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Abstract. In this paper we have proved some operation transform formulae for
fractional Hartley transform in section 2. Solution of Time Independent Schrodinger Equation
for the Quantum Harmonic Oscillator was found using the above operation transform
formulae in section 3.
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1. INTRODUCTION

The fractional integral transforms play an important role in signal processing. Fourier
analysis is one of the most frequently used tools in signal processing and many other
scientific disciplines.

Namias [2] introduced the concept of Fourier transform of fractional order, which
depends on a continuous parameter a. The fractional Fourier transform with a = 1 corresponds
to the classical Fourier transform and fractional Fourier transform with o = 0 corresponds to
the identity operator. The fractional Fourier transforms and its properties were discussed in
Ozaktas [3]. Bhosale and Chaudhary [1] had extended it to the distribution of compact
support.

Using the eigenvalue function, as used in fractional Fourier transform, different
integral transform in Fourier class that is cosine transform, sine transform and Hartley
transform, are generalized to fractional transform by Pei [5]. For the generalization of

,[2
fractional Hartley transform, he had shown that for all non negative integer m, e 2 H, (¢) is

the eigen function of the Hartley transform and had given the formula for fractional Hartley
transform as,

H {0} s)= [ fOK (&,5)d1

where
; 2 2
l—icotd i ety iteop ]

[(1 —ie”)cas(csc@.st)+ (1+ie”)cas(—csc ¢5.st)1
2 2

K, (t,s)=
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In this paper first we have defined generalized fractional Hartley transform in section
2. We have proved some operation transform formulae for fractional Hartley transform in
section 3. Solution of time independent Schrodinger equation for the quantum Harmonic
oscillator is found using those operation transform formulae in section 4.

2 GENERALIZED FRACTIONAL HARTLEY TRANSFORM
2.1. THE TEST FUNCTION SPACE E(R")

An infinitely differentiable complex valued function w on R” belongs to E(R") if for

each compact set K — S, where S, :{teR", t|£a,a >0},

_ k
}/E,k(W)_StSI?‘Dz W(f)‘<00, k:1,2,3

Note that the space E is complete and therefore a Frechet space.
2.2. THE FRACTIONAL HARTLEY TRANSFORM ON E’

It can be easily proved that function K,z s) as a function of ¢, is a member of E(R")
where

—7 [ico ¢ [ﬁco ) . .
K, (t,s)= ﬂe 2 2 %[(1—ie’¢)cas(csc¢.st)+(1+ie’¢)cas(—csc¢.st)],
ar
and p=—.
¢ 2

The generalized fractional Hartley transform of f(t)eE (R"),where E’(R") is the dual
of the testing function space, can be defined as,

H {0 })=(f(1).K,(t,9)). @21)
Another simple form of fractional Hartley transform as in Sontakke [6] is

2
—icotg i oty
—e

H {0} () =~ > Teil2°°‘¢ cos(cse g.st) — ie' sin(cse gust)| £ (1)t

" (2.2.2)
3. FRACTIONAL HARTLEY TRANSFORM AS AN OPERATOR

In this section we have proved some operation transform formulae for fractional
Hartley transform.
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3.1. FRACTIONAL HARTLEY TRANSFORM OF PRODUCT OF FUNCTIONS BY USING
EIGEN FUNCTION

We wish to obtain the fractional Hartley transform of x"(f{#)) where f{#) stands for any
function belonging to the Lebesgue class L’ in the interval (—oo, 00) , it is instructive, however

I I

to obtain this result directly from the defining eigen value H “e_EHn (t)= eMe 2 H L@ (fn

is even).
Using the recurrence relation

H,. ()+2nH, (f)—2tH, (t) =0

1 n
Hn (t) = EHnH (t) + 7Hn—1 (t)

and
H,,(t)=2tH (1)~ 2nH,, (1)

R el ST n
“H {te Hn(t)}—H [te {ZZHW+1(t)+tHn_1(t)H

s 2 I
H“ {te ’H, (t)} =te”"Ve 2H (t)+ne > (e_i(”_l)“ —e D )Hn_l @)

(3.1.1)
On the other hand, using /, (x) = 2nH,_,(x), we obtain
d 2 d -
—He *H ()} =—|e " e? H((t
” . (0 7 . (1)
= =
=—te"“e? H, (t)+2ne""e* H, (1) (3.1.2)
=
Eliminating ne "“e 2 H, ,(¢) between equation (3.1.1) and (3.1.2),
H* {tean (t)} —1e" "V 2 H (£)+2ine 2e ™ sinaH, (1)
(3.1.3)

and from (3.1.2)

2 2 2

Zne—inaeTHrFl (t) — diHa{e_an (l‘)} + feii”aeTHn (t)
t

put this in (3.1.3), we get
2 d 2
H%{te *H (1) =[tcosa+isinaEJH“ e 2H (1)
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2

Takking e_%Hn ()= f(¢) = f as in [2] then
H“ {tf(t)} = (tcosa + isinain“ {f(t)}
dt . (3.1.4)

The operator form of this equation is
« cod), .
H {t}: tcosa+zs1naE H

Repeated use of equation (3.1.4) yield

H“{t’"}z [tcosaﬂ'sinaij H”
dt (3.1.5)

From this equation we immediately find that

2
H“{tzf}:(tcosaﬂ'sina%j H*{f}
1. . » . d .., o, d o,
=—sin2a(i+t" cosa)H* (f)+itsin2a—H"(f)—sin" a— H"(f)
2 dt dt (3.1.6)

Consider now a function g(?), assumed expandable in a Taylor series g(¢) = met’” ,

using equation (3.1.5) we find the more general operator equation

H“ {g(t)} = g(t cosa +isin a%)H“

(3.1.7)
Apply equation (3.1.7) to a function f(?), we obtain
a . e d a
H {gf}: g(tcosa +zs1na—jH ()
dt . (3.1.8)
Incidentally interchanging the roles of fand g, we also find
a . e d o
H {gf}: f[tcosa +zsma—)H (2)
dt : (3.1.9)

3.2. DIFFERENTIATION RULE

If f(t)e E'(R") and H* {f(¢)}(s) is fractional Hartley transform of f{z) then
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H“{%f (»}(s) = icotg[sH (£ (}(s) - H* {0)}9)]-s H* {f(-)}(s)

Proof: Since fractional Hartley transform of f(?) is

H? {f(t)}(s) = /F;ﬂeizcm Tei%mw [COS(CSC @.st) —ie” sin(csc ¢.st)]f(t)dl
V4

H? {% f(t)}(s) = I_;ﬂeiZCM jeliww [cos(csc p.st) —ie" sin(csc ¢.st)1f' (t)dt
Vs

—00

Now integrating by parts

H Y (0)fis)

j 'ico iﬁco . )
=, /1 — 1200t P2 {l:e 27 cos(csc @.st) —ie'” sin(csc go.st)f(t)]
/4

12

_ I e [— sin(csc @.st).(csc @.s) —ie'” cos(csc .st).(csc @.s )]

2

i co /
+[cos(csc @.st) —ie' sin(csc qo.st)] e’ %.cot (p.Zt} f(t)dt

—1 iico ¢ I iico ¢ .
=1/1;ﬂe 7% {csc¢.s'[e 2% [sin(csc p.st) +ie” cos(csc¢.st)]f(t)dt
T

—0

. ,52
1—-icot ¢er7cot¢
2

H Y (0f5) =icot st LF ()} (5)~ H* it FO}()]- sH {1 (-0)}(s) 32.1)

—icotg. Tei?w [cos(csc p.st) —ie" sin(csc ¢.st)] t f(t)dt

We have to obtain the transform of the derivative of a function, we use
H” {% f(t)}(s) , assuming that f(¢) > 0 when x > + .

Using equation (3.1.4) in equation (3.2.1)

H”‘{% f(r)}(s) =icotgsH“{f(D)}(s) = sH“{f(=)}(s)

- icot¢(rcos¢ +isin ¢%jH“ {F(O)}(s).

If we consider function is even that is f(—t) = f(¢)

=(icotgs—s)H {f(1)}(s) —icot¢(tcos¢ + isin¢%jH“ {f(O)s)

H*” {i f(t)}(s) = (z’cot P(s —tcos@)—s + cos¢ijl-l“ {f@®)}(s)
dt dt . (3.2.2)
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The operator form of equation (3.2.2) is

H“(%} = (icot¢(s—tcos¢)—s+cos¢%jH“.

(3.2.3)
And we can immediately extend it to higher derivatives
o d” , d\" e
H e = zcot¢(s—tcos¢)—s+cos¢z H
! ! : (3.2.4)

Applying equation (3.2.4) we find
H“(d f(t)j(s) (z cot (s —tcosd) —s + cos¢%j H{f(0))s)
= (—co‘[2 (s —tcos @)’ —2iscotp(s —tcos@)+s° —icos” @.cot (/))H“ {f®)}(s)

+(icos pcot (s —1cos @) — 2scos¢)+zc05(pcot(p(s—tcosqo)) d H“ {f®)}(s)

2

+cos’ (/)%H“ {f(t)}(s). (3.2.5)
Again if g is function expandable in a Taylor series we have

a d = i S — - i ‘
H g(E)f_g( cotg(s —tcosg) —s +cosg dJH vl (3.2.6)

Now we consider function is odd that is f(—¢) = —f(¢) then
o) d . d)ira
H {E f(t)}(s) = (1 cotg(s —tcos@)+ s + cos¢EjH {fO)(s)
The operator form is

H“(%J = (i00t¢(s—tCOS¢)+S+COS¢%)H“‘

And can immediately extend it to higher derivatives

a" d\"
H” =|icot —tcos@)+s+cosp— | H”
( mj [ #(s —tcosg) + 5+ cos dtj

and for second order derivative

Ha[d f(t)](s) (zcot¢(s—tcos¢)+s+cos¢%j Ha{f(f)}(s)

WWW.josa.ro Mathematics Section



Solution of time independent ... Pritibala K. Sontakke, Alka S. Gudadhe 249

= (— cot’ ¢(s —tcos@)’ + 2iscot (s —tcos@) + s> —icos’ @.cot ¢)I—I“ {f(O)}(s)
+ (icos¢cot @(s —tcos@)+2scosg+icosgcotP(s—1tcos ¢))%H“ {f(t)}(s)

2

+ cos> ¢%H“ {fO)s).

Again if g is function expandable in a Taylor series we have

Hag(%jf = g(icot¢(s —tcos@)+s+ Cos(p%JH“{f} (3.2.7)

3.3. THE MIXED PRODUCT RULE

A rule for the product t(%) can be obtained most easily by using equation (3.1.4)
and (3.2.2)
H“{tﬂ} = (tcos¢+isin¢i)l-1“{£}
dt dt dt
suppose Z]—ft = f(¢t)then

= (t cos @ +isin ¢%)(icot d(s—tcosd)—s+ cos¢%)H“ {f(t)}(s)
g icotg(s —tcosg)H” {FONs)=sH{f () }(s)
:(tcos¢+isin¢—j d
+eosg—Hf(D(s)

dt
= (itcospcot (s —tcos @) —stcos g+ cospcotp) H { f()} (s) +

(tcos2 @ —cos (s —tcot @) —is sin(o)%H“ {f®)}(s) —isingmosgp%H“ {f()}(s) )

3.4. THE INTEGRATION RULE

To form fractional Hartley transform of integration of function, we use equation
(3.2.2),

Hﬂ{%} - H“{%} = (icotg(s —tcot @) — s)H “{g(t)} + cosqzﬁ%H" {g(f)}.

Letting % =f@0) g0 = [ f )t

H*{f(t)} = (icotp(s —tcotp)—s)H " {j f(t)dz} + cos¢%H“ {j f(t)dt}
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Hence

%[H“ {jf(t)dtH + (1' cosecd(s —tcotd)—ssec ¢)H“ {j. f(t)dt} =secgpH * {f(t)}.
0 0 (3.4.1)

This is linear differential equation, therefore solution is
t t2
H* {I f(t)dt} exp((is cosecd —secP)t — i? cosecgcot ¢J
0
12
= jsec oH“* {f(t)}exp((is cosece —secP)t — i? cosecgcot ¢Jdt +c.

That is

H? {j' f(t)dt} = sec ¢{exp((is cosecy —secP)t — i%cos ecgcot ¢ﬂ

.J-H“ {f(t)}exp((is cosecy —secP)t — i%cos ecgcot ¢Jdt +c.

4, SOLUTION OF TIME INDEPENDENT SCHRODINGER EQUATION FOR THE
QUANTUM HARMONIC OSCILLATOR

We now proceed to apply the rules of the generalized operational calculus to the
solution of the time- independent Schrodinger equation for the harmonic oscillator.

2 52
_h_d l'/zl_;,_lkszl//:Fw
2m dx° 2 , (4.1)

where /4 is Plank’s constant & is the spring constant for the oscillator of mass m and energy E.

This equation can be put in a reduced form by letting ¢ = 4[4m%2x and % \/E =A y= %
m

2
d Y e G=p )y =0
dt . 4.2)

We know that the fractional Hartley transform of equation (4.2)

H“{d 2';”}+ AH ()~ y*H* (Py) =0
d (4.3)

Using the rules (3.1.6) and (3.2.5) and letting H“ () =G and y even function, we
find that G satisfies the second order differential equation.
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( cot” ¢(s —tcos@)’ —2iscotd(s —tcos@) + s> —icos ¢c0t¢)H (t)

(z cos@cot@(s —tcos@)—2scos@+icos@cot@(s—tcos (15)) H“ {t//(t)}

2

Foos® ¢4 H )+ 2 (1)

— yz[%sin 24(i +1> cotg)H“ {y/(t)}Jr itsin 2¢%H“ {l//(t)}— sin’ ¢5722H“ {z//(t)}J =

5 s ﬁ Y 2icos @ cot g(s —t cos @) d .
(COS $+7sin ¢)dt2H { (t)}+(—2scos¢—i}/2tsin2¢ j " {l//(t)}

—cot” ¢(s —tcos@)” — 2is cot ¢(s — ¢ cos @)
H* Wy (1)}=0

+ 72
+s5% —icot’ ¢—75in2¢(i+t2 cotg)+ A

(cos2 ¢+’ sin’ ¢)G” + (21’ cos ¢ cot g(s —t cos @) — 25 cos ¢ — i;/ztsin 2¢)G' +
(— cot’ @(s —tcos @)’ — 2iscot p(s —tcos@) +s° —icot” ¢ ——sin2¢(i +t* cot §) + lj
; (4.4)

we now reduce this equation to first order by setting cos® @+ y°sin”> ¢ =0. Thus the
reduction to first order can simply be accomplished by using a fractional transform with angle
@ such that cos> ¢ =—y’sin” ¢, cot’ p = -y,

cotp =tiy. (4.5)
We shall write this equation cot@ =i ey wheree=+, and the proper sign will be

determined by examining the behavior of the integrand in the final result.

For the harmonic oscillator y :% and the angle ¢ which satisfy equation (4.5) is

complex corresponding to a fractional Hartley transform of complex order. Using equation
(4.4), we obtain

(2icos¢ie;/(s —tcos¢)—2scos¢—i72tsin2¢)G' +
( (iey) (s—tcosp)’ —2isicy(s—tcosd)+s° —i(iey)’ — 2 sm2¢(z+t ze;/)+/1J =0

(— 2e€ ycosd(s —tcos@)—2scosd—iy’tsin 2¢)G' +
2

[7/2(s—tcos¢)2 +2sey(s—tcos@)+s’ +iy’ —%sin2¢(i+t2ie]/)+ﬂjG=0

2
[;fz(s—tcos¢)2 +2sey(s—tcosg)+s” +iy’ —}/Zsin2¢(i+t2iey/)+/1J

G + G=0

(—26 }/cos¢(s—tcos¢)—2scos¢—i7/2tsin2¢)
G +f(HG=0 (4.6)

where
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2
(yz(s—tcos@z 125 € p(s—tcosd)+ 5% +iy? —%sin2¢(z’+t2i e 7)+/1j

S0 = (-2€ ycosg(s —tcos¢) — 2scos g — iy tsin 2¢)
G =—f()G
That is
c
jEdt=—jf(t)dl
log G = —j F@)dt
Therefore

G =exp(—[ f(t)dt) |
H (y) = exp(- /(1) dr)

This is required solution of Time Independent Schrodinger Equation for the Quantum
Harmonic Oscillator.
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