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Abstract: We introduce a variational problem on a Sobolev space associated with an 

eigenvalue problem for a magnetic flux, characterizing the quasi-static equilibrium of 
plasma. We obtain the existence and regularity results of a weak solution. Topological 
arguments – topological degree, ensure the control of a unique solution depending on a 
parameter – magnetic permeability of a total ionized gas and on the eigenvalues of an 
associated Dirichlet problem. The control on a technological parameter to the process 
initiation ensures equilibrium stabilization and controlled functionality of the machine. 
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1. INTRODUCTION 
 
We have in view a technological process of producing a plasma jet inside a burner and 

confine it on the median axis of the burning chamber in magnetic field. The process is 
described by a nonlinear mathematical model of quasi-static equilibrium of the jet, it is 
introduced a state function of metallic plasma-vacuum-chamber system. We consider the 
system state function to characterize the domain stability occupied by the ionized gas jet. We 
will indicate the magnitude and the direction of the magnetic field induction, applied in 
addition to confine the jet on the median direction of the burner chamber towards the ejection 
hole.  

The equations that we study, in a general context of the two dimensional Euclidean 
space, particularize the MHD equations of a process of producing and stabilization of the 
plasma in magnetic field in a tri dimensional chamber. 

A technological parameter, which signification is given by the magnetic permeability 
of total ionized gas, allows us the statement of an eigenvalue problem for an elliptic operator, 
defined by a potential magnetic flux. The variational formulation on a Sobolev space of the 
nonlinear problem, which governs the phenomenon and topological arguments ensure the 
existence and the smoothness of the solution, for general problems see [3], [6], [12], [17]. In 
the case of satisfying some quasi linear conditions on the potential, a uniqueness result is 
derived. For similar problems we refer to [1], [5], [10]. Other results on the solution existence 
for some problems in plasma physics are found in [2], [9], [11], [13], [19], on regularity 
results of the solution in [8], [18], on non uniqueness in [14], [15], [16], also on uniqueness in 
[4].  

The structure of this paper is organized as follows: in the Section 2 it is introduced a 
technological model of a plasmatron, in Section 3 is formulated the generalized nonlinear 
problem of the quasi-static equilibrium of plasma jet and in Section 4 are given the conditions 
for the general state function and are derived the existence and regularity results. The 
hypothesis of a polynomial asymptotic behavior permit us the fruitful considerations. Some 
technological consequences are deduced. 
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2. STATEMENT OF THE TECHNOLOGICAL MODEL 

 
The technological premises adapted to a stability study of plasma jet, for an industrial 

elaboration process of the steel in an electric arc furnace. The heat exchange is made by the 
Joule effect, less through radiation and convection, which creates a deficiency in the 
leadership of the process, through uneven heating in areas of interior surface, with 
consequences in refracting material erosion of the wall. The plasma burner is a device which 
produce a hot gas, totally ionized, the jet geometry depending on the electric potential, on the 
current discharge, on the pressure and the working gas flux, the discharge chamber geometry, 
the size of ejection hole. Simplistically, a burner has the following components: the burner 
head, the isolator and the burner body with electrode, see Fig. 1. 

The head and the body of the plasmatron, see A. Arabagiu [1], are made of cupper 
with cooling chamber and the electrode is made of wolfram. It is applied a potential 
difference by connecting the burner body to the cathode and the head to the anode, so that 
between the electrode and the burner head it is formed an electric arc. The heat in the arc is 
transferred to the plasma gas and the totally ionized gas jet is stabilized in the auxiliary 
magnetic field. 

 

 
 
This plasmatron can be used in the technology of metal melting ensuring the heat 

transfer from the plasma jet to the metallic load by radiation and a small part dissipated in the 
anode area of the equipment by conduction. For a homogeneous irradiation of the metallic 
bath, are placed three plasmatrons at 1200 in the ceiling of the electric furnace, each of them 
producing a jet of 500 to 1400 mm length, which completely covers by spreading the working 
area. The control of the functioning process, with the possibility of changing the power level, 
without the interruption danger, due to the confined plasma flow self maintained, is governed 
by the modification of the radiation parameter while the metal is melted. 

From the theoretical point of view, we are interested in the stability of the ionized gas 
jet on the median line of the chamber, controlling a magnetic field potential. Mathematically, 

equi-potential surfaces of the magnetic induction field B


, include the free boundary surface 
of the plasma jet and also the chamber surface, which allows the control of the jet 
confinement.  

There are made simplified hypotheses on the phenomenon occurrence: the inertial 
forces, the hydrodynamic pressure of the ionized gas are neglected in contrast to the 
electromagnetic pressure p, which develops in plasma jet. 

1 

3 
4 

Fig. 1.  3 
Schema of Plasmatron 
 
1- body, 2- head, 3- cooling 
chamber, 4- electrode, 5- jet 5 
6 anodic ring. 

6 3 2 
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It is considered the electromagnetic forces field, perpendicular to the magnetic 

induction field B


 and to the electric current j
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Fig. 2. Cartesian system of reference pla he conjunction of the chamber with the 
ejection hole. 
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3. AN EQUILIBRIUM GENERALIZED PROBLEM 
 

We realize an abstract setting of the equilibrium problem for the confined plasma in 
the Hilbert space. For the study of the week solutions as critical points, for an operational 
equation we realize the operational wr ting, defined in a Ban ace, equivalent to a 
variational problem.  
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boundary is zero for any position of the boundary, that proves the continuity of the function 
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 Following, there will be showed the relaxing ways, or generalizing the results 
garding the no inearity of functions  We will refer to the gener

Ghiţă [4], [5]. 

troduced the s

 Rh :

re nl al treating from C. 

 For the particular case showed above, in order to realize a unitary and coherent 
treatment, we have in tate function of the system 

gf , .

RR  2 ,   
       

 









p

p

zr

zrzrufrzrug
rzruzrh

,,0

,,,,
2,;,  and the controlled 

parameter  RC 0

 1

 , in agreement to which the equilibrium equation of the plasma jet is 

written  A     zruzrhzru ,;,,  , as a nonlinear eigenvalue equation for the operator A. 
 The result of the last Theorem, demonstrated in Temam [18], for n=2, is extended 

to 2n , 
2n

arguments which lead to the result are there related to the ellipticity property of operator L, 
the properties of the asymptotic behavior of the state operator

2


n , less the analytical function character for u, example [8], n = 2. Essential 

B . The regularity assured by the 
emerge theorems allowed us to obtain the identification of the weak solution with the classic 
solution, and also a good regularity for the free boundary p . 

The character of the eigenvalue problem was eliminated by equivalence with the 
problem of optimum on level surface determined by the state function of the ionized gas jet. 
In Temam [17] it is obtained the result even through a optimum problem without restriction, 
introducing a nonlinear functional 

 

RWJ : ,       dxvxFIvvavJ v   ;,
2

1
, with    vv . 

 

2]. 

rger, M. and Berger, M., Perspectives in Nonlinearity. An Introduction to Nonlinear 

om 34(5),  425 – 448, 1982. 
out stabilizing a plasma jet, Proc. of The 

vişte, 131-144, 

and Trudinger, N.S., Elliptic Partial Differential Equations of Second Order, 

78. 

sferts de matiére, de chaleur et de quantité 

For a similar problem, using variational formulations in duality, the topological 
methods and a fixed point argument were obtained existence results in [
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