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Abstract. The present article continues earlier research by O. T. Pop and the author
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1. INTRODUCTION

Let N be the set of positive integers and N, =N U{O} . In this section, I recall some

results from [9], which I shall use in the paper.
Let 1,JcR be intervals, such that 1J#<. For any n,keN,, n#0 consider the

functions ¢, :J — R, with the property ¢, , (x) >0, for any xeJ and the linear positive
functional A, :E(1)>R.
For n e N define the operators L, : E(I )—>F (J), by

=30, () A (7). m

where E(1) and F(J) are subsets of the set of real-valued functions defined on | and J,

respectively.

Remark 1. The operators (L, )
For neN, i e N, define T, by

(TL) () =n" (L, ) (%) an A (vl). xelny. )

In what follows s e N, is even and suppose that the operators (Ln)

are linear and positive on 1()J .

.y Verify the conditions:

o there exists the smallest o, a,, €[0,+%), so that
T.L,)(x
limw=8j(x)eﬂ§, (3)
n—o0 n ]
forany xel()J and je{s s+2},
<a +2, 4)

s+2

e I (1J isan interval.
Theorem 2. ([9]) Let f:1 >R be a function. If xe INJ and f is s times differentiable

in a neighborhood of X, with f ) continuous in X , then
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f(i)(

lim n* [(Lnf)(x)-z i _):)(TiLn)(x)J:O. 5)

S
n—o0 i—0 n |

Assume that f is s times differentiable on | , with ) continuous on | and there exists an
interval K < I(1J such that, there exist n(s) €N and k; e R depending on K, so that for

(ML)
any n>n(s) and any x e K, the following ~————=<k; (6)

N b
aj J

hold, for je {S, S+ 2} . Then, the convergence expressed by (5) is uniform on K and

T S e L

for any xe K, n>n(s), where o, (f;5) denotes the modulus of continuity [1], (the first

ns%

order modulus of smoothness) of function f .
2. THE SZASZ-MIRAKJAN-KANTOROVICH OPERATORS

In 1941, G. M. Mirakjan [2] defined the operators S : C, ([O, +oo)) —->C ([O, +oo)),

k
given by (S, f)(x)= e”XZ% f (%), for any x €[0,+00) and any ne N, where:
i=0 .

Cz([0,+oo))={f eC([O,+oo)):£i52 1f+(i((2) exists and is finite}.

The operators (Sn)neN are named Mirakjan-Favard-Szasz operators. They were

intensively studied in 1944 by J. Favard [3] and in 1950 by O. Szész [4]. The Sz&sz-Mirakjan-
Kantorovich operators were first introduced by P. L. Butzer [5], in order to obtain an
approximation process for spaces of integrable functions, on unbounded intervals. We recall

that, P. L. Butzer defined the operators K : L, ([0, +oo)) —B ([O, +oo)) , given by:

(an)(x):n-e-mi(”x)kff(t)dt, (8)

for any x €[0,+) and any neN.

Remark 3. The Szasz-Mirakjan-Kantorovich operators are linear and positive.

More results and some interesting approximation properties for the Szasz-Mirakjan-
Kantorovich operators, defined at (8) may be found in [6] and [7]. The images of test
functions by the operators Szasz-Mirakjan-Kantorovich are given in the following:

Lemma 4. ([6]) Let e (x)= X', ie {0,1,2,3,4} be the test functions. The Szasz-Mirakjan-

Kantorovich operators satisfy:

(Ke)(=1,  (Ke))=xtoo,  (Ke)(x)=x =+,
9x>  Tx 1 8x* 15x* 6x 1
(Kol ) (X) =+ o (K J(x) = = g
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for any x €[0,+0) and any neN.

3. MAIN RESULTS

Lemma 5. For any ne N and any X €[0,+c), the following identities

(TOKn)(x):l, 9
(TlKn)(X)%, (10)
(TZKn)(x)zn[x+%j, an
(T4Kn)(x):n2(3x2+57x+5%) (12)

hold.
Proof. Taking relation (2) and Lemma 4 into account, we get

(ToKo) (%) = (Ko&y ) (x) =1,
(T () =n(Kp, ) (¥) = n((K,& ) (%) =x(K,&, ) (X)) = n(x+i_xj:

!
2n 2

(T,K) () =07 (K ) (%) =7 (K8, ) (x) = 2x (K& ) (%) + X (K&, ) (X))

= nz(x2 +%+$—2x2 —§+ xzj: n(x+%),
(T.K,)(x)=n* (K )(%)
= n“((Kne4)(x)—4x(Kne3)(x)+6x2 (K&, )(x)—4x° (Knel)(x)+x4(Kne0)(x))

:n2(3x2+3+i}
n

2

Theorem 6. The following relations

lim(TOKn)(x):l, (13)

lim%)(x): Y. (14)

%@lwzyz (15)
hold, for any x e [0, +oo) and n, e N exists, so that

(ToKo ) (x) = 1=k, (16)

—(TzK;)(X) <b+1=k,, (17)

() 3 11k, ()

forany xe K =[0,b], b>0 andany ne N, nxn,.

Proof. The relations (13)-(15) follow immediately from Lemma 5 and (16)-(18) yield from
(13)-(15), by taking the definition of the limit into account.
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Now I suppose that | =J =[0,+x), E(I)=I_1([O,+oo)), F(J)=B([O,+oo)), the

functions ¢,, (x)=n-e be defined for any x e[0,+x), any n,k e N, n=0 and the

=~

+1

functional A, (f)= | f(t)dt be defined for any n.k e N,, n=0.

j‘x-_,j‘

So, I get the Szasz-Mirakjan-Kantorovich operators.
Theorem 7. Let f :[0,+00)— R be a function. If xe[0,+x), f is s times differentiable in

a neighborhood of x, with f** continuous in X, then: lim (K, f)(x)= f(x), (19)
if =0 and limn((an)(x)— f (x)—% f’(x)j:%xf (%) (20)
if s=2.

If f is s times differentiable on [0,+00), with ) continuous on [0,+0), then the

convergence from the relations (19) and (20) is uniform on any compact interval
K =[0,b] < [0,+o[ .

Moreover, the following: ‘( K, f)(x)-f (X)‘ <(1+k,) o, ( f ,Lj 21)

NG

holds, for any f € L ([0, +oo)), any Xe K andany neN, nxn,.

Proof. It results from Theorem 2, with &, =0, @, =1 and &, =2, Lemma 5 and Theorem 6.

Remark 8. The identity (20) represents a relation of Voronovskaja’s type, for the Szasz-
Mirakjan-Kantorovich operators.

Remark 9. The uniform convergence and the order of approximation for the Szasz-Mirakjan-
Kantorovich operators are proved without Bohman-Korovkin’s and Shisha-Mond’s Theorem.
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