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Abstract. In this paper we present some new identities and inequalities in triangles
and quadrilaterals, continuing the idea from [1].
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1. IDENTITIES AND INEQUALITIES IN TRIANGLES

In the following, let the triangle ABC with the sides 4B = ¢, BC = a, CA = b, the
measurements of angles A4,B,C, s the semiperimeter, R the circumradius, » the inradius and T
the area.

Theorem 1.1. The identity

[(a—b)cos%j +((a+b)sin§j =c’ (1.1)

and his permutations hold.
Proof: 1. We have

from where (1.1) results.
2. We have

((a - b)cos%j2 + ((a + b)sin%j2 -

= a’ cos? g —2abcos? % +b* cos? % + a’sin? % + 2absin® % +b*sin’ % =
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=a*+b* - 2ab(cos2 C_ sin’ EJ =
2 2

=a*+b* =2abcosC = ¢*

so identity (1.1) is true. i

Corollary 1.1. The following statements

1) C:% if and only if a*—ab+b* =

2) cz% if and only if 2(a2+b2)—(\/§+1)ab:2c2

3) C:% if and only if a* +b*> =c’

4) sz?ﬂ if and only if a*+ab+b*=c’

hold.
Proof- In the Theorem 1.1 we take C e {Z, E, 1, 2—7[} O
35 2 3
Remark 1.1. The statement 3) from Corollary 1.1 is the well-known Pitagora’s theorem.
Corollary 1.2. The inequalities
sing < (1.2)
2 a+b
|a—b|cos%<c (1.3)

and his permutations hold.
Proof. From (1.1) it results that (a +b)2 sinzgﬁ ¢’ and (a —b)2 coszgs ¢, from where
(1.2) and (1.3) results. In (1.2) the equality holds if and only if a = b. In (1.3) we can’t have

equality because (a + b)sin% #0. 0
Remark 1.2. The inequality (1.2) appears in [1].
Remark 1.3.If C = % , from (1.2) the following well-known inequality a + b < 2 results.

Corollary 1.3. We have

L<—2Rr <l 14
4R~ s +r*+2Rr 8 (1.4
and
‘(a—b)(b—c)(c—a)‘<16R2r (1.5)
abc

Proof. Using (1.2) we obtain that sinésingsin% < (atb)(brc)cra)
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But
. . . r
sin—sin—sin—=—,
2 2 2 4R
abc =4RT =4srR,
(a+b)(b+c)(c+a) :(2s —c)(2s—a)(2s—b) = 2s(s2 +r° +2Rr),
abc 1

(@rd)(bro)cra) 8

and then (1.4) results.

abc .
From (1.3) we have that ‘(a—b)(b—c)(c—a)‘< 5 C and taking

COS—COS—COS —
2 2 2

A B C s . . .
COs —C0s —cos— = —— into account, inequality (1.5) results. o
2 2 2 4R

Remark 1.4. The inequality (1.4) is a refinement of Euler’s R > 2r inequality.
Corollary 1.4. The identity
6 6
((a —b)cos%) + ((a +b)sin%) +%(a2 ~b’ )2 c*sin® C =¢° (1.6)

and his permutations hold.
Proof. Taking into account that x+y+z=0 then x’ + )" + 2z’ =3xyz.

2 2
Therefore, we take x:((a—b)cos%j , Y :((a+b)sin§j and z=—¢. O

Theorem 1.2. If oo >1, then

2a 2a
(|a—b|cos§j +((a+b)sin%j >0 e (1.7)
and his permutations hold and if « €(0,1), then
2a 2a
(|a—b|cos%j +((a+b)sin%j <2 (1.8)

and his permutations hold.
Proof. The function f:(0,0) >R, f(x)=x" is a convex function for o >1 and then we
have that

cY cV)
20 20 (|a—b|cosj +((a+b)s1n)
(|a—b|cos%j +((a+b)sin%) >2 2 2

2

Taking (1.1) into account, we obtain (1.7). If a €(0,1), the function f is a concave
function and the proof is similarly. O
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Remark 1.5. The equality in (1.7) or (1.8) holds if and only if|a—b|cos%=(a+b)sin§,

2 8(s—c) _

equivalent with (a—b) (a+by S8 ;C) , from where ¢*(a® +5%) =(a—b) (a+b)’,
a

|a—b|(a+b)

SO ¢c=
Ja* +b?

Corollary 1.5. The following inequality

|a—b|cos%+(a+b)sin%£c\/§ (1.9)
and his permutations hold.
Proof. It results from Theorem 1.2 for a = % . i
Remark 1.6. The inequality (1.9) appears in [1].
Corollary 1.6. The inequalities
2 C sin2£
la—b[" 2 (a+b) *<c (1.10)
and
(a-b)? (a+b)? 2 a’+b?
cosg sing < % (1.11)
2 2 2(a” +b%)
hold.
Proof. Using the weighted AM — GM inequality, we obtain
2 2
, (a—b)cosg + (a+b)sing CeN——
c 2 2 20082 < 25in> = oos? Casin? €
—= > |a—b 2(a+b) ? 22
1 ,C . ,C
cos” —+sin” —
2 2
from where (1.10 ) results.
Similarly
cY . cY !
2 ((a—b)coszj +((a+b)sm2j ( Cjz(a;,)z( | Cjz(mb)l @b rarh)
5= 5 > 2| cos— simn—
2(a”+b%) (a—b) +(a+b) 2 2
from where (1.11) results. o
Corollary 1.7. The following inequalities
¢ 2|a® -pfsinC, (1.12)
|a* = b?|c+[p* —?|a+|c* —a’|b< 4R(s* = > —4Rr) (1.13)
16R*r
and a-b)b-c)c—a)|f———— 1.14
(a=b)(b=c)(c—a) Ry (1.14)
hold.

Proof. Using the AM — GM inequality, we have that
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2 2
= [(a—b)cosgj +((a+b)sin§} > 2\/(a—b)2(a+b)2 C082%Sin2% = ‘az _bZ‘Sin C,
so (1.12). Taking (1.12) into account, we have
2(s2 7 —4R) =a’+b*+¢’ Z‘az —bz‘sinC+‘b2 —cz‘sinA+‘c2 —az‘sinB =
1
=E(‘ 2 —bz‘c+‘b2 —cz‘a+‘c2 —az‘b)
and the inequality (1.13) is proved. Using (1.12) we have

16s°R*r* =a’b’c® > ‘(a —b)(b—c)(c— a)‘(a +b)(b+c)(c+a)sin Asin Bsin C
and taking into account that
(a+b)(b+c)(c+a)=2s(s2 +7° +2Rr), sinAz%, sinB:%, sinCzi,
the inequality (1.14) is obtained. i

Corollary 1.8. The inequality

42 (s* —r* —4Rr)R < \/((4R +7) =" )Y (a=b)' + \/(8R2 +r7=5%)Y (a+b)" (1.15)

holds.

Proof. Using the C — B — § inequality, we have
2(32 -7 - 4Rr) =Y =) (a-b) cos’ % + > (a+b) sinzg

< \/(Z(a—b)4)(zcos4 %) +\/(Z(a+b)4)(zsin4 %) _
) \/%Z(d—b)“ +\/%Z(a+b)4

from where the inequality (1.15) results. i

Corollary 1.9. The following inequalities
c£|a—b|cos%+(a+b)sin%, (1.16)
C . C > ol
\/5(|a—b|cosz+(a+b)sm5jZc+ ‘a —-b ‘smC (1.17)

and his permutations hold.
Proof. The identity from (1.1) is equivalent with

2
(|a—b|cos%+(a+b)sin%j —|a-b|(a+b)sinC =¢’
from where (1.16) results. We have that
(|a—b|cos%+(a +b)sin§j2 =c’ +‘a2 —bz‘sinC Zé(ch/‘az —bz‘sinC)2
from where we obtain (1.17). O

Corollary 1.10. The inequalities
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25 <> 2|a-b| cos§+ D (a +b)sin§ < min{Z\/Es,2\/3(s2 -7 —4Rr>} (1.18)

hold.
Proof. Taking Corollary 1.5 into account we have that

Z|a—b|cos%+2(a +b)sin%£ Zcﬁ =2/2s.

In another order, we have that

R X b S R

=6, /éZcz = 2\/3(52 -7 —4Rr)

From the inequalities (1.18) demonstrated above, the second inequality from (1.18) is

true.
The first inequality from (1.18) results immediately from the (1.16) inequality. i

Corollary 1.11. The following inequalities

\/ZUG —b|c0s%+(a+b)sin%j2 < \/Z((a—b)cosgjz 4
+\/Z((a +b)sin§]2 < Js?— 2 —aRrr

(1.19).

are true.

Proof. Using the Minkowski inequality and |x + y| <, /2(x2 + yz) inequality, we have that

\/Z(|a—b|cos%+(a+b)sin§jz < \/Z((a—b)cos%jz ; \/z((“b)sin%f
< \/22[[@—[))005%)2 +((a+b)sin%)2j 5.

from where inequality (1.19) results. i

2. IDENTITIES AND INEQUALITIES IN QUADRILATERALS

In the following, let the convex quadrilateral ABCD with the sides AB = a, BC = b,
CD = ¢, DA = d, the diagonals BD = e, AC = f, the measure of angels equal with 4, B, C,
respectively D, s, R, r, T denote the semiperimeter, circumradius, inradius and area.

Theorem 2.1. The identity

((a—a’)cos%jz +[(a+d)sin§]2 - ((b—c)cos%]

and his permutations hold.
Proof. Applying Theorem 1.1 in the triangles ABC and BCD, we have that

2

+[(b+c)sin%j (2.1)
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BD’ - ((a—d)cosgjz +((a +d)sin§j2
and
BD* = ((b—c)cos%jz +((b+c)sin%j2

from where the identity (2.1) results. O

Corollary 2.1. If ABCD is a cyclic quadrilateral, then the identities

((a-d)cosg +((a+d)sin§j2 - ((b-c)singjz +((b+c)cos§j2, 22)

A _(b+c) —(a—d)

sin (2.3)
2 4(ad + bc)

and his permutations hold.
Proof. In Theorem 2.1 we take C =7 - 4. O
Corolarry 2.2. Let ABCD be a cyclic quadrilateral. Then

1. A:% ifand only if a® +d* =b" +¢’;

2. A :g ifand only if a* +d*> —ad =b” +c* +bc;

3.4 :% if and only if 2(a” +d*)~(V/5 +1)ad = 2(b* + *) + (N5 +1) be
and

4. A :277[ ifand only if a® +d* +ad =b* +c* —bc.
Proof. It results from relation (2.1). o

Corollary 2.3. If ABCD is a cyclic quadrilateral, then

(ac+bd’ = {((a _d)cosgjz +((a +a’)sin§jzj.(((c—d)cos§j2 +((c+d)sin§sz 24)

and
AY AY
(abJrchz((a—d)coszj +[(a+d)sm2] o5
ad +be ((c—d)coslz)j +((c+d)smlz)j
Proof. We have
BD2=((a—d)cos§) +((a+a’)sm§j
and
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Now, using the Ptolemy’s first and second theorem, we obtain the relations (2.4) and
(2.5). ]

Theorem 2.2. The following inequalities

eZmax{(a+d)sm— b+c)sin %} (2.6)
with the equality if and only if a =dor b=c,
meax{(aH))sm— c+d)sin %} (2.7)
with the equality ifand only if a =bor c=d,
e > max {|a d|c0s cos %} (2.8)
and
D
f >max{|a—b| —d|cos3} (2.9)
hold.
Proof. It results from the proof of Theorem 2.1. o

Theorem 2.3. If « >1, then

2a

20 2a 2a
|a—d|cos§j +((a+d)sin§j + |b—c|cos%} + (b+c)sin§ >27%e* (2.10)

and similarly for f, and if « €(0,1)then

2a

20 2a 2a
|a—d|cos§j +((a+d)sin§j + |b—c|cos%} + (b+c)sin§ <277 (2.11)

and similarly for f.
Proof. See the proof of Theorem 1.2. i

Corollary 2.4. The following inequalities
A . A C . C
|a —d|cos5+(a +d)s1n5+|b—c|cosz+(b+c)s1n5 <2e\2 (2.12)

and
|a—b|cos§+(a +b)sin§+|c—d|cos§+(c+d)sin§ <272 (2.13)
hold.
Proof. It results from Theorem 2.3 for a = % . i
We recall the following well-known identities from cyclic and tangential
quadrilaterals

ef =2r(N4R> +1r° +7r), (2.14)

>a=2s, (2.15)
Zabc=sef, (2.16)

abed =r*s* =T7, (2.17)
(ab+caf)(ad+bc):s2 (ef—4r2), (2.18)
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ab+cd)(ad+bc)ef

R* = (
16775

: (2.19)

(see [5] and [6]).
In the following we consider that ABCD is a cyclic and tangential quadrilateral.

sind = |_be (2.20)
2 ad +bc

(b+c—a+d)(b+c+a—d)
4(ad+bc)
that a+c =b+d , relation (2.20) results. i

Lemma 2.1. The identity

and his permutations hold.

Proof. From (2.3) we have that sin’ g = and taking into account

Lemma 2.2. The following identity
(a+b)(b+e)(c+d)(d+a)=dr| 20 (2R 47 )+ (> + 2 WaR 477 | @2D)

holds.
Proof. On verify immediately that

(a+b)(b+c)(c+d)(d+a)=(Za)(2abc)+(ac+bd)2 —4abcd

and taking into account that ac+bd =ef and the relations (2.14)-(2.16), the identity (2.21)
results. =

Theorem 2.4. The following inequalities
[RT \/2[(4R2—s2)r\/4R2+r2 +4R’ (r2+s2)+r2sz}
=z

8r?

>2 (2.22)

r

hold.
Proof. From (2.19), (2.6), (2.7), (2.17) and (2.20) we have

R? (ab + cd)(ad + bc)\/ezs2

P 167>

(ab+cd)(ad+bc)\/(a+d)sin124(b+c)sing(a+b)sin§(c+d)sin12)
>

16r%s?

(ab+cd)(ad+bc)\/(a+b)(b+c)(c+d)(d+a)

abed
(ab + cd)(ad +bc)

5

16r%s?
SO

2.23
r 167°s ( )

Taking (2.14)-(2.19) and (2.21) into account, from (2.23) we have
\/sz2r(\/4R2 +7° —r)4r[27(2R2 + r2)+(s2 +21’2)\/4R2 +r2}
>

R 2
(7) - 167°s ’

from where the first inequality from (2.22) results.

(5]2 _ \/(ab+cd)(ad +bc)(a+b)(b+c)(c+d)(d+a) |
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On the other hand, from (2.23) we have that
\/(ab+cd)(ad +bc)(a +b)(b+c)(c+d)(d +a) B
167°s B
SZ\/(Clb-i-Cd)(ad +bc)(a+b)(b+c)(c+d)(d+a) .
16(@)3

(2.24)

But
p* = 4abed
ab+cd 22\/@,
ad+bcz2x/w,
(a+b)(b+c)(c+d)(d+a)216abcd

and then, from (2.24) we obtain the second inequality from (2.22). i
Corollary 2.5. (L. Fejes Toth inequality) If ABCD is a cyclic and tangential quadrilateral,
then

R2r/2. (2.25)
2
Proof. This inequality it results from Theorem 2.4, from the inequality (EJ >2. The
r

equality holds if and only if ABCD is a square. i

Remark 2.1. The inequality (2.22) is a refinement of L. Fejes Toth’s R > 2 inequality.

Corollary 2.6. The following inequality

(a=b)(b=e)(e=d)(d—a)| <32R°r (V4R +17 +7) (2.26)
holds.
Proof. From the relation (2.20) it results immediately that

A ad
cos— =
2 ad +bc
and his permutations. From (2.8), (2.9) and taking (2.27) into account, we have that

ef> |a—d|cosé|b—c| cos£|a—b|cos£|c—d|cosg
2 2 2 2
abcd

=|(a—b)(b- —d)(d- )
‘(Cl Jb=e)e=d)( a)‘ (ab+cd)(ad +bc)
Using the relations (2.14) and (2.18), the inequality above becomes
4R’ (\/4R2 +7° +r)2 .5 -21/(\/4R2 +r —r)
‘(a—b)(b—c)(c—d)(d—a)‘< — ,

res
from where the inequality (2.26) results. O

(2.27)

Lemma 2.3. The following

r(\/4R2 +7r? +r) 2,2
>

7

sin 4sin B = > >—
2R R

(2.28)
holds.
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Proof. We have sin 4 = 2sin§cos§ and taking (2.20), (2.27), (2.17) into account we obtain

2
that sin 4= and similarly sinB = . Then sin Asin B = ar
ad + bc ab+cd (ab+cd)(ad+bc)
and taking (2.18), (2.14) and (2.17) into account, the identity from (2.28) results. Using the
Fejes Toth inequality, the inequality from (2.28) results. O
Theorem 2.5. The following inequalities
rﬁgﬁ\/( 4R* +77 +r +2r l A B F\F
R 4R 2
\/ ( AR +r +r)
<—| cos +
2 2 2R
1 A-B - Cc-D D-A4
<—| cos +cos +cos +cos <
4 2 2 2
S2+Slnj+SIHBS1 (2.29)
hold.
Proof. We noteE=l COS—— + COS——— + COS €D +c0sD_A .
4 2 2 2 2
Then taking 4+ C = B+ D = r into account, we have
1 A B . A. B B C . B.C
E =—(cos—cos— +sin—sin — 4 cos — cos — + sin—sin — +
4 2 2 2 2 2 2 2 2
¢c D . C.D D A . D. A
+ €08 —C€0S— + sin —sin— + c0s — Ccos — +Sin —sin—) =
2 2 2
B . A. B B . 4 . B
=—| COS—C0S— + Sin —sin —+ oS —sSsin — +sin —cos — |=
2 2 2 2 2 2 2 2
1(. A A\ . B B
=—| sin—+cos— || sin—+cos— |.
2 2 2 2 2
A A (. B BY
SIHE+COSE + SIHE+COS§ 2 tsin A+sin B
But E< = s
4 4
50 Es2+sm‘j+smBs1. (2.30)
On the other hand,
2
EZl \/sinésinﬁ—i-\/cosécosé :l cosA_B—i-\/sinAsinB
2 2 2 2 2 2 2
and using the relation (2.28), we obtain that
1 A_B \/Zr(\/4R2+r2+r) 1 A-B 2
E>—| cos + > —| cos + . (2.31)
2 2 2R 2 2 R
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But
A-B

cos = cosécos£ + sinésiné > 2\/cos£cos§sin£sin§ =4/sin 4sin B
2 2 2 2 2 2 2 2

and taking (2.28) into account, we obtain that
2 2
SA_B N \/27'(\/4R +7 +r) N r\/E

2 2R R
From (2.30)-(2.32), it results the inequalities from (2.29). i

co (2.32)
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