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Abstract. In this paper, we study parallel surfaces to S —tangent surfaces according
to Sabban frame in the Heisenberg group Heis®. We characterize parallel surfaces to
S —tangent surfaces of the biharmonic curves in terms of their geodesic curvature in the
Heisenberg group Heis®. Finally, we find explicit parametric equations of parallel surfaces

to S—tangent surfaces according to Sabban Frame.
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1. INTRODUCTION

A parallel surface or an offset surface if you prefer is a surface for which the points on
one surface are equidistant to a corresponding point in another one and the derivative at that
point is the same on both surfaces.

In this paper, we study parallel surfaces to S —tangent surfaces according to Sabban

frame in the Heisenberg group Heis®. We characterize parallel surfaces to S—tangent
surfaces of the biharmonic curves in terms of their geodesic curvature in the Heisenberg

group Heis”. Finally, we find explicit parametric equations of parallel surfaces to S —tangent
surfaces according to Sabban Frame.

2. PRELIMINARY RESULTS

Heisenberg group Heis® can be seen as the space R® endowed with the following
multipilcation:

(?,?,E)(x, y,2) = (§+ x,§+ y,E+z—£§y+1x§)
2 2 (2.1)
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Heis® is a three-dimensional, connected, simply connected and 2-step nilpotent Lie
group.
The Riemannian metric 9 is given by
g = dx* +dy® + (dz — xdy)?.
The Lie algebra of Heis® has an orthonormal basis
0 0 0 0

e, = —,e, = —+X—,e;=—,
OX 8y 0z 0z (22)
for which we have the Lie products

e,e,|=e; [e,,e;]=[e;,e]=0

with
g(e,.e) =g(e,e,) = g(e;,e;) =1
we obtain
Ve =V, 8=V, e = 0,
V.e,=-V_e = 1e3,
! 272 (2.3)
_ _ 1
Vele3 = Vese1 = —Eez,
1
Ve2e3 = Vese2 = Eel.
The components {Ria of R relative to OIS are defined by
Rix = R(ei’ej)ek’ Rija = R(ei’ej,ekﬁel) = g(R(ei,ej)eHek)
The non vanishing components of the above tensor fields are
3 1 3
R = ZeZ’ Ris, = _Zez’ Ry = _Zel’
1 1 1
Ry = _Zesv Rigs = Zel’ Ryss = Zez’
and
3 1
Ri, = 1 Risis = Rogps = s

3. BIHARMONIC S-CURVES ACCORDING TO SABBAN FRAME IN THE
HEiSENBERG GROUP HEIs°®

. ]
Let 7:1—>HeIS™ 1o 3 non geodesic curve on the Heisenberg group Heis®

parametrized by arc length. Let {T.N, B} e the Frenet frame fields tangent to the Heisenberg
group Heis® along 7 defined as follows:
T is the unit vector field 7 tangentto 7, N is the unit vector field in the direction of

VT (normal to /), and B is chosen so that 1L N,B} s 5 positively oriented orthonormal
basis. Then, we have the following Frenet formulas:
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VT =N,
VTN = —«T + B, (31)
V,B=-mN,

where X is the curvature of 7 and 7 is its torsion,
g9(T,T)=1,9(N,N)=1,9(B,B)=1,
9(T,N)=g(T,B)=g(N,B)=0.
. . a:l>S? )
Now we give a new frame different from Frenet frame. Let Heis® e unit
speed spherical curve. We denote ¢ as the arc-length parameter of & . Let us denote

tlo)=a'(0), and we call t(o) a unit tangent vector of @ We now set a vector

s(0)=alo)xt(o) along @ This frame is called the Sabban frame of @ on the Heisenberg

group Heis’- Then we have the following spherical Frenet-Serret formulae of ¢ :
V.a =t,
Vit=-a+ K4S,

3.2)
Vs= —K,t,
K s?
where "¢ is the geodesic curvature of the curve @ onthe ~ +eis® and
g(t,t)=1,9(a,a)=1,9(s,s)=1,
g(t,a)=g(t,s)= g(a,s)=0,
With respect to the orthonormal basis {es, e}, we can write
a=ae +a,e, +ase,,

t=te +te, +1lse,, (3.3)

s =S¢, +5,e, +5,e,.
To separate a biharmonic curve according to Sabban frame from that of Frenet- Serret
frame, in the rest of the paper, we shall use notation for the curve defined above as

biharmonic S -curve.
2

a:l >SS .3 . . . i S
Theorem 3.1. ([9]) Let Heis® be a unit speed non-geodesic biharmonic = -
curve. Then, the parametric equations of & are

_ sin’E
)=S0

cosMo +M,]+M,,

.2
y(a):¥sin[Ma+M1]+M3,
(3.4)
Vo+M, .,
2O SinE
vz o 4V

+%sin3Esin[Ma+Ml]+M4,

_sin2[Mo +M,] in‘E

2(c)=cosEo -

where My, M. M;, M, are constants of integration and
1+x2 1
M= (~——-—cosE)and V = ,/1+ x? —=sin 2E.
( SinE ) )
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We can use Mathematica in above theorem, yields

Fig. 1.

4. PARALLEL SURFACES TO S—TANGENT SURFACES OF BIHARMONIC S-
CURVES ACCORDING TO SABBAN FRAME IN THE HEISENBERG GROUP

HEIS®

To separate a tangent surface according to Sabban frame from that of Frenet- Serret
frame, in the rest of the paper, we shall use notation for this surface as S —tangent surface.
The purpose of this section is to study parallel surfaces to S—tangent surfaces of
biharmonic S -curve in the Heisenberg group Heis
The S—tangent surface of 7 is a ruled surface
R%(o,u)=alo)+ua (o) (4.1)

Theorem 4.1. Let R® bea S- tangent surface of a unit speed non-geodesic
biharmonic S — curve in the Heisenberg group Heis®. Then, the parametric equations of
S —tangent surface of @ are

. 2
st(a,u):—Sm Ecos[Ma+M1]+usinEsin[Ma+Ml]+M2,
sin’E
Yo (o,u)= sin[Mo +M,]+usinEcos[Ma +M,]+M,,
(4.2)
_ Vo+M, . ,. sin2[Mc+M,] . ,
zRS(G,u)—cosEa—Tsm E-—— 7 sn'E
M, . .. : sin’E
+73|n Esin[Mo +M,]+u[cosE +sinE(- cos[Mo +M,]
+M,)cos[Mo +M,]]+M,,
where My, M. M;, M, are constants of integration and

M= (5 oeEyandv = i 2 - Lsin2e
= —CO0SEk)an = + K, ——SINn .
nE )
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A parallel surface to S —tangent surface of 7 is a parametrized surface

A(s,u): RS(S,U)+6NRS(S,U), (4 3)

where O is a constant.
Firstly, we need following lemma.

Lemma 4.2. Let R® be a S—tangent surface of a unit speed non-geodesic

biharmonic S — curve in the Heisenberg group Heis®. Then, the normal vector of S —tangent
surface of & is

.2
NRS =[-ux [—Sln E

: cos[Ma+M1]+M2]-Ki[sin E cos[Mo +M,](M+ cosE)

9

. 2 in’
_ S”\‘/E cos[Mo +M,]+M, e, +[—uzcg[s"\'/ = sin[Mo +M,]+ M,]

sin’E

—Ki[—sin Esin[Mo +M,](M+cosE) +
g

sin(Mo +M,]1+M;]]e,

Vo +M sin2[Mo +M
———sin‘E- [ > 1]sin“E
2V 4V (4.4)

+[-ux,[cosEo -

sin’E

sin’E
—[ Y sin[Mo +M,]+M,][- cos[Mo +M,]+M,]

Vo+M,

2 sin‘E

+%sin3Esin[Mo-+Ml]+M4]—i[cosEa—
Vv K,

sin2[Mo+M,] . sin’E . sin’E
_ [4\/2 ] n4E_[TS|n[Mo-+M1]+M3][— Y cos[Mo +M,]

+M2]+%sin3Esin[Ma+Ml] +M,1]e,,

where

1+ K2 1
M = ( = —cosE)andV = ,/1+x? —Esin 2E.

sinE

Proof: We can easily verify that
Vit = (4 +t)e, + (L L )e, + e (4.5)
Since, we immediately arrive at
Vit =sinEcos[Mo +M,](M+cosE)e, —sinEsin[Mo +M,](M+cosE)e,.
Obviously, we also obtain
sin’E

s(o)= i[sin Ecos[Mo +M,](M+ cosE) — cos[Mo +M,]+M, e,
K
g

sin’E

+i[—sin Esin[Mo +M,](M+ cosE) +
K,
g

sinf[Mo +M,]+M,]e,

+ L [cosEo —%sin“E Sl Z[Tvaz+ M ginE
"y (4.6)
sin’E . sin’E
—[ sin[Mo +M,]+M,][-

cos[Mo +M,]+M, ]
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+%gin3Esin[Ma+Ml]+M4]e3,

where

J1+x2
M= ( sinEg —cosE)andV = 1+ «; —%sin 2E.

Now, we can prove the following interesting main result.

Theorem 4.3. Let R® bea S- tangent surface of a unit speed non-geodesic

biharmonic S~ curve in the Heisenberg group Heis’. Then, equation of parallel surface to
S —tangent surface of @ is

.2
. =[[[—S'Q/ECOS[M0+M1]+usin Esin[Mo +M,]+M,]

sin’E

A

—Our,[-

cosiMo +M,]+M,] —G—U[sin Ecos[Mo +M,](M+cosE)
KQ
cos[Mo +M,]+M,1]1le, +[[[-

_sin’E sin’E

cosiMo +M]

sin’E

+usinEsin[Mo +M,]+M,]-0ux [ sin[Mo +M,]+M,]

sin’E

—z—u[—sin Esin[Mo +M,](M+ cosE) + sin(Mo +M,]1+M,]1]]e,

g

Vo+M, . sin2[Mo +M,] . sin’E
+[[cosEc ————2sin“E - L2sin‘E— sin[Mo +M,]+M
[[cosEc VI 22 sin‘E-[>—— v Mo +M,]+M,]
-2
[—Sln ECOS[MJ+M1]+M2]+[—6UK [cosEa—Msin“E

2V?

_sin2Mo+M] . up [5"\‘/E sin[Mo +M,]+M,][- S":/E cos[Mo +M,]+M,]

4v?

+%sin3ESin[Ma+M1]+uCOSE+M4]+%sin3ESin[Mo—+Ml]+M4]

ou Vo+M, . sin2[Mo+M,] .
——[cosEc ————21sin*E- L
p vz oM VR

9

n‘E- [S'r\‘/Esun[Ma+|\/|l]+M]

_sin’E

cos[Mo +M,]+M,]+ %sinsESin[MU +M,]+M,]]]e;,

S..S,.S.,S,.,S

where 5 are constants of integration-

Proof: By using (4.2) and (4.3) we obtain (4.4). Hence the proof is completed.

Theorem 4.4. Let R® bea S —tangent surface of a unit speed non-geodesic
biharmonic S —curve in the Heisenberg group Heis®. Then, parametric equations of parallel
surface to S—tangent surface of @ are
sin’E

.2
= [[[_S'Q/E cos[Mo+M,]+usinEsin[Mo+M,]+M,] - dus, [~ 3" oMo+ M,]+ M, ]
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sin’E

—Z—u[sinEcos[Ma+Ml](M+cosE)— cosiMo +M,]+M,]],

[¢]
sin’E

.2
y=[[[—smEcos[Ma+Ml]+usinEsin[Ma+Ml]+M2]—6uzcg[ sinMo +M,]+M,]

V
sin’E

—2—“[—sin Esin[Mo +M,](M+cosE) +
9

.2
z= [[[—S'Q/E cos[Mo +M,] + usinEsin[Mo + M, ] +M,] - 6ux, [

sin(Mo +M,]+M,]]1],

sin’E

cosMo +M,]+M,]

sin’E

—2—u[sin EcosMo +M,](M+cosE) - 3" = cos[Mo + M, ]+M, ][]

[¢]
sin’E
V

sin’E

(- cos[Mo +M,]+usinEsin[Mo +M,]+M,] - 0ux [ sinfMo +M,]+M,]

sin’E

—Z—u[—sin Esin[Mo +M,](M+cosE) +
g

sinMo +M,]+M,]1]

Vo+M, .,
VotV GnE
vz oM VE

_sin2Mo+M] -, sin’E

+[[cosEo — n E—[Tsin[Ma+Ml]+M3]

in’E Vo+M
[0 ——5—sin‘E

_sin2[Ma+M,] . ,
2\/2 ave

n‘E

cos[Mo +M,]+M,]+[-0ux,[cosEo -

_[sian sin’E

sinfMo +M,]+M,][-

cos[Mo +M,]+M,] +%sin3Esin[Ma+ M,]

Vo +M,

e sin‘E

+ucosE+M4]+%sin3Esin[Ma+Ml]+M4]—O—u[cosEa—
K
9

sin2[Moc+M.] . sin’E . sin’E
- [4\/2 ] n4E—[TS|n[Ma+Ml]+M3][—

cos[Mo +M,1+M,]
+%5in3Esin[Ma+Ml]+M4]]]1

5115215554, S5 are constants of integration-
Proof: Omitted.

where

Applications for Theorem 4.4:

Figs. 2&3. The equations of tangent developable and its parallel surface are illustrated colour Blue,
Yellow’ respectively.
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