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Abstract. This paper studies different testing function spaces of Gelfand-Shilov type 

for the Banach space valued generalized Potential transform. The topological properties of 
these spaces are discussed. Different operators and their continuity is also discussed. The 
Analyticity theorem and Inversion theorem for Banach space valued distributional Potential 
Transform are also proved. 
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spaces. 
 
 
1. INTRODUCTION  
 
 

Zemanian [4] has presented the theory of Banach space valued distribution. He has 
also discussed the Laplace transform of Banach space valued distribution. Further he has used 
these concepts for applications in the system theory and signals.Motivated by the work of 
Zemanian [4] and Tiwari [1, 2] we studied different testing function spaces of Gelfand-Shilov 
type for the the Banach space valued Potential transform. The topological properties of these 
spaces, different operators and their continuity and the Analyticity theorem are discussed. We 
also state and prove the inversion formula for Banach space valued Potential transform. 
 
 
2. BANACH SPACE ALUED TESTING FUNCTION SPACES 
 
 
2.1. THE SPACES : )(,, AP dc 

 
 
Let A be a Banach space. For 0 ,  is defined as, )(,, AP dc 
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where c and d are real numbers. For 0k , we set . 1kk

The topology of the space  is generated by the family of seminorms    

denoted by . 

)(,, AP dc  
0,, kkdci

)(,, AT dc 

 
 

2.2. THE SPACES : )(,,, AP mdc 

 
 
For given , the space is defined as, 0m

          ...3,2,1,0 , );(:)( ,,,,,,   kkmCtttDtSupiAEAP kk
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  . 

The constant 0 ,  depend on kC  ,k  and the function  ,  tdc,  is as in equation 

(1). 

The topology of the  is generated by the family of seminorms  and 

denoted by . Clearly the space is subspace of . 

)(,,, AP Mdc   
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2.3. THE SPACES : );,( AzwP
 
 
Following Zemanian [5, p. 102], the space  is defined as, );,( AzwP
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3. TOPOLOGICAL PROPERTIES OF TESTING FUNCTION SPACES 
 
 
3.1. PROPOSITION: 
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Proof is simple and hence omitted. 
 
 

3.2. PROPOSITION: 
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Proof: We know that , for each )()( ,,,,, APAP dcmdc i   ,...2,1 , imi  
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Now let us consider )(,, AP dc   . 
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Therefore, we have  
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where L, Ck are depends on the function   
Choose an integer mi for some i=1,2,3… and 0  such that 
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From equations (2) and (4) we have, . 
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3.3. PROPOSITION: 
 
 
If 21    then . )()(

21 ,,,, APAP dcdc  
Proof is simple and hence omitted. 
 
 

3.4. THEOREM: 
 
 
The space D(A) is subspace of  and cannonical injection of D(A) into 

 is continuous. 

)(,, AP dc 

)(,, AP dc 

Proof: Let      tADt    is a smooth function whose support is bounded set K of 
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Hence  AP dc  ,, . Therefore    APAD dc ,, . 

To prove contiuity if the injection mapping, consider a sequence converging to zero in 
D(A). 

As  ADn  ,we can find a compact set Km such that  AD
mKn   and 0n  in 
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The right hand side of the above inequality tends to zero as 0n  in  and 

hence cannonical injection of  into  is continuous. 
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4. OPERATORS ON THE TESTING FUNCTION SPACE  )(,, AP dc 

 
 

4.1. SHIFTING OPERATORS ON THE TESTING FUNCTION SPACE  )(,, AP dc 

 
 
Theorem: Shifting operator,      ttS :  is automophism on . )(,, AP dc 

Proof: Here      ttS :  is well defined and linear. 
For continuity consider,  

        

         

     

































k

i

k
Ti

k
k

k

i

k
TTi

k
k

A

k
t

k
dc

t

A

k
tdc

t
kdc

TDCLCTDTDCLC

TTDTTSup

tttDtSupti

1

1'

1

1'

,
1

,,, 







 

here C’ is some constant. Theefore the shifting operator      ttS :  is a topological 

automorphism on the space . )(,, AP dc 

 
 
4.2. SCALING OPERATOR ON THE TESTING FUNCTION SPACE  )(,, AP dc 

 
 
Theorem: Scaling operator,    mttS  :  is automophism on . )(,, AP dc 

Proof: Here    mttS  :  is well defined and linear. 
For continuity consider, 
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Where Ck is some constant. We have    APmt dc  ,, . 

Therefore scaling operator,    mttS  :  is automophism on . )(,, AP dc 

 
 

4.3. INVERSE SCALING OPERATOR ON THE TESTING FUNCTION SPACE  )(,, AP dc 

 
 

Theorem: Scaling operator,   







m

t
tS :1  is automophism on . )(,, AP dc 

Proof: The proof is simple as 4.2. and hence omitted. 
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4.4. DIFFERENTIAL OPERATOR ON THE TESTING FUNCTION SPACE  )(,, AP dc 

 
 
Theorem: The differential operator,    ,,,,: dcdc PAP    difined by the map 

 is one one, linear and continuous.   r
tD

Proof: Let  AP dc  ,,   then 

 

            

     
































k

i

rk
ti

rk
k

k

i

k
tti

rk
rdrc

t

k
t

rk
rdrc

tA

r
t

k
tdc

t

r
tkdc

tDCLCttDDCttSup

ttDtttSupttDtDtSupDi

1

1

1

1
,

,,,,





 (6) 

 
Thus  and therefore operator  APD dc

r
 ,,   is well defined. 

Linearity of the operator is obvious. 
It is injective for  for 00   rD cr    1 , where c is a constant. 
If , 0c 0  otherwise c . For 0  ,0  rk  we have 
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As the right hand side of the above equation is not bounded, we conclude that 
 AP rdrc  ,,  . Wich is a contradiction. 

Hence C must be zero and therefore 0 . This proves that   is injective continuity 
of . Follows from the inequality equation (6). Hence proved. 

 
 

5. BANACH SPACE VALUED DISTRIBUTIONAL POTENTIAL TRANSFORM 
 
 

5.1. POTENTIAL TRANSFORM OF A-VALUED DISTRIBUTION 
 
 

Let  i.e. is a function defined on .  ADf ; f AD     to

f is said to be Banach space valued Potential transformable, if there exists two 
members   ;, 21  , such that 21   ,   APf ;, 21   and in addition 
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5.2. POTENTIAL TRANSFORM OF THE [A;B] VALUED DISTRIBUTION 
 
 

The space  can be identified with the space   BAzwP  ; ;,      [ , ;  ;  P w z A B  through 

the equation, apaf p  ,,   where 

        , ; , ;  ;  ,  ,p  ;  ,  f P w z z A B P w z  A B p P w    and Aa . 

Because of the above identification we use the same symbol to denote both  and p 

and define Potential transform of   valued distribution as: 
pf


 

BA  ;
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that   BA ;;, 21 Pp  , 12    and   BAzwPp  ; ;, , if either 2or 1   zw . 
 
 

6. ANALYTICITY THEOREM 
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Let y be an arbitrary but fixed point in f . Choose the real positive numbers,  
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The theorem is proved for q = 1 and generalized it by Induction method, 
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To proceed, let c denotes the circle with the centre y and radius r1. 
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Let us restrict r1 such that c lies entirely with f  and 10 rr  . 

The differentiation on y is interchanged with differentiation on t and using Cauchy’s 
integral formula we get, 
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This shows that   0 ty  as 0y  and hence the proof is complete. 

 
 

7. INVERSE OF BANACH SPACE VALUED POTENTIAL TRANSFORM 
 
 
Sahu in [3] has presented that Banach Space Value Potential transform is iterated 

second version Laplace transform, provided it exist, i.e. 

         ytPfystfLL
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1
 22   

Using the definition of second version Laplace transform we obtain, 
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7.1. LEMMA: 
 
 

Let  sF  is analytic function of s (assuming that 0s  is not a branch point) except 
at finite number of poles each of which lies to the left of the vertical lines  and if cs Re

  0sF  as  throught the left plane s cs Re , suppose that: 
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Also, complex inversion formula for Laplace Transform is 
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If we replace r by s, we get,     2
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7.2. COMPLEX INVERSION THEOREM: 
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That is the natural consequence of definition of Potential transform and 
Complex Inversion Formula for Second version Laplace transform. 

 
 
REFERENCES 

 
 

[1] Tiwari, A. K., Indian Journal of Pure and Applied Mathematics, 11(8), 1045, 1980. 
[2] Tiwari, A. K., Indian Journal of Pure and Applied Mathematics, 20(5), 493, 1989. 
[3] Sahu N. D., Gudadhe, A. S., Acta Ciencia Indica, 35(2), 803, 2009. 
[4] Zemanian, A. H., Realizability Theory for Continuous Linear System, Academic Press, 

New York, 1972. 
 


	BANACH SPACE VALUED POTENTIAL TRANSFORM
	NANDA D. SAHU, ALKA S. GUDADHE
	Manuscript received: 07.05.2011. Accepted paper: 30.05.2011.
	Published online: 10.06.2011.



