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Abstract: In this paper we present some inequalities about the convex quadrilateral 

using the Jensen Inequality, the Tóth-Lenhard Inequality. 
Keywords: convex quadrilateral, Jensen Inequality, Tóth-Lenhard Inequality 

 
1. INTRODUCTION 

 
Let   be a convex quadrilateral and M an interior point. 1 2 3 4A A A A

Florian [1-3] proved the following inequality for a convex quadrilateral:  

  432143212 MAMAMAMAwwww   ,                         (1) 

where , ,  and  are the bisectors of the angles ,  and 

ively. 
1w 2w 3w 4w 21

ˆAMA , 32
ˆAMA 43

ˆAMA 14
ˆAMA  

respect
But , , , 11 wp  22 wp  33 wp  44 wp  , where , , , , are the distances 

from M to the sides of the convex quadrilateral  (  is the distance from M to   
1p

1p
2p 3p 4p

432 AAA1A 21 AA

etc), hence:             432143212 MAMAMAMApppp  .                                  (2) 

Other inequality of Erdös-Mordell-type, for the convex quadrilateral, was given by N. 
Ozeki [4] in 1957, namely,  

      432143214 MAMAMAMAwwww  ,                               (3) 

which proved the inequality: 432143214 MAMAMAMApppp  .                              (4) 

Denote by 1R , 2R , 3R , 4R the radii of circles (circumscribing the triangles) , 

, , MA  respectively. Next, we establish some inequalities similar of about 

inequalities, between the lengths , , ,  and the radii 

21 AMA

32 AMA 43 AMA 1A4

1MA 2MA 3MA 4MA 1R , 2R , 3R , 4R . 

 
2. MAIN RESULTS 
 

Theorem 2.1. For every convex quadrilateral  the following inequality   4321 AAAA

                    1 2 3 4 1 2 34 4MA MA MA MA R R R R    ,                              (5) 

holds. 
 
Proof. By applying the sine rule, we 

deduce the relations (see figure 1) 

2 12 sin 1,1MA R A şi 

2 2 3,22 sinMA R A , 

hence: 
2
2

1,1 3,2
1 2

sin sin
4

MA
A A

R R
  

    

F1 

                                                 
Fig. 1.  

Similarly, we obtain the equalities: 
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2
3

2,1 4,2
2 3

sin sin
4

MA
A A

R R
 ,

2
4

3,1 1,2
3 4

sin sin
4

MA
A A

R R
  and

2
1

4,1 2,2
4 1

sin sin
4

MA
A A

R R
 . 

Taking the product of the four equalities, we obtain 
2

1 2 3 4
1,1 1,2 2,1 2,2 3,1 3,2 4,1 4,2

1 2 3 4

sin sin sin sin sin sin sin sin
16

MA MA MA MA
A A A A A A A A

R R R R

   
 

 
, 

But when applying the Jensen inequality for the concave function, ln (sinx), it follows 
that  

16

1
sinsinsinsinsinsinsinsin 2,41,42,31,32,21,22,11,1 AAAAAAAA , 

so: 1 2 3 4

1 2 3 4

1

16 4

MA MA MA MA

R R R R

  
 , 

consequently: 1 2 3 4 1 2 34 4MA MA MA MA R R R R    . 

 
Theorem 2.2. In any convex quadrilateral  there is the inequality   4321 AAAA

        31 2
1 2 3 4 1 2 3 416 sin sin sin sin

2 2 2 2

A 4A A A
MA MA MA MA R R R R    .               (6) 

Proof. We have the relation 

    1,1 1,22 4
1,1 1,2

1 4

sin sin 2sin 2sin
2 2 2

A A
1

2

MA MA A
A A

R R


     ,                    (7) 

but:                                            2 4

1 4

2sin
2

1MA MA A

R R





,                                                          (8) 

which means that: 1 2 3 4 31 2

1 2 3 4

sin sin sin sin
16 2 2 2 2

MA MA MA MA AA A A

R R R R

  
 4 , 

so:   31 2
1 2 3 4 1 2 3 416 sin sin sin sin

2 2 2 2

A 4A A A
MA MA MA MA R R R R    . 

 
Theorem 2.3. If *

1 2 3 4, , ,x x x x R , then  in any convex quadrilateral  there 

are the inequalities   
4321 AAAA















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
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 13

43

14
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21 MAMA
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xx
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xx
MAMA
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

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




















 3

3

14

2

32
2

2

43

1

21
1

4

14

1

32[
2

1
MA

R

xx

R

xx
MA

R

xx

R

xx
MA

R

xx

R

xx
 

]4
3

43

4

21 MA
R

xx

R

xx








   2 2 2 2

1 2 3 42 x x x x    .                                  (9) 

Proof. We know from [1-3] the Tóth- Lenhard Inequality: 
 Let 1 2, ,..., nx x x  and 1 2, ,..., n    be two sets of positive real numbers so that  

1 2 ... n       . 

  If we put 1n 1x x  , then: 2
1

1 1

cos cos
n n

k k k k
k k

x x x
n


 

   
 

  . 

  We choose n   and4
2

k
k

A 
 ,   1,4k   .We remark that 1 2 3 4        .  
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Hence we applying the Tóth- Lenhard Inequality, we have: 
4 4

2
1 1

1 1

sin cos cos
2 4

k
k k k k k k

k k

A 4

1k

x x x x
 

 

    
 

x


   , 

so:                                                 
4 4

2
1

1 1

2
sin

2 2
k

k k k
k k

A
x x 

 

 x .                                             (10) 

 We multiply the relations (7) and (8) with 1 2x x , hence 

2
sin2

22
1

2121
4

4

1

2

41

42
21

A
xxxx

R

MA

R

MA

RR

MAMA
xx 













. 

  We written the similarly relation and taking the sum, we obtain the sequence of 
inequalities 






















 13
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

























 3

3

14

2

32
2

2
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1
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1

4
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1

32[
2

1
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R
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R

xx
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R
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R

xx
MA

R

xx

R

xx
 









 ]4

3

43

4

21 MA
R

xx

R

xx
 

1 2 2 2

2

A
1 2 2 3 3 4 4 12 sin 2 sin 2 sin 2 sin

2 2 2

A A A
x x x x x x x x     2 2 2 2

1 2 3 42 x x x x   . 

 Therefore, we obtain the inequalities of statement. 
                      

Corollary 2.4.  In any convex quadrilateral , the inequalities  4321 AAAA


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




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1
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2

1
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
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and 
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
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1
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



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

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





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
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3
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1

2

2
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1

4

1

1

32[
2

1
MA

R

R

R

RR
MA

R

R

R

RR
MA

R

R
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                                        ]4
3

4

4

21 MA
R

R

R

RR










   43212 RRRR                        (12) 

hold. 

  Proof. It follows from inequality (9) if we put 14321  xxxx  and 11 Rx  , 

22 Rx  , 33 Rx  , 44 Rx  respectively. 

Corollary 2.5. in any convex quadrilateral  there are the inequalities   4321 AAAA

               24
43

4

32

3

21

2

14

1 
RR

MA

RR

MA

RR

MA

RR

MA
                                (13) 
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and                   432142312 RRRRMAMAMAMA   .                       (14) 

Proof. From the relation (11), we have 



























 3
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111111
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4
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







 MA

RR
        

and the relation
uvvu

211
 , for all , implies that 0, vu

24
43

4

32

3

21

2
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1 
RR

MA

RR

MA

RR

MA

RR

MA
. 

From the relation (11), we have 

31
1

3

3

1
42

2

4

4

2 MAMA
R

R

R

R
MAMA

R

R

R

R






















  43212 RRRR  .  

But, using the inequality 2
u

v

v

u
, for all , we deduce inequality (14). 0, vu

Remark. From inequality (13), we deduce another inequality 

                       31 2 4

1 4 1 2 2 3 3 4

2 2
MAMA MA MA

R R R R R R R R
   

   
.                                (15) 

Corollary 2.6. In any convex quadrilateral , the inequalities   4321 AAAA

             









4321
43214231

1111
2

RRRR
RRRRMAMAMAMA                  (16) 

and 

         421314243132 MARRMARRMARRMARR  









2
4

2
3

2
2

2
1

4321

1111
22

RRRR
RRRR                        

hold. 

Proof. It easy to see that from inequality (9) that for 
2

1

1

R
x  , 

3

2

1

R
x  , 

4

3

1

R
x  , 

1

4

1

R
x   and 

2
1

1

R
x  , 

3
2

1

R
x  , 

4
3

1

R
x  , 

1
4

1

R
x  respectively, we obtain 

inequalities (16) and (17). 
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