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Abstract: In this note we have shown the existence of more general generating
relation from the existence of a partial quasi-bilinear generating relation by using group
theoretic method. Some particular cases of interest are also pointed out.
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1. INTRODUCTION

In [1], partial quasi-bilateral (quasi-bilinear) generating function is defined as follows:

GxzwW =3 a, W' P& (x) Q"7 (2), &

n=0

where the co-efficients a, are quite arbitrary and P! (x) ,Q{™™"(z) are two particular

m-+n
special functions of orders m+n, r and of parameters « and m+n respectively. If, in
particular, Q™M (z) = P™M(z), then it is quasi-bilinear.

In the present paper, we have shown the existence of a more general generating
function involving modified Laguerre polynomials from the existence of a partial quasi-
bilinear generating function involving the polynomial under consideration from the group
theoretic view point.

In [2], Sharma and Chongdar obtained the following theorem on bilateral generating
functions involving the modified Laguerre polynomials as introduced by Singh and Bala [3]:

Theorem 1. If there exists a linear(unilateral) generating relation of the form

GxwW=Ya, Ly, (X)W @)
n=0
then
— wax X wz 2
1-wb)™ ex G , = G(2) Lpna () W, 3
( ) p(l—wbj [1—Wb 1—ij ;G (2) Lapmn () ®)
where
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n n
o.(2)=2 8, A (4)
o \K
In [4], the following theorem in connection with the extension of the above theorem

has been obtained by the authors of [2].

Theorem 2. If there exists an unilateral generating relation of the form
G(X, W) = z an La,b,m,n+k (X) Wn 1 (5)
n=0
where K is a non-negative integer, then we have

(1 wh)-"* exp[ Waxj G( x_ _we j
b 1-wb 1-wb

o0

= Z Un (Z) La,b,m,n+k (X) Wn ’ (6)

n=0

where

5 (=Y a, (Mkj | 7)

P p+k

The importance of the above theorems lies in the fact that whenever one knows a
generating relation of the type (2) or (5) the corresponding bilateral or extension of the
bilateral generating relation is at once be written down from (3) or (6). Thus one can get a
large number of bilateral or extension of bilateral generating relations from (3) or (6) by
attributing different suitable values to a, in (2) or (5).

In this article, the above theorem has been further extended from the concept of partial
quasi-bilinear generating function as defined in [1] by using one parameter group of
continuous transformations. The main result of the paper is stated in the form of the following
theorem:

Theorem 3. If
G(X' u, W) = z an La,b,m,n+r (X) La,b,n+r,k (U) w" (8)

n=0

exp| —wt — waxy (1-wby)™" G X ,u+bWt, wytv
1-wby 1-wby a l-wby
=2 &

n,p,q=0

p
( 1) I—a b,n+r+q, k(u) tn+q V (9)

then

p+q+n

(n+ F+1) ) Lapmnersp(X) Y™P
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2. PROOF OF THE THEOREM 3

For the modified Laguerre polynomials we consider the following operators [4, 5]:

0 0
R, =bxy—+by?— b(m+r)—ax), 10
] y8X+yay+y((+) ) (10)
bt 0
R =——-t 11
i (11)
such that
Rl(La,b,m,n+r(X) yn):(n+r+1) La,b,m,n+r+l(x) yn+l, (12)
RZ(La,b,n+r,k(u) tn) = _La,b,n+r+1,k (U) tn+l (13)
and
w _ __ —waxy X y
e f(x,y) = (1-wby)™" ex f , , 14
(% y)=( y) p(l—wbyj (1—Wby 1—Wbyj (14)
wR _ b
e 2f(ut)=e™ f(u+—wt,tj. (15)
a

Now we consider the following formula
G(X! u, W) = Z an Wn La,b,m,n+r (X) La,b,n+r,k (U) (16)
n=0
Replacing w by  wytv, we get

G(x,u,wytv):ian (W)™ (Lypmner () Y") (Lap e (W) 7). a7

n=0

Operating e"e"2 on both sides of (17), we get

e""e"2 (G(x,u, wytv)) = e"1e"2 >  a, (Wv)" (Lm0 (X) Y")
n=0

X (La,b,n+r,k (U) tn) (18)

Now L.H.S. of (18) is

e""1e"®2 (G(x,u, wytv))

= e (1—why) ™" exp WAy gl — X u+ owt , wytv ) (19)
1—wby 1—wby a 1-wby
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R.H.S. of (18) is

eWRleWRZ i a‘n (Wv)n (La,b,m,n+r (X) yn) (La,b,n+r,k (U) tn)

iiia (WV)” z Rl WqR2 (Labmn+r(x)y )(Labn+rk(u)t )

:Op
0 whn+p+d
= z a,
n,p,q=0 p q'

0 n+ p+q
2
p.q=

0

1p(La,b,m,n+r(X) yn) Rg (La,b,n+r,k (U) tn) Vn

(n+r+1) Labmn+r+p(x) yn+p( l)q abn-*—r-*—qk(u)thrq n (20)

n,

Equating (19) and (20), we get

exp| —wt — waxy (1-wby)™" G X ,u+bWt, wyty
1—wby 1—wby a 1-wby

W p+g+n

n,p,q=0 plql
x (=1)¢ La'bqu,k(u) e yn, (21)

(n +r +l) p La,b,m,n+r+p (X) yn+p

This completes the proof of the theorem.

Corollary 1. Putting k=0 and y =t =1 in (21), we get

exp{— wax } (1-wb)™ G( w j
1-wb 1-wb ' 1-wb

© yypa+n
= Z a‘n (n+r+1) ( 1)q abm,n+r+p(x) V"
n,p,q=0
© (_ q » n+p
=3 50 S 8 B D), L,V
q=0 ql n,p=0
0 Wn+p
:e_w Z aﬂ (n+r+1)p La,b,m,n+r+p(x) Vn'
n,p=0 pl
Therefore,
exp—Wa (1- Wb)fmG( W j
1-wb wh ' 1-whb
© Wwh+p
= z a (n+r+1)p La,b,m,n+r+p(x) V"
n,p=0
—in a W—n(n— +r+1) L (x) v-p
- n-p 1 p p a,b,m,n+r
n=0p=0 p
© (n—p+r+1)
= an La,b,m,n+r (X) zan—p | :
n=0 p=0 p:
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Hence
exp{ wax }(1 Wb)'mG( ij
1-wb 1-wb'1-wb
= Z La b,m,n+r (X) Oy (V) ! (22)
n=0

where

o, (V)= Zn:a (nﬂjv (23)

p+r

which is Theorem 2.
Special case 1.

On specialising the parameters as a=b=1 and m=1+a, in (22) we get the
following result:

Result 1. If
G(x,w) = Za L@ (x) w"

then
exp[—%} (1-w)?*re G(m %)
=YW L () 0,), (24)
h=0
where

o,(v)= Zn:a (nﬂjv :

p+r
Which is found derived in [6].

Corollary 2. Putting k=0, r=0 and y=t=1in(21), we get

exp| - ¥ | (1 wyn G( X ﬂj
1-wb 1-wb 1-wb

=2 W Ly na(X) 0,(v) (25)

where

o, (V)= Zn:ap(zjvp.

Which is Theorem 1.
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Special case 2.

On specialising the parameters as a=b=1 and m=1+«, in (25) we get the
following result:

Result 2.
IfGxw=Ya, LX) w
then "~
p[lw_w} (1wt G(m%j
=3 W L) o,(v), (26)
where .

o, (V)= Zn:ap(r;jvp.

Which is found derived in [7].
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