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1. INTRODUCTION

In [1] we have studied the stability of some functional equations that keep classical
means, by using the stability of Jensen equation. Some of the results obtained in [1] will be
used in the present paper.

Let / C R be aninterval and m : I x I — I a function with the property:

min{x, y} < m{x,y) < max{z,y}, forall z,y € I.

Such a function is called mean on 7.
In this paper we use the classical means:

ma{x,y) = v j Y (arithmetic mean), z,y € R

mg(z,y) = /T -y (geometric mean), z,y >0
2x

mp(z,y) = it (harmonic mean), z,y > 0.
xr+y

Let my : A; x A7 — A, be amean of A;. msy : Ay X Ay — A, be a mean of A, and
F: Ay — A, beafunction.

Definition 1.1. We say that the function ' : A; — A, transforms the mean m, in the
mean sy, if the following relation holds:

F(my(x.y)) = mo(F(x), Fy)), for all z,y € A;.

If A; = A and m; = mg we say that the function F" is m invariant .
Remark 1.1. a) The function I' : R — R is m,-invariant if and only if the function F'
verifies the functional equation:
) P <I+y> _ F(z) + F(y)

5 5 , for all z,y € R,

that is the Jensen functional equation.
Thus a function £' : R — R is m-invariant iff it is a Jensen function.
b) The case m; = m was studied in [1] for some particular equations.
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¢) Equations of the form f(F(x,y)) = G(f(x), f(y)) for F and G given functions and
the unknown function f was considered for the first time by J.Aczél in [2] L.

We recall some known stability results for Jensen functional equation from [3, 4, 5]
Theorem 1.1 [3, 4]. The functions /' : R — R satisfying Jensen functional equation
(J) are of the form
F(z) =A(z)+0b, z€R,

where A : R — R is an additive function ( A(x +y) = A(x) + A(y),, z,y € R ) and b is a
real constant.

Theorem 1.2 [3, 4]. The continuous functions F' : R — R satisfying Jensen equation
(J) are:
Flz)=ax+b, z€R,
where a. b € R.
Theorem 1.3 [5]. (Hyers-Ulam stability of Jensen equation) For every £ > 0 and for
every function f : R — R satisfying the inequality:

V(m;y)_fu»;ﬂw

'gs, for all z,y € R,

there exists a unique function /' : R — R satisfying Jensen equation such that:
|F(x) — f(x)] < 2, forall v € R.

Remark 1.2 [5].
* The function £’ from Theorem 1.3 is defined by:
27’1, ~
* The function A from Theorem 1.1 with the property
F(x)=A(zx) +b

271., A
is given by A(z) = lgn f(2n£) and b = f(0)
« |f in Theorem 1.3 the function f is continuous then
F(z)=ax+0b, v €R,
o @Y _
where @ = lim and b = f(0).

n—oc n
Theorem 1.4. (Kominek [6]) Let D C R"™ be a subset with non-empty interior and Y
be a real Banach space. Assume that there exists an xq in the interior of D such that

F(z) = lim
n—oo

Dy = D — 2 fulfills the condition 5 C Dq. Letamapping f : D — Y satisfy the inequality

P

le<x+y>—f@%—ﬂw

2

for some € > 0 and for allz, y € D. Then there exist a mapping £ : R® — Y and a constant
k > 0 such that:
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]

o8 (T 3 y) = F(z)+ F(y), for all z,y € R"

and
If@) = F2)| <k weD.
Let (m1, ms)be the functional equation from the Definition 1.1:

( , ) . { F A1 — A-’Z
P\ Fma(ay) = ma(F(x), F(y), o,y € Ay

The notion of Hyers-Ulam stability introduced in [7] for the Cauchy functional equation and
extended in [5], for the equation (721, m2) is defined below:

Definition 1.2. We say that the functional equation (i, m-) is stable if for every
£ > 0 there exists & > 0 such that for every function g : A; — A that verifies the inequality:

lg(mu(z,y)) — malg(z). g(y))| <&, forall 2,y € 4y,
there exists a function G : A; — A, satisfying the equation (. m2) such that:
|G(x) — g(x)| <4, forall z € A;. O
If m; = mg = m, is the arithmetic mean then from Theorem 1.3 it follows that the
equation {1, m,) is stable and from Theorem 1.1 and Theorem 1.2 we have the explicit form
of Jensen function G' which approximate the function g.
Next we will prove that the equations (. m,) and(m, m,) are stable.

2. THE STABILITY OF THE EQUATION (m,, m,).

The equation (m,, m,) is:

F:(0,0) >R
(Trlg:ma): F(\/I_y) :w, x>0, y>0.

Theorem 2.1. The function F': (0,00) — R verifies the equation (m,, m,) iff there
exists a unique additive function A : R — R and a constant b € R such that

F(zx) = A(logz) +b, 2 € (0,00).

If £ is continuous then F(xz) = alogx + b, x > 0, where a, b are constant real numbers.

. Flx)+ F
Proof. In the equation F'(\/7y) = M x>0,y >0weputr=e" y=e"
u,v € R and we obtain the equation:
g Fe Fe
F(e;): (") + ((), u,v €R.

If we denote G(u) = F(e"), u € R, the function G : R — R verifies Jensen equation:
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G (u;—u) = G(u);G(U), u,v € R.

From Theorem 1.1 there exists a unique additive function A : R — R and a constant
b € R such that
G(u) = A(u) +b. uek
By the relation F'(x) = G(log x) follows
F(x) = A(logz) +b, x>0.
If F’is continuous then G is continuous and from Theorem 1.2 we have
G(u) =ou+b,u e Rand F(x) =alogz+ b, > 0.

Theorem 2.2. If f : (0, 00) — R is a function with the property:

flx)+ fy)

<e
2

fVzy) -
then there exists a unique additive function A : R — R, a constant b € R such that
| f(x) — A(logz) — b| < 2e, for all > 0.

Moreover if f is continuous then there exist real constants a,b uniquely determined
such that

|f(x) —aloga —b| < 2¢, for all z > 0.
Proof. In the inequality

v - 1020

make the substitutions = = ", y = ¢*, f(e") = g(u) and we get for the function g : R — R
the inequality

<s u,veER.

‘g <u+'v> _g(w) -ZF g(v)

In view of Theorem 1.3, there exists a unique function & : R — R satisfying Jensen
equation and

lg(u) — G(u)] <2, wuweR.
Replacing uv = log z and F(x) = G(logx) we get in view of Theorem 2.1,

F(x) = A(logx) +b, x>0,
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where A : R — R is an additive function.
If f is continuous, then F is continuous too, therefore

F(z)=alogz+b, x>0, a,beR.
3. THE STABILITY OF THE EQUATION (my, m,) .

The equation (my,, m,) is:

F:(0,00) >R
My M) 9 Ja r
(m ) F( xy): (x)% (y)7:17>07y>0.
Tr+y :

Theorem 3.1. The function £ : (0,00) — R verifies the equation (1, m,,) if there
exists a unique additive function A : R — R and a constant » € R such that

xr

1
Flr)y=A (—) +b x>0
If F' is continuous thenF'(z) = % +b, x>0, where a.b € R.

1
Proof. With the substitution G(z) = F (E) . we get for the functionG : (0, 00) — R,
Jensen equation on (0, o0)

c <x+y> _ G(ﬂf)fG(y)’

5 5 z,y € (0,00).

Taking account of a result from [4], if C C R™ is a convex set such that the interior of
C+#® and G:C — R is a solution of Jensen equation on C, then G is given
byG(x) = A(z) +b, x € C, where A:R™ — R is an additive function and b is a constant.
Moreover, from [3] if G : I — R is continuous and verifies Jensen equation, then

G(x) =ax+ b, x € I, where I C R isan interval.

It follows that G(x) = A(x) + b, x > 0, where A : R — R is an additive function and
b is a constant.

1
Thus F(z) = A (

;) + b, x > 0 and if F' is continuous then
Flx)=azx+0b, z>0.
Theorem 3.2. If f : (0,00) — R is a function with the property

|f< 2y ) @) W)

<eg x>0,y>0,
T4y 2 ‘_ Y ’
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then there exists a unique additive function A : R — R, a constant b € R such that:
1
If(r) —A <—> — b‘ <2, z>0.
Moreover if f is continuous then there exists unique real constant a, b such that:
a
'f(:r) —— = b’ <2, x>0.
x

Proof. In the inequality

‘f<%y>_ﬂ@+f@'§5
r+y

o . 1 1 1 ] .
we make the substitution g(z) = f <?> and —=u m = v and we obtain for the function

g:(0,¢) — R the inequality

F(u;v)gm>+qm

Using the stability of Jensen functional equation (Theorem 1.3, Theorem 1.2) and
Theorem 1.4 for D = (0, oc) and g = 1, we obtain the conclusion.
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