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1. INTRODUCTION

Let H be areal Hilbert space endowed with the inner product <-,-> and the norm|-| .

Let N:H —H be a non-expansive operator (i.e. [N(x)—N(y)|<|x-y| for allx,yeH).

An operator T:H — H is called averaged if T =(1—a)l +aN for some« € (0,1), where |

is the identity of H . We say that T is the averaged operator associated to the operator N .

The term "averaged operator” appears firstly in 1977 in the work [1] of Bruck and
Reich. Few years later, motivated by the Krasnoselskii-Mann Theorem, the averaged
operators are considered in the study of the operators having multiple fixed points. Some
authors require that N is arbitrary and sometimes T is called a relaxation of the operator N .

The properties of the averaged operators have been investigated by many authors (see
[2],[3].[4].[5].[6]) and, firstly, we present here the principal results and short proofs of some
of them (as they appear in the book [4] of C. Byrne).
Theorem 1.1 Let N:H —» H be non-expansive, Fix(N)#¢ and T:H —>H be the
averaged operator associated to N . Then Fix(T) # ¢ and Fix(T) = Fix(N).
(Fix(A) denotes the set of the fixed points of the operator A)
Theorem 1.2 Let T=(1-a)A+aN for somea €(0,1). If A is averaged and N is non-
expansive, then T is averaged.
Proof: Let A=(1- )1 + M for some £ <(0,1)and M a non-expansive operator.

Let y=1-(1—a)@@- f). Then we have

T=0-I+/[0-a)fy M +ay'N].

Since the operator K =(1-a)fy "M +ay'N is easily shown to be non-expansive
and the convex combination of two non-expansive operators is again non-expansive, T is
averaged.

Theorem 1.3 An operator S:H — H is called firmly non-expansive if
<S(x)—S(y),x—y>2||S(x)—S(y)||2for all x,yeH. Let T=(1-a)F+aN for some
a €(0,1). If F isfirmly non-expansive and N is non-expansive, then T is averaged.

Theorem 1.4 If A and B are averaged, then T = AB is averaged.
Theorem 1.5 Let A and B Dbe averaged operators and suppose that Fix(A) N Fix(B) = ¢.

Then Fix(A) N Fix(B) = Fix(AB) = Fix(BA) .
Let V:H — H be a non-expansive operator. It is known that, if V is strongly
monotone(i.e. it exists 1 >0 so that <V(x)—V(y),x—y>2/1||x—y||2 for all x,yeH ; from
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the non-expansivity of V it is clear that, in fact, 1< (0,1)), then V has an inverse, and
consequently the equation V (x) = f has an unique solution for all f € H .(see [7])

In this paper we prove that the averaged operator associated to a non-expansive
strongly monotone operator has an inverse.

2. RESULTS

Theorem 2.1 Let N:H — H be a non-expansive strongly monotone operator,
INC)=N(y)|<[x-y| forall x,yeH;

<N(x)—N(y),x—y>zﬂb||x—y||2 forall x,yeH (1<(0,1)).

Then the averaged operator T associated to N has an inverse.
Proof: We have T = (1-a)A+aN for some « € (0,1). Consequently

ITO)=T ()| =||@-a)x+aN(x)-(1-a)y -aN(y)|
<@-a)|x=y[+a|N(X)-N(y)|<|x-y| forall x,yeH.
Also we obtain
TY-T(y). x=y)=(A-a)x+aN(x)-(1-a)y—aN(y),x-y)
=(1-a)(x=y,x=y)+a(NX)-N(y),x—y)>(1-a+al)|x-y| forall x,yeH.
l1-a+al >0 because a<(0,1) and, clearly, 1-a+ad<1. Thus T is a non-expansive

strongly monotone operator. It results now that the operator T has an inverse and so, the
proof of the theorem is complete.

3. REMARKS

1. The previous result shows that the averaged operator associated to an operator N preserves
the non-expansivity and the strong monotonicity.

2. It's clear that some properties in this article are true for all « >0. Thus it is interesting to
study operators of the form (1-a)A+aB for some «a >0, when the operators A and B

have some special properties; so we can find a way to study some concrete equations.
REFERENCES

[1] Bruck, R.E., Reich, S., Houston Journal of Mathematics, 3, 459-470, 1977.

[2] Bauschke, H., Journal of Mathematical Analysis and Applications, 202, 150-159, 1996.
[3] Byrne, C., Iterative Algorithms in Inverse Problems, University of Massachusetts Lowell
Libraries, 2006.

[4] Byrne, C., A First Course in Optimization, University of Massachusetts Lowell Libraries,
2007.

[5] Cegielski, A., Methods for finding fixed points of nonexpansive operators in a Hilbert
space, Leiter des Instituts fur Mathematik, Ilmenau, 2008.

[6] Censor, Y., Reich, S., Optimization, 37, 323-339, 1996.

[7] Granas, A., Dugundji, J., Fixed Point Theory, Springer-Verlag, New York, 2003.

Manuscript received: 28.06.2010
Accepted paper: 02.09.2010
Published online: 04.10.2010

WWW.josa.ro Mathematics Section



	ON THE INVERSE PROBLEM FOR AN AVERAGED OPERATOR IN HILBERT SPACES
	DINU TEODORESCU
	Valahia University of Targoviste, Faculty of Science and Arts, 130082, Targoviste, Romania



