from the inequality

p <£
n+1 " n

it follows that I,, C I,,1, n € N; moreover for n — oo the interval I, becomes [0, 1].

One can notice that lim 7} (z) = z, so we have the following
n—oo
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Teorema 4. The operators V,,, given by (6) with the sequence (rf(x))nen defined by (7), (8)
have the following properties:
1. they are linear and positive on C[0,1 + p

2. (Vn,pez) (z) = ea(x), n € N* for any x € [0,1+ L]
g Hm, <‘7"vpf> (2) = f(x) for any f € C[0,1+p], x € [0,1+2].

If L is a linear and positive operator on Cfa, b], then for any continuous function f € Cla, b]
and x € [a, b] we have the evaluation (see [2], pg. 30)

(LN - 1@ <@ La) @) -1+ (Eee) + F22D) wir0) <
< 17(@)](Leo)(z) ~ 1] + ((Leoxx) + el MJ(‘”) o(f,6) @

(V)z € I, (V)6 > 0, where ¢, = e; — weg
If the operator L satisfies the conditions Leg = eg §i Lea = ey then the evaluation (9) can
be written as:

(L1)a) ()] < (1 n M) o(£.9)
and since
(Lp?)(z) =L ((61 — xeo)2,a:) = (Ley) (x) — 22 (Ley) (v) + 2° (Leg) (z) =

= 22% — 22 (Ley) (v) = 2z (v — (Ley) (), (10)

we can also write that

(L1)) ~ ()] < (1 Y2ole o) (‘C”) o(£.9)

for any f € Cl[a,b] and = € [a, b].
Since the operator L is positive and ¢2 > 0 we get that L2 > 0 which is equivalent with
2z (x — (Ley) (z)). It follows that for any = € [a,b],a > 0 the inequality

(Leq) (z) < .

holds true. )
Taking [a,b] = I, and L =V, , as a particular case we obtain:

Lema 5. For any x € I, if ro(x) = r}(x) we have

(Vn,pq) () <.

We got that for any = € I, we have (Vn,peo) () = eg(x), <Vn,peg) () = ey(x) si

(Vn,pq) () < z; therefore the following evaluation stands:

20 (= (o) @)

J

(Vn,pf)(x) - f(x)‘ < |1+
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Replacing the values of ‘N/n,p on test functions in relation (10) we get the expression of the
second order moment:

(Fasi) () =20 (o= (o)) (1)

n+pT"

Using (3)-(5) in relation (10) the second order moment of Schurer operators is given by:

(Bus#?) (@) = 5 (70 + (n + p)a(1 — ) (12)

We present the graphics of the two moments for some particular cases
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In these graphics one can see that

(Bn,pwi)(x) < (‘N/n,pSoi)(x) (13)

and \N/n,pgoi =0 (%) )
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