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LOCALLY AFFINE FUNCTIONS 
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Abstract. The Monge-Ampère equation and related boundary value problem are a 

source example for the non-linear potential theory, and for convex analysis ([1-5, 8]). 
Moreover the concept of the locally convex function is introduced in the study of the solutions 
of this equations ([1, 3, 5, 9]). In this paper an attempt is made to define a generalization of 
this type of functions (i.e. it is defined the quasi-locally convex functions), some properties of 
the quasi-locally convex functions are studied, and an important example of quasi-locally 
affine function is presented. 
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1. INTRODUCTION 
 
 

 In this section we recall some notions, notations, and results of the convex analysis 
from [5], [6], [8] or [9], which will be used in the next sections. Here  is a nonempty subset 
of ,  is a numerical function on  and  is a non-empty subset of .  

S
k f S F  k

 
Definition 1.1 
 

 (i). The set })(:),{(   xfSx 
  kfepi

 is called the epigraph of , and is denoted by 

. (Obviously ). 

f

fepi
(ii). The function  is called convex function (respectively lower semicontinuous 

function) if  is a a convex (respectively closed ) subset of  (respectively of ). 

f

fepi 1k S

(iii). We define ),[pr: FkF 
  by the following formula:  

.pr allfor  },),(:{inf:=)( FxFxx kF 
    

 
Remark 1.2 
 

(i). A real function  on  is convex (respectively lower semi-continuous) if and 

only if  is a convex subset of , and for all 

g S

S k Syx ,  and , 
 (respectively for all 

(0,1)t
)()()(1))((1 yxftxtf  tfty Sx , ) ([6]). )(inf( yfxf lim=)

xyS 

(ii). If  is a convex subset of F  k , then  is convex and FC k
pr:= CF :  is 

convex. 
(iii). Suppose that for all Fx k

pr  there exists x  such that 

),[}),(:{  xFx   . Then F  is a real function. 

(iv). If  is a closed subset of F  k , and , where ),[ 0  kF  0 , then the 

function F  is a real, lower semicontinuous function.  
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Definition 1.3 
 

(i). Denote by  the function fco )epi(co f  i.e. the greatest numerical con-vex function  

on  such that . The function  is called the convex hull of . 

g
k fg S| fco f

(ii). Similar f
f

sci:=
epi

 , and  is the greatest numerical lower semicontinuous 

function  on  such that . The map  is called the lower semicontinuous hull 

of . 

fsci

g k fg S | fsci

f
(iii). We define . This function is called the lower semicontinuous 

convex hull off. If  is convex, then  is said to be the closed hull of .  
)co(sci:=cl ff
fclf f

  
Remark 1.4   
 

(i). From now on we shall use the following notations.  

),,,,(=:[0,1]{:= and  2},,{1,2,:= 221
2


 k

k tttttkJ    1}.=and
2

1=
j

k

j

t


 Obviously  is a convex compact subset of .  2k
(ii). In view of the Carathéodory's theorem ([7]) we have that  









 

 fxtxtf Jjjjjjj

Jj

epi)},{( and :),(=)epi(co   

and for all   ))epi(co(pr fx k


.= and  epi)},{(,:inf=))(co(








 





jj
Jj

Jjjjjj
Jj

xtxfxttxf   

 (iii). According to the previous remark if Sa  is an extremal point of the set , 
then .  

Sco
)(=))(co( afaf

  
Proposition 1.5  
 

Let  be compact, and convex. The function F F  is a real convex, and lower 

semicontinuous function on the compact convex set ([8, 9]).  Fk
C pr=

Proof. Obviously F  is a real convex function on C , and since  

 )}[0, and :))(,{(=epi  yCxyxx FF   

 )[0,}{0=)}[0, and ,),(:),{(=  kFyFxyx   

 the set Fepi  is closed and F  is lower semicontinuous on C . ■ 
  
Example 1.6  
 

We consider C  a non-empty, compact, and convex subset of ,  a real continuous 

function on C ,  (the graph of ) and . Obviously  is 

a convex, compact subset of . We define 

k
Gco

f

f}:))(, CxxfxG f 

 k

{(:= f

fK

fK := fK

f  := ([8, 9]).  

  
 
 

www.josa.ro                                                                                                                                                   Mathematics Section  



Locally affine functions                                                                                                                      Corneliu Udrea 275

Theorem 1.7  
 

The function f  (defined in Example 1.6) has the following properties ([8, 9]). 

(i). It is a real, convex, and lower semicontinuous function on C . 
Ca , there exist (ii). For all t  and  such that  and 

 

Cx Jjj }{ jj
Jj

xta 


=

).(=)( jj
Jj

f xfta 




(iii).We have the relations fff cl=co= , and exCexCf f |=|  (where  denotes the 

extremal points of ).  

exC

C
 Proof.  

(i). We use Proposition 1.5. 
(ii). Let us consider ,  fK:pr  =),(pr x  for all fKx ),(  . According to the 

definition for all , Ca }), fKa(such that f  :),(pr{inf=)( aa    . 

Since  is a compact set, and  is a continuous function there exists fK pr   with 

the properties fK)a,(  , and  =)(af . 

Therefore there exist  ),,,(= 221 ktttt  , and  such that  Cx Jjj }{

 ).(==)()(=,= jj
Jj

fjj
Jj

jj
Jj

xftaxftxta 


   

(iii). It is a consequence of Remark 1.4.(iii). ■ 
  
Remark 1.8 
 

For all  non-empty, convex subset of  we define the relative interior of the set C  
as the interior which results when C  is regarded as a subset of its affine hull. This set is 

denoted by int . The set 

C

Cr

k

CC rint\  is called the  relative boundary of  and it is denoted by 

.  

C

Cr
  
 
2. LOCALLY CONVEX FUNCTIONS 
 
 

We generalize the notion of the locally convex function (defined in [1] and [3]) and 
we present some properties of these functions. 

In this section  is a non-empty subset of , and  is a real function on a subset F k f A  

of  where k FA  .  
 

Definition 2.1  
 

(i). The function  is called quasi-locally convex function on  if for all  there 

exists V  a neighbourhood of 

f F Fx
x  such that FV   is a convex set, and the function s 

convex. 
F|  iVf

(ii). If the functions  and f f  are quasi-locally convex functions on , then  is 
called  quasi-locally affine function on .  

F f
F
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Remark 2.2  
 

(i). The following assertions are equivalent. (a). The function  is quasi-locally 
convex on . (b). There exists   an open covering of  such that 

f
FF F R  is a convex set, 

and  is a convex function, for all FRf | R . 

(ii). If  is an open subset of , then the following assertions are equivalent. (a). 
The function  is quasi-locally convex. (b). There exists  an open covering of  such that 

F
f

k
 F

R  is convex subset of , and  is a convex function, for all F Rf | R  (i.e. according to [1] 
and [3]  is locally convex function on ). f F

(iii). Since every quasi-locally affine function on  is locally continuous on  we 
have that all quasi-locally affine function on  is continuous on .  

F F
F F

(iv). Let  be a real, convex function on the line segment  (respectively ). 
According to [4], [6], and [9] we have the following assertions.  

s ],[ ba ),( ba

(a). If  is a point from  such that  (respectively 
) then  for all 

c
)),b

),( ba
x

]),([max=)( bascs
((max=)( ascs )(=)( csxs ],[ ba  (respectively for all ). ),ba(x

(b). The function  is upper semicontinuous on . s ],[ ba
 
Lemma 2.3  
 

If  is a real quasi-locally convex function on the set , and  are two points of 
 such that , then  is an upper semicontinuous function on .  

f F ba,
,[ baF Fba ],[ f ]

 Proof.  
In view of the general convex analysis  is continuous at all point 

. If V  is an open convex subset of  such that  is a convex set, 

 is a convex function, and either 

f
k]),([int=),( babac r

FVf |

FV 
Vb , and a V  or Vb

,[=] aa

, and , then either 

, or V

Va
)1],, 1 bbb (=][=],[ aVbaFV  ,[a= V], bba[F  . 

According to the previous remark  (respectively ) is upper semicontinuous at 

the point b  (respectively at the point a ). ■ 

],1(| bbf )1,[| aaf

  
Theorem 2.4 
 

Given  a real quasi-locally convex function on the set , and  a nonempty 

convex subset of  it follows that the function  is convex.  

f F C

F Cf |

Proof. (Similar to [3]). We want to prove that )()()(1))((1 btfafttbatf   for all 
, and . So that we consider  different points from . Cba , (0,1)t ba, C

Suppose that , and define , and )(=)( bfaf
,[}={ aMf

]),([sup:= bafM
]=}=)(:],[{:= bMcfbacS  . It is obvious that M  and  is non-empty. 

Let 

S

T  be the set }Stb)at(1:[0,1]{t  , , and T [0,1]:t :=0 sup  , 

))((1:=)( tbatft  . 

Assume that (0,1)0 t , hence ),()(1:= 000 babtatc  , Tt 0  and . Take V  

an open convex subset of  such that 

Sc 0

k Vc 0 Vba, , FV,   is convex, and  is a 

convex function. Hence 
FV|f

),(=],[=] 11 babaVb,[aFV   where ),b()1 ab ,( 1a0c  , and 

. Therefore , and . Sb 1 Ma )( 1f Mb <)1f (
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If 110 )(1= tbatc  , , then  (0,1)t

.=1,=<)()()(1)(= 00110 SbctMbtfaftcfM   

Therefore for all   (0,1)t
).()()(1=)(1=))((1 btfafttMMtMtbatf   

Suppose now that , and let  be a linear functional on  such that 
. Obviously 

)()( bfaf  u k
)()(=)()( bubfauaf  uf   is a quasi-locally convex function, 

, and in view of the previous step it follows that  ))((=))(( bufauf 
))(())()((1)))((1( buftaufttbatuf   

for all . Since u  is a linear functional we have that  (0,1)t
(0,1).),()()(1))((1  tbtfafttbatf ■ 

  
Corollary 2.5  
 

Let  be such that for all F Fx  there exists V  a neighborhood of x  such that 
 is convex, and let  be a real function on . The following assertions are equivalent. FV  f F
(i). The function  is quasi-locally convex on . f F

(ii). For all C  convex subset of ,  is a convex function.  F Cf |

 Proof. It is obvious. ■ 
  
Corollary 2.6  
 

If  is a convex set, and  is a quasi-locally convex function on , then  is a 
convex function on .  

F f F f
F

Proof. It is obvious. ■ 
  
Proposition 2.7  
 

Take  convex subsets of  such that , and  is a closed set. Let  

(respectively ) be a real convex function on  (respectively ) with the following 

properties u , and . 

{1,2}}{ iiC

2u

112 | uC 

k

1

21 CC  1C

2C
1u

1C

112 |=| CrCr
uu 

Then the function ,  is convex on   2:Cu




122

11

\on

on
=

CCu

Cu
u .2C

Proof. We want to prove that  is a convex function for all ],[| bau 2, Cba  . If , 

then , and  is a convex function. Otherwise . Take 
21 \],[ CCba 

 1C],[2],[ |=| baba uu

)(0,

],[ ba|u ]b,[a

 , define ,  and remark that by the 

hypothesis  is quasi-locally convex function on . Hence  is a convex function on 

. Since  we have that  is a convex function.■ 

 u

]



,[| ba

2: C

0
limu


u

u

],[ =| bau



 

22

121

\on

on),(sup
=

Cu

Cuu 

],[ ba

],[| bau

1C

u

],[ ba
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3. LOCALLY AFFINE FUNCTIONS 
 
 

We prove some results about continuity of convex functions, and we present an 
example of a locally affine function. 

In this section U  is a non-empty, open, bounded, and strictly convex subset of  
(the strictly convex property means that for all 

k
Uba , , ba  , we have ).  Uba ),(

 
Lemma 3.1  
 

For all , and  there exists Ua  )(0,r )(0,rd  such that UdxaB r 





  ),(

2

1
 

for all ),( raB\Ux ([1]).  

Proof. Obviously Uxaxa  ),()(
2

1
 for all }{\ aUx , and ))),(\((

2

1
= raBUaK   is a 

compact set which is contained in U , hence ),(:= UKdistd   is strictly positive. Define 

2
:=

d
dr  and remark that for all ), r(\ aBUx , rddUxadist >),(

2

1







  , therefore 

UdxaBdxaB r 





 






  ),(

2

1
),(

2

1
.  

  
Lemma 3.2  
 

For all , and Ua  )(0,r  there exists u  an affine function on  such that 

,   on 

k
1=)(au 1u U , and u  on 0< ),(\ raBU ([1]).  

 Proof. According to the first separation theorem we have  an affine function on  with 
the following properties , and . In view of the previous lemma let  be a 

positive number such that 

v k
rd0=)(av 0<|Uv

Ur 



dxaB

  ),(

2

1
 for all ),(\ raBUx . 

We fix a point  such that UdaBb r \),( 0>)(:= bv , and we remark that for all 

),,(\ raBUx  Ubx r 

(

2

1
dbxB


  ),(

2

1
) , 0<))(

2

1
( bxv  , and  =)(<)( bvxv . 

If we define )(
1

:= 


vu , then u  is affine function, , 1=)(au

0<)(
1

=))()((
1

=)( bxvbvxvxu 


, for all ),(\ raBUx , and 1) )((
1

=)( 


xvxu  for 

all Ux . ■ 
  
Theorem 3.3   
 

If  is a real, lower semicontinuous and convex function on f U  such that  is a 

continuous function, then  is continuous on 

Uf |

f U .  
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Proof. Let  be a boundary point of U , a )(0, , and  such that )(0,r

| )()(| afxf  for all UraBx  ),(  . Take u  the affine function of Lemma 3.2 for 

, and U . ar ,

Then ),(0}>{ raBuU  , and ),(0}>{:= raBuW   is an open convex 

neighbourhood of . If  (hence ), and  is a line contained in the 

hyperplane , and passing trough the point 

a UWx 
)}(= xu

(0,1))( xu d

{u x , then },{=)( 21 xxUd   where 

, , and 0>)(= xu (0,, 21 Bxx )(=)( 21 xuxu )r 21)(1= xxtx   where (0,1)t . 

Since  is a convex function we have f

  )(=))(())()((1)()()(1)( 21 afaftaftxtfxftxf . 
Therefore  )()( afxf  for all UWx  , and 


)()(suplim afxf

axU
. Hence 

)(a f)(suplim fxf
axU




 i.e.  is upper semicontinuous in every point , so that  is 

continuous in any boundary point of U . ■ 

Ua  f

  
Corollary 3.4 
 

(i). Let  be a real, and continuous function on f U . The function  is continuous 

on 

fco

U . 

(ii). Take , and  real, convex, and continuous on 1f 2f U . We have that 

 is continuous on ))(inf(co:= 121 fff  , 2f U .  
 Proof. (i). According to the Theorem 1.7,  is a lower semicontinuous, and convex 

function on 

ff cl=co

U  such that , hence  is continuous. We apply Theorem 

3.3 to the function . 
UU ff  |=|)co( U|)fco(

fco

(ii). We use (i) for the function . ■ ),(inf 21 ff
  
Theorem 3.5   
 

Let  be a non-empty, open, bounded, convex subset of ,  a real continuous 

function on 

D k f

D , and . Then  is a locally affine function on the set .  }<co{:= ffF fco DF 

Proof. Denote by  the function s Df :co  and remark that in view of Theorem 1.7 the 

function  is convex, lower semicontinuous on s D , and continuous on . Moreover 
 is an open subset of . If 

D
)}(<:= xfsDDF  )(x{x D DFa   then  and 

there exists  such that 

)(< afs )(a

)(0,0 r  DFraB ),( 0 , and  for all . )(<) yf(xs ),(, 0ray Bx

Take  and  from  (b c ),( 0raB cb  ), and define for all [0,1]t

,[b

 , 

. Obviously  is an affine function on , and for all 
 we have that  

],[: cbh

]c)(c)(1)((1 tsbtcbth 
[0,1]t

()st:=) h

)()()(1=))((1 ctsbsttcbth  ))(1))((1)(1< tcbttftcbtft  ))((1= tcbtf   

 i.e.  for all . Moreover , , and . )(<)( xfxh ],[ cbx )(=)( bsbh )(=)( csch hs cb ],[|
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We apply Proposition 2.7 and we have that the function Du : , 





],[\on

],[on
=

2 cbDu

cbh
u  is convex on D fu, and   on D . According to the definition 

, hence for all   sfu =co [0,1]t
)()()(1))((1 ctsbsttcbts  ))((1=))((1= tcbtutcbth  ))((1 tcbts   

 i.e. )()()(1=))((1 ctsbsttcbts   for all [0,1]t , and ),(, 0raBcb  . ■ 

  
Corollary 3.6 
 

If  is a real continuous function on f U , then  is a locally affine function on the 
set   

fco
}co{ f < f

Proof. By the Theorems 1.7 and 3.3  is a continuous, convex function on fco U  such that 

. Therefore , and we apply the previous theorem. ■ ff U =|)co(  Uff }<co{
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