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Abstract. A new class of positive linear operators have been introduced which
contains a number of well known positive linear operators such as Gamma-Operators of
Muller, Post-Widder and Modi.ed Post-Widder Operators as particular cases.Some basic
approximation properties of this class of operators have been studied in this paper.
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1. INTRODUCTION

A number of classes and sequences of positive linear operators (henceforth written as
operator) both, of the summation and those defined by integrals have been introduced and
studied by a number of authors during the past few decades. Some of well known operators of
latter type are the Gamma-Operators of Muller [10], Post-Widder Operators [16], Modified
Post-Widder Operators [9], Gauss-Weierstrass Integrals [13], Convolution type operators
[14], Baskakov Operators [1], and the operators studied by De Vore [2], Leviaton [8], Kunwar
[7], Sikkema and Rathore [15].

In this paper we will study a class of operators which contains a number of well
known operators as special cases. This class of operators was introduced in Kunwar [7]. Now
we will give a brief description of the notations and definitions followed by the definition of
the operators.

Throughout the paper IR™ denotes the interval (O,oo), <a,b> open interval containing
[a,b] c IR, s, ( ng) the characteristic function of the interval ( X=0,X+0 )
{IR*=(x-35,x+5)}. The spaces M (IR"), M,(IR"), Loc(IR"), L'(IR")  respectively
denote the sets of complex valued measurable, bounded and measurable, locally integrable

and Lebesgue integrable functions on IR".
Now we de.ne our operator L, [7] and give some elementary properties of the same.

L, (f:x)= D(m,n,oc)x”"‘*”“Tum”‘"en{:j f (u)du

0
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where D(m,n, &) = ,melR-{0},n>0, xeIR.

Several well known operators are special cases of Ly:
Choosing m=1 and « =2, the operator reduces to the Gamma-Operators of Muller
[10] denoted and defined by

n+l ©
(i) G, (fix)="—[te™f Gj dt
0

n!
Choosing m=-1, =1 and m=—-1, =0 and by proper substitution the operators

Ln reduces respectively to
(ii) the Post-Widder operators S| May [9] defined by,

1

(n—1)!

(ii1) the operators L, (Widder [16]) defined by

S, (fst)=

feut (u)du
0

and

(k)" o
Lk"(f;x)zﬁ(?j je tu“f (u)du.
: 0

We will make use of a bounding function introduced by Rathore [13] for establishing
the basic convergence theorem for our operators.

Definition 1. Let Q(>1) be a continuous function defined on IR". We call Q, a

bounding function if for each compact K < IR", there exist positive numbers ny and M such
that
L, (x)<M,, xeK

For our operators the bounding function is
Q(u)=u"+e™ +u°, where a,b,c>0.

For this bounding function ), we define

D, = {f € LOC(IR+) s.t. limsupuﬁ()% and limsupu%w% exist}.
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2. BASIC APPROXIMATION

Lemmal. If 0<o<a<b<o and f € D,, then
lim, ,,, nL, ( f 5,:X)=0 (2.1)

uniformly in x €[a,b] forany k € IR".
Proof: Since f € D,, 3 positive constants A, B and M such that A< min{l,a} and
B>max{1,b} and ‘f (u)‘< MQ(U) for all u E(O,%ju(%,w} Let J(A,B): (O,A)

U (B,oo) then

J' umI’H—a—Ze—num f (é]lgx (ijdu
I(AB) u u

For Q(u), there exists n,, M, >0 such that L, (€;x) <M, forall xe[a,b].

For any ¢ >0 we have

<M j um"*“-ze-"umg(ijdu (2.2)
I(AB) u

1
e <—-2¢,
e

u

for almost all u e J (A, B) .

Hence if n>n, >n,, we have

" 1 o
umnﬂz—Zefnu Q(ijdu S(—_zg) —Ln (Q,X) <
J D( )"

J(he) u m,n, o

SMI;(l] (1—25j _ 2.3)
D(m,n,a)\ e e

_ {W}G_%j (say).

By choosing a positive o, such that

<l-96,<1+9, <L and using the
b+d b-o

. L . o1
property of the function u™e™ for sufficiently small & we have u™e™ <——2¢& for almost
€

alluelR" —(1-6,,1+4,).
Hence
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<

B
jumn+a—2e—num f [5}}(; ) [ﬁJdu
\ u A\

n-n, B
{1on] oo o
€ A u
3 (2.4)
1 n—no All + Ba
< (E—zgj D(m,no,a)eTB f (u)[du =
B

:(l_zgjn M (n,) (say).

e

. - ) ) m 1
Since u™e™" is continuous at U =1, there exists a J, >0 s.t. u"e" >——¢, for all
e

ue(l-6,,1+36,). Therefore

1 mn+a-2-nu™ 1 "
e du>o,| —-— 2.5
D(m,n,a)>]_-£2u e ™ du> z(e gj (25)

Thus (2.2), (2.3), (2.4) and (2.5) imply that

1 n
(120 < ™ (ny:n,) + M (no)(e—zgj

)
——c
e
)
k \ € _

= 0 for any k e IR" this proves the lemma. O
e

Next we prove the following basic approximation theorem.

since lim__,_n

Theorem 1. If f € D, and is continuous at a point X € IR", then there holds
lim, L (f;x)=f(x) (2.6)

further if f is continuous on (a,b), the convergence (2.6) holds uniformly in[a,b] .

Proof: By continuity of f(u) at u=x, given &>0 arbitrary we can find a & >0
such that

OB (x)‘<%+ Lo((|F (u)]+] £ () 2.0 (w):x) 2.7)

where in the case of uniformity & is independent of X €[a,b]. In view of (2.7) for all u e IR
there holds
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& C
‘f(u)— f(x)‘<5+(‘f(u)‘+‘f(x)‘);(5,x(u)
Using the linearity, poisitivity and the property that L (1;x)=1 of L, from the
inequality (2.8) we have

L, (f:x)-f (x)\g§+ L ((F () +[ £ ) 2.0 (w):)

since (‘f (u)‘ +‘ f (X)DZ;,X (u) e D, , using Lemma 1, we can find a np such that

L ((F () [ £ OO 20 (w)sx) < £

2

forall n>n, and (x e [a,b] , in this uniformity case).
L, (f:x)- f(x)‘sg for n>n,.

Since ¢ > 0 is arbitrary, the theorem holds. i

Hence

3. VORONOVSKAYA THEOREMS

The existence of the third order derivative at the point U =1 and the non zero second
order derivative at u=1 of the function u™e™ ensures that the operators L, possesses a

Voronovskaya-type asymptotic formula. The main result will be followed by the following
auxiliary results.

Lemma 2. - If 6 > 0 is sufficiently small, then the following equalities are true for the
operators L, (f;x).

1+6

(i)  lim,,, mnD(m, n,oz)J'1 g mm-sgr (e’ (1-um)du=""%

2
(ii) limn%w man(m’ n’a)J']H&ua+mn+2m—le—(n+2)um (1 _y" )dU _ (mj

-0

1+0 m 1 m 1
iii) lim__nD(m,n,« uetm=eT™ Z _y"e™ |du=—
i) tim,.,.D(mn.)] (Lo Jau=

a-2

Proof: Integrating by parts, taking u“ ~ as the first function

1+

mD(m,n,a)Li(S et mm-3g(netu” (1-u™)du =

a+mn+m-3 ,—(n+1)u" o 2) 148
u € jl _ (0{ + ) J' ua+mn+m73ef(n+1)um (1 _ u”‘)du
n+1 (n+1)

1-6

= D(m,n,a)[

for a given & >0 we can finda 6,(0 <6, < &) such that
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1 1+0; .
s D a+mn-2,—-nu d S
(e gj (m,n,a) j u e u

15,
1+6;

<D(m,n,a) j yermem-3g=(m et gy <
16,

1 1+6,
g(—+ng(m,n,a) I uerm-2e"" du
€ 1-5,

Applying Theorem 1, we have

1+0;
lim,,,, D(m,n,a) [ u*™ e ™ du=1
1-6,

Hence if n is sufficiently large say n>n,,

1+,
1-&£<D(m,n,a) I usrm™e ™ du<l+e
15,

therefore if n > n,

1+6;
l-¢)|——¢ |<D(mn,a u” S du<(1+¢)| —+e
1 +mn+m-34—(n+1)u 1

e s e

Let ‘ 2o ume™

1 . . um . .
:(——2/1). Since the function u™e™ attains maximum at u=1,
€

o0

we have x>0. Also by the continuity of the above function, there exists a J, (0 <0,<0 )

such that
m 1
ue™ > ——u|.
b

Hence D™'(m,n,a) > 6, (l - ,uj and therefore if n is sufficiently large
€

lnf‘u—l‘q)‘z

a+(n+1)m-2e . —(n+1)u"™ 1o

e

D(m,n,a) -

£
SH’ n>n, (say).

1-0

In view of Theorem 1, it is clear that there exists a n, such that

D(m,n,a)J. ue™ e ™ o (u)du<e,

(1-6,1+8)/(1-68,,1+6))

n>n, (say).
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Making use of the above estimates and the fact that ¢ is arbitrary, we have (1). i
Proof: (ii) The proof uses similar analysis and the fact that

) D(m,n,a)
lim, ,, ————=e
D(m,n+1,c)

-1

Therefore we leave the proof. i

Proof: (iii) Given an arbitrary ¢ > 0, there exists a J, (0 <9, < %j such that
+

—%(1 —g)urm gt (1 —um )2 <u"e™ —e'<
(m-1)
< _(l + g)2u2 ! gl (1 B um)z ’
™ -1/<s,

Now, using the arguments given in the proof of part 1, the proof easily follows. This
completes the proof of the lemma. o
The main results of this section are given in

Theorem 2. If f € D,,, and at a certain point X € IR", f" exists, then there holds

L, (f:x)—f(x)= " '(x)[23n;n§a+m] + Xzfn:rfzx) +0(%) as N —» o (3.1)

Further, if f" exists and is continuous on (a,b) , then (3.1) holds uniformly on [a,b].

Proof: Using L.Hospital’s rule we have

f(xj— f(x)- A '(ZX)[mu”‘1(1—u”‘)+(m—3)ume1“m +(3—m)}

lim u m +
1 _ _m
" e —ume
2xF(X)+ X f "(x)(u”‘el‘um )
m2
5
+ 1 € =0
e’ —u"e™
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X
= —X
u

Hence, given an arbitrary & > 0 there exists a 0 >0 such that if u satisfies <0,

there holds

xf'(x m m
f(ﬁj— f(x)- (2 )[mu”“lel‘u +(m—3)ume'™ +(3—m)}+
u m
2
' 2¢m mol-u™ m -1 mo—u"
< _

+{2xf (x)+x*f (x)(u e )}/ < _g(e u"e )

Moreover, it is easily seen that in the uniformity case the above o6 can be chosen
independent of xe[a,b]. Multiplying the inequality by u“"™’e™ nD(m,n,e) and
integrating between the limits (1 -0,1+0 ) and making use of Lemma 2, we have

which holds uniformly in X [a, b] , in the uniformity case.

Hence
£ .. xf(x)(@-2) xf'(x)(3-m) |2xF'(x)+xX*f"(x)| ¢
—2—e§hmsup[Ln(f;X)—f(X)]+ ( )rTSZ )+ (2)n(]2 )—[ Py ]Sz—e
In view of the fact that € >0 arbitrary, the result follows. O

Corollary 1. Choosing m=1, a =2, we obtain the Voronovskaya formula for the
Gamma-Operators of Muller.

_xf(x)

Gn(f;x)—f(x)_—+o(lj, n—o.

2n n

Corollary 2. Taking m=—-1 and a =1 we have the following Voronovskaya formula
for the operators S!.

_X(x)

Sy(fsx)—f (x)_—+o(lj, n— oo

2n n

Corollary 3. With m=-1 and @ =0 we have the Voronovskaya formula for the
operators L.

L. (f3x)= T (x)= il ;((X)+ X ;L(X)+o(%} k—oo.

4. ERROR ESTIMATES

In the previous section, we obtained a precise formula giving the rate of convergence
of Ly(f; X) to f(x). The assumption on f has been the existence of its second order derivatives.
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If f is only assumed to be continuous, the following theorem gives an estimate of error
L, (f;x)—f (X)‘ in terms of the modulus of continuity of f.

Theorem 3. For the operators Ly(f; X) there holds

o N remin e Lo )l o)
L, (f;x) f(x)‘Sa)f(n J1+mm x{m2+o(nj},x{m2+o(l)} , 4.1)

. 1 .
Xe IR", n—> o where @, denotes the modulus of continuity of f and 0(—) are independent
n

of x.
Proof: Using (4.1), we have
Ln((u—x)z;x)zx2 ! +0 1 ,N—> o 4.2)
nm’ n
By elementary properties of modulus of continuity,
N\ 1
‘f(u)—f(x)‘Swf (n ZJ 1+n2|u—x|} 4.3)
and also )

‘f(u)—f(x)‘ga)f(n 2 [1+n(u—x)2} (4.4)

For all x,u € IR" by Schwartz.s inequality (4.2) implies

<X ol e
;X) < 1{m2+0(1)} ,N— (4.5)

n2

L, (ju—x

making use of the linearity and positivity of the operators L, (4.1) follows from (4.2)-(4.5). O

For functions which are continuously differentiable the error estimate (4.1) is rather
conservative and better estimate is as follows.

Theorem 4. If f '(X) exists and is uniformly continuous on IR™ there holds,

Ln(f;x)_f(x)\g%{z(:s_a)m?ﬂ@m(l)}
N | % ) ! (4.6)
+a)f(n 2] n—% {F} +0(1) +2n; {—2} +0(1)
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xeIR", n— oo, where @, denotes the modulus of continuity of f.

Proof: We have,

£ (u)=F(x)=(u=x) f'(x)< jx'(f'(u)— f'(x))du| < J:.a)f (Ju—x|)dul <
< Ia)f.[n;][l+n;|u—x@du = 4.7)

Since by Theorem 2 we have

L, ((u=x);x)= 2n);nz (3—2a+m)+o(n”)

The inequality (4.6) follows by operating (4.7) by L and making use of (4.2), (4.4)

n

and (4.8). O
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