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1. INTRODUCTION

A smooth map ¢:N — M is said to be biharmonic if it is a critical point of the
bienergy functional:

£.0)= [ ST@ dv,

where T(¢) :=trv?dg is the tension field of ¢
The Euler — Lagrange equation of the bienergy is given by T,(¢) = 0. Here the section
T,(¢) is defined by
T,(4) = A, T(#) +trR(T(¢),dg)d 4, (L.1)
and called the bitension field of ¢. Non-harmonic biharmonic maps are called proper

biharmonic maps.

In this paper, we study parallel surfaces to S—«a surfaces according to Sabban frame
in the Heisenberg group Heis®. We characterize the biharmonic curves in terms of their
geodesic curvature in the Heisenberg group Heis®. Finally, we find explicit parametric
equations of parallel surfaces to S—« surfaces according to Sabban Frame.

2. BACKROUND ON BIHARMONIC S-CURVES ACCORDING TO SABBAN
FRAME IN THE HEISENBERG GROUP HEIS®

The Riemannian metric g on Heis® is given by
g = dx* +dy® + (dz — xdy)?. (2.1)
The Lie algebra of Heis® has an orthonormal basis
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elzi,e2:£+xg,e3:i, (2.2)
OX oy oz 0z
for which we have the Lie products
[e,.e,]=¢; [e,.e;]=[e;.6,]=0
with
g(e,.e,) = g(e,.€;) = g(e;.85) =1.

Let »:1 —> Heis® be a non geodesic curve on the Heisenberg group Heis®
parametrized by arc length. Let {T,N, B} be the Frenet frame fields tangent to the Heisenberg
group Heis® along y defined as follows:

T is the unit vector field » tangentto », N is the unit vector field in the direction of
V;T (normal to y), and B is chosen so that {T,N,B} is a positively oriented orthonormal
basis. Then, we have the following Frenet formulas:

V,T=xN,
V,N = —«T+B,
V.B =,

where « is the curvature of y and z is its torsion,
o(T. T)=1,9(N.N)=1,9(B,B)=1,
g(T.N)=g(T.B)=g(N.B)=0.

Now we give a new frame different from Frenet frame. Let o : 1 —>82Hei53 be unit
speed spherical curve. We denote o as the arc-length parameter of «. Let us denote
tlc)=a'(c), and we call t(c) a unit tangent vector of «. We now set a vector
s(o)=a(c)xt(c) along « . This frame is called the Sabban frame of a on the Heisenberg
group Heis® Then we have the following spherical Frenet-Serret formulae of « :

V.o =1,
Vit=—a+x,s, (2.3)
V,s= —th,

where i, is the geodesic curvature of the curve o on the S? , and

Heis®
g(t,t)=1,9(e,2)=1,9(s,5) =1,
g(t.@)=g(t;s)=g(as)=0.
With respect to the orthonormal basis {e,,e,,e,}, we can write
oa=af +a,e, +ae,,
t=te +te, +t.e,,
S=S8 +5,8, + S,
To separate a biharmonic curve according to Sabban frame from that of Frenet- Serret

frame, in the rest of the paper, we shall use notation for the curve defined above as
biharmonic S-curve, [9].

Theorem 2.1. Let «: | —>Si|eis3 be a unit speed non-geodesic biharmonic S-curve.
Then, the parametric equations of « are

.2
x(o)= —S"\‘/E cos[Mo +M,]+M,,
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.2
y(o)= S'r\]/Esin[Ma+Ml]+M3, (2.4)
Vo+M, . sin2[Mo +M,] .
Z2(c)=cosEc ——sin*E - 2sin*E
(o) o=z sin v sin

+%sin3Esin[Ma+Ml]+M4,

where M,;,M,,M,,M, are constants of integration and

M V1+K92 E)andV = ,/1+ &2 L 2E
= —COSE)an = + k., ——SIn .
( nE ) ¢ 2

Si

3. PARALLEL SURFACESTO S—a SURFACES OF BIHARMONIC S-CURVES
ACCORDING TO SABBAN FRAME IN THE HEISENBERG GROUP HEIS®

The purpose of this section is to study parallel surfaces to S—a surface of biharmonic
S-curve in the Heisenberg group Heis®.
The S—a surface of y isaruled surface

0%(s,u)=alo)+ualo) (3.1)

Theorem 3.1. Let O° be a S—a surface of a unit speed non-geodesic biharmonic

S-curve in the Heisenberg group Heis®. Then, the parametric equations of S—« surface of
o are

sin’E
X s (o,u)=(1+u)[- v cos[Ma +M,]+M,],

. 2
Y s(ou)=(1+ u)[s”:/Esin[Mli]JrMB], (3.2)
_ Vo+M, . ,_ sin2[Mc+M,] . ,
Zos(o':u)—(1+U)[COSEO'_TS|H E- Ve in“E

+%sin3Esin[Ma+Ml]+M4],
where M,;,M,,M,,M, are constants of integration and
1+ &2 1
M= S _cosE)andV = ,/1+x? —=sin 2E.
( sinE ) )
A parallel surface to S—« surface is a parametrized surface
A <(s,u)=0%(s,u)+06N(s,u),
(6]

where 6 is a constant.
Firstly, we need following lemma.

Lemma 3.2. Let O° bea S—« surface of a unit speed non-geodesic biharmonic S -
curve in the Heisenberg group Heis®. Then, the normal vector of S—« surface of « is

. 2
N :M[sinEcos[Ma+M1](M+cosE)—Sm E
K

o}
9

cosiMo +M,]+M,le,
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sin’E

+@[—sin Esin[Mo +M,](M+ cosE) +
K

¢]
(L+u) Vo +M

+ — COSE(T——:L i 4E
| pyz oM 4V

g

sinfMo +M,]+M,]e,

_sin2[Mo +M,] in4E (3.3)

_[sian sin’E

sinfMo +M,]+M,][-

cosMo +M,]+M,]

+%sinSEsin[Ma+Ml]+M4]e3,
where M,,M,,M,,M, are constants of integration and
1+ &2 1
M= 2 _cosE)andV = ,/1+ k2 —=sin 2E.
( sinE ) ¢ 2
Now, we can prove the following interesting main result.

Theorem 3.3. Let O° be a S—a surface of a unit speed non-geodesic biharmonic

S-curve in the Heisenberg group Heis®. Then, equation of parallel surface to S—« surface
of o is

.2
A = (1+u)[[- 3"\‘/ E cosiMo +M,]+M,]

sin’E

+i[sin EcosiMo +M,](M+ cosE) — cos[Mo +M,]+M,]]e,
K

9

sinfMo +M,;]+M,]
(3.4)

sinf(Mo +M,]+M,]le,

sin’E
+ (L+u)[[ v

sin’E

+i[—sinEsin[Ma+M1](M+cosE)+
K,
[¢]
Vo+M, .,
= T Sin’E
vz M 4V?
.2 -2
—En Esin[Ma+Ml]+M3][—sm E

sin2[Mc+M]] . ,
- S

+(1+u)[[cosEo — n‘E

cos[Mo +M,]+M, ]

+%sin3Esin[Ma+Ml]+M4]

+£[COSEO‘—VG+2M1 Sin4E_sm2[Maz+Ml] in‘E
K, 2V 4v
.2 -2
S E inMo +M ]+ M, ]S E

cos[Mo +M,]+M,]

+%sin3Esin[Ma+Ml]+M4]]e3,

where M,;,M,,M,,M, are constants of integration and

1+ K2
M = ( = —cosE) andV = \/1+ ! —%sin 2E.

SinE

Proof: By using (3.2) and (3.3) we obtain (3.4). Hence the proof is completed.
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Theorem 3.4. Let O° bea S—a surface of a unit speed non-geodesic biharmonic

S-curve in the Heisenberg group Heis®. Then, equation of parallel surface to S—« surface
of a are

x= (1+u)-SNE

cos[Mo +M,]+M,]

sin’E

+£[sin Ecos[Mo +M,](M+cosE) — cos[Mo +M,]+M,1],
K,

9

y=(1+ u)[[Sir\]/zEsin[Ma+Ml]+M3]

sin’E

+2 [sinEsin[Mo + M,J(M+ cosE) +
K
g

sin[Mo +M,]+M,]]1,

7=(1+ u)[[—S"\‘;E cos[Mo +M,]+M,]

sin’E

+ 2 [sinEcosMo + M,J(M+cosE) - 3" = cos[Ma + M, ]+ M, ]
K

9

(1+ u)[[Sir\]/ZEsin[Ma+Ml]+M3]

sin’E

+i[—sin Esin[Mo +M,](M+ cosE) +
K
g

sin[Mo +M,]+M,]]

Vo+M, .,

2O Gin‘E
al VE
in’E . in?E

M =sin[Mo +M,]+M,][- 22

_sin2[Mo +M,] i

+(1+u)[[cosEc — n‘E

cos[Mo +M,]+M, ]

+%sin3Esin[Ma+Ml]+M4]

+£[cosEa—Msin4E

K, 2v? AVE

) in2
~E EsinMor+ M1+ ]S cosiMor+ M1 +M,]

sin2[Moc +M
_ [ o 1]Sin4E

+%sin3Esin[Ma+Ml]+ M,1],

where M;,M,,M,,M, are constants of integration and

1+ &2 1
M = ® _cosE)andV =,/1+ x> —=sin 2E.
( SinE ) )

Proof: From basis vectors we easily get above system.
Thus, the following figures are valid.
If we use Mathematica for different constant, yields
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] 4 -
Fig. 1. Fig. 2.

Figs. 1, 2. The equations of S—& surface of a unit speed non-geodesic biharmonic S—curve and its
parallel surface are illustrated colour Blue, Yellow' respectively.

4

REFERENCES

[1] Babaarslan, M., Yayli, Y., International Journal of the Physical Sciences, 6(8),
1868, 2011.

[2] Caddeo, R., Montaldo, S., Internat. J. Math., 12(8), 867, 2001.

[3] Chen, B. Y., Soochow J. Math., 17, 169, 1991.

[4] Dimitric, 1., Bull. Inst. Math. Acad. Sinica, 20, 53, 1992.

[5] Eells, J., Lemaire, L., Bull. London Math. Soc., 10, 1, 1978.

[6] Eells, J., Sampson, J. H., Amer. J. Math., 86, 109, 1964.

[7] 1zumiya, S., Takeuchi, N., Contributions to Algebra and Geometry, 44, 203, 2003.

[8] Jiang, G. Y., Chinese Ann. Math. Ser. A, 7(4), 389, 1986.

[9] Korpinar, T., Turhan, E., Bol. Soc. Paran. Mat. (in press).

[10] Loubeau, E., Montaldo, S., Biminimal immersions in space forms, preprint,
2004, math.DG/0405320 v1.

[11] O'Neill, B., Semi-Riemannian Geometry, Academic Press, New York, 1983.

[12] Sato, I., Tensor, 30, 219, 1976.

[13] Takahashi, T., Tohoku Math. J., 29, 91, 1977.

[14] Turhan, E., Korpinar, T., Zeitschrift flir Naturforschung A-A Journal of
Physical Sciences, 65a, 641, 2010.

[15] Turhan, E., Koérpinar, T., Zeitschrift flir Naturforschung A-A Journal of
Physical Sciences, 66a, 441, 2011.

WWW.josa.ro Mathematics Section



	CHARACTERIZATION OF PARALLEL SURFACES TO  SURFACES IN HEISENBERG GROUP HEIS3
	TALAT KÖRPINAR1, ESSIN TURHAN
	Manuscript received: 12.11.2012; Accepted paper: 22.11.2012;
	Published online: 01.12.2012.



