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,» Man muss immer generalisieren”

(Trebuie intotdeauna sa generalizam)
Carl Jacobi (1804 — 1851)

Abstract. Success in problem solving requires effort. These are not routine exercises.
They are problems whose solutions depend of trying something new (like approaches and
generalization for IMO problems).This article presents some new approaches for IMO
problems.Also we give new generalizations for two IMO problems.In every section, we give

example of inequalities by particularization.
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1. INTRODUCTION

At 36" IMO(Canada 1995), Russia has proposed the problem:

1) If a,b,c >0and abc =1, then
- ! + ! + ! > 3 (1.1)
a(b+c) b'(c+a) c(a+b) 2

At 42" IMO(SUA 2001), South Korea has proposed the problem:
2)If a,b,c >0, then
@« . b < (1.2)
\/a2 + 8hc \/b2 + 8ca \/c2 + 8ab

Next we plan to give generalizations and new approaches to the problems mentioned

above.
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2. MAIN RESULTS

Wedenote ne N* —{1},x,,y, eR. ,Vk=1L,n,meR., pell,»)

n n n n
_ p-1 _ p _ p,p-1 _ PL,P
Pn_zxkyk 7Rn_zyk aSn_Zxkyk 7Tn_zxkyk .
k=1 k=1 k=1 k=1

In support of its purpose, we prove two theorems:

Theorem 2.1.
n xl:"*'P an+17
-1
k=1 y]:n R;:Hp

Proof . The inequality (2.1) is equivalent with the following

n mtp m+p-1
S]] R,
P m

=1\ L7, Vi

which is equivalent with

From Bernoulli’s inequality we have

R m+p R — p m+p R — P
(x_k_n) :(1+Mj Zl+(m+p)-w,‘v’k:1,n
P,y Wb,

and we obtain

I7‘l+p P p—l P
A5 RS ) [B20 ) T
R P y, R

By adding the relations (2.5) for £ =1,n we deduce

n k=1

P, —(m+ p)-Ri -R, =1, which prove (2.3),

n

so theorem 2.1 is proved.

I
vl +(m+ p)- Zxky M+p)R >y

2.1)

2.2)

(2.3)

(2.4)

(2.5)

WWW.josa.ro Mathematics Section



Dumitru M. Batinetu-Giurgiu, Neculai Stanciu 27

New generalizations and new ...

Theorem 2.2,
n P m+p
x_’;z Sr:+ -1 (26)
k=1 yk Tn ?
Proof. The inequality (2.6) is equivalent with
" p m+p-1 . m+p m+p—1
Z ):an+ 'Tn m_ZIQZ(x_k] ( 4 j (xkyk)p_121<:>
A, i\ S, XV
" m+p " m+p
Z['x_k Tn j .(xkyk)pzlc [LTn] .('xkyk)pzl (27)
T\ S, XV T, oS, Vi T,
From Bernoulli’s inequality we have
T, \"" T,-y,8, ) " T,-y,S
( n] :(l‘i‘n yk nj 21+(m+p)n yk no_
ykSn ykSn ykSn
T
:1+(m+p)- : —(m+p),Vk=1,n (2.8)
yk n
and we obtain
p T m+p p p,,p-1
(Xkyk) . n Z(l—m—p)-(xkyk) +(m+p)-ﬂ,Vk:1,n (29)
Tn ykSn Tn Sn
By adding the relations (2.9) for k = 1,n we deduce that
m+p -1
n(x y P Tn n(x v P n PyP
Z(k k) ( J Z(I—m—p)-z(k k) +(m+p)- kYk  _
o I, Vi, o T, S,
= 1_?—_p-z:(xkyk)p Lnrp 'Zx,fy,f_l =1, which prove (2.7),
n k=1 n k=1
so theorem 2.2 is proved. u
Lemma 2.3.If x,y,z >0, then
(2.10)

(x—l—y+z)3 >x’ +9° +2° +24xyz

Proof- We have
()cherz)3 =x’ +3(y+z)x2 +3(y+z)2x+(y+z)3 =xX"+y +27 +3x7(y+2)+
+3x(y+2)° +3y°z+43y2° 2x0 + )’ + 20 +6x7\yz +12xpz+ 6yz4yz = x0 + ) +

+z° +12xyz+61/yz(x2 +yz)2 X4+ 2 +12xpz 4124 x% vz -y yz =

=x"+y’ +2° +24xyz.
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Remark 2.4. Theorem 2.1 and 2.2 are equivalent.

Theorem 2.1 = Theorem 2.2
Indeed, in (2.1) subsitute y, with y,x,, Vk =1,n, and we deduce that

=

" m+p
[ZXk(xkyk )IHJ NG
> _ n

n m+p n
X k=1
T pmep-l
Tn

k

k=1 (-xkyk )m k=1 y]:n (Zn:(x , )p]m+p—1
kS k

k=1

Theorem 2= Theorem 1.

Indeed, if in (2.6) substitute y, with Li ,Vk =1,n, then we deduce that
Xk

n m+p
il
m+p 'xk yk'xk Pm+p
> =1 . ]

n 14 n
Xt Xk

k=1

Remarks 2.5.

If we take p =1, then by (2.1) we obtain

m+1
n m+1 ( xk ] m+1
x = X, @.11)

1.e. J. Radon’s inequality.
If we take p =1, then by (2.6) we deduce that

( . m+1

Z X j m+l

" X

RPN n 2.12)

If we take m =1, then by (2.11) we obtain Bergstrém’s inequality, which is equivalent

with Cauchy-Buniakovski-Schwarz’s inequality(C-B-S).
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2
.
> M X, (2.13)

e

=1

If we take m =1, then by (2.12) we obtain that

(Z ] (zxkyka(gxka =X, (2.14)

k=1)Y

3. APPLICATIONS

Theorem 3.1.

n
If a,bmeR, ,a+b,x ,u, eR Vk—l S U, =U,U, , =u,and X, :Zxk ,

then
n m+1 Xm+l
— = . 3.1)
k=t Uy (a”k +b“k+2) a N b (Z” y j
k+1
Proof. In we takey, =au,u,,, +bu, ju,, ,, Vk = 1,n , then by (2.11) we deduce that
n xlszrl S XZHI _ X’:nJrl _
k=1 uk+1 (auk +buk+2) Z(aukukﬂ +bukuk+2 )m (a+b)iu u
= — kY k+1
Xm+1
= ) |
a + b (Zu ukﬂj
Remarks 3.2.
If we take x, = L, v, € Ri ,Vk = I,_n, then by (3.1) it results that
Vi
m+1
" v
1 > ek (3.2)

m+l

S Uy (a”k +bu,,, )m - m( < jm
a+b u,u
( ) ; k% k+1
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1

If we take n =3 and exists¢ € R; such that Z—Zt-Z—,

3
k=1 Vi k=1 Uy

then by (3.2) we obtain

i (uluz Tuus ”3”1) >

_ k=1
(a +b)m . (”1“2“3 )m+1 (a +b) (u1u2u3 )mH
Zukukﬂ
k=1
m+l1 3 UU-U m+1 3m+1
> 3 ( 12 3)+1 = 3 ~(u1u2u3)_ 3 (3.3)
(a+b)" (wpu;)"™  (a+b)"
If wetake u,,, =v,, Vk = I,_n, then by (3.3) it results # =1, so we have
3 1 3 3m+l
> Nuu,u 3 (3.4)
TN S Ry
If we takeu,u,u; =1, then by (3.4) it results that
> 1 3
> (3.5)
R TR PR
If we take a = b =1, then by (3.5) we deduce that
3
3
>— (3.6)
zl u;fl"fl (”k T, )m 2"
The inequality (3.6) is the inequality (6) from [8] , and if we take
m =Llu, =a,u, =b,u; =c, we solved the problem 1. []
We denote  a,b,meR, ,a+b,t,z, ,u,v,w, R, ,Nk=n,u, =u,u,,=u,,
Wi SWpHWen =W,
Theorem 3.3.

IfZ—"Z
V
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m+1 m +1
N Zk (“k+1”k+2) > nt" (3.7)
m+1 m m :
k=1 Vi (auk+2wk+l +buy,, Wk+2) (a + b)
Proof. If we take
( )L
Z,\Uu, u m+1 P
AT L T
Xe = T s Ve = aug Wiy +bug w, Vk=1n,
Vi
then by (2.11) we deduce that
m+1
m+1 m
N Z (”k+1“k+2) _ N Vi >
m+l1 m m
k=1 Vi (auk+2wk+1 + b”k+1wk+2) k=1 [a_ Wi +bh. Wis2 J
Ups Upir
m+1 m+1
Y oV
. k=1 Vi _ k=1 Vi >
- w w " oy )
a-—*Lyp. 2 (a+b)" >k
k=1 Ui Upio =1 Uy
m+1
n Wk
m+1 [z j m+1 n
’ DAL ~ (3.8)
(a+b) anwk " (a+b)" Ty,
k=1 Uy
If in (3.8) apply AM-GM inequality we obtain
m+1 m m+1
Zn: Zy (“k+1”k+z) S _nt -
m+1 m m
k=1 Vi (auk+2Wk+l +bu,, Wk+2) (a + b)
Remarks 3.4.
If we have u, -u, -...-.u, =w, -w, -...-w,_, then by (3.8) we obtain that
n m+1 m m+1
z U, U nt
z — k ( k+1 k+2) > (39)

k=1 Vi (a”k+2wk+1 +buy Wy, )m - (a +b)m

Ifwetake n=3,z, =w, =1,u, =v,,Vk :I,_n, then by (3.9) we deduce that ¢ =1and

23: (uk+luk+2 )m > 3 - (u el )mz 1 S 3
k=1 “/?M (a”k+2 +bu,., )m - (a +b)m s o
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and for u,u,u, =1we obtain that

3
> > — 6.10)

k=1 ulf (auk+2 +buk+1 )’” - (a +b)’”

If we take a =b =1, then by (3.10) we deduce that

3 1 3
e 2 (3.11)

If we take u, =a,u, =b,u, =c, then by (3.11) we obtain that

1 1 L3

+ + =
a2m+l(b+c)m b2m+1(c+a)m 02m+1(a+b)’" 2"

(3.12)

The inequality (3.12) is inequality (6) from [8], and if we take m =1we obtain (1.1),
i.e. the problem 1 is again solved. [
We denote ne N* — {l},ak,bk,tk € Ri,Vk =1n.

Theorem 3.5.

Ifak :bk -Zak :Snbk,Vk :L_n (Sn :zClk]then

k=1 k=1

n n b
“ =5," - k (3.13)
= (\/a,f +tkak+1ak+2)" = (\/bzf +tabiabys
where is obviously that Zbk =1.
k=1
The proof is immediate.
Remarks 3.6.
! ( bk2 +tkbk+1bk+2)” = (bk \/b/f +tk+lbk+1bk+2
n m+1
=2"-3 i (3.14)

= (2\/5 ’ \/b: + tkbkbk+lbk+2 )m

Since 2+/x - \/; <x+y ,itresults that

2\/5'\/23/3 +1,b,by by, 2 by "’b/f +1:b,by by, V=10,
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and (3.14) becomes
= 2 - (3.15)
(1 + Zb; + Ztkbkbkﬂbmz]
k=1 k=1
If, ¢, €[0.8],Vk = 1,n then (3.15) becomes
n b m
> k > 2 - (3.16)
— 2 n n
! (\/ be +tibbis T (1 +Y b +8- Zbkbk+lbk+2j
k=1 k=1
For n =3, (3.16) becomes
5 b, N 2 _
= 2 3 3 "
= ( b + iy, T [1 +3 b +8- Zbkbk+lbk+2j
k=1 k=1
= 2 — (3.17)
3
(1 +> b+ 24blb2b3]
k=1
From (2.10) we have
3 303
(Z ka > b, +24b,b,b,
k=1 k=1
and the inequality (3.17) becomes
3 b m m
> : > 2 — = 2 —=1 (3.18)
, 3
= ( blf + tkbk+1bk+2 )ﬂ 1 + (z bkj (l + 1)
k=1
From (3.13) and (3.18) it results that
X ak 1-m 1-m
> >s" =(a, +a, +a,) (3.19)
= (\/azf g )"
For m=1, (3.19) becomes
3 a
d >1 (3.20)

2
k=t \/ak F 1A
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If we taket, =¢, =t, =8, then by (3.20) and we deduce that

3 % >1 (3.21)

3
o1 aJal +8
=l 4/ dy A1

which is equivalent with (1.2), i.e. the problem 2 is solved. [
FINAL REMARKS

For the inequality (1.1) were given one solution at [2], other solution at [5], and a
generalization at [3, 4, 8] and recently at [10].

For the inequality (1.2) were given six solutions at [1], five solutions at [6] and a
generalization at [7 and 9].
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