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Abstract. In the paper [1] the authors proposed the following inequality:
In any acute triangle are true the following inequality:

2-3
3-22| (a-b)’ +(b—c)’ +(c-a)’|

a’ +b2 +c? <43s+

1)

The aim of this paper is to give a trigonometric proof of the inequality (1)
Keywords: integral equation, selfadjoint operator, strongly positive linear operator.

1. MAIN RESULTS

inany triangle ABC e shall denote by a = [BC, b=[AC], c=[A8], p= 22+,
R the radius of circumcircle and r the radius of incircle.

We shall consider A>B>C and we shall denote: A= 2-43 >1. We have

3-242

Zon<Z,
3 2

Inequality (1) may be written in an equivalent forms as:

(a® +b? +¢*)(1-22) + 24 (ab+bc +ca) - 44/3s <0 ()

and because a=2RsinA, b=2RsinB, c=2RsinC, S=2R?sinC it follows that
inequality (2) is equivalent with:

f(A,B,C):(l—Zﬂ)(sinzA+sin2B+sinZC)+ -
+2/1(sin Asin B +sinBsinC +sinCsin A)— 2+/3sin AsinBsinC <0

In order to prove the inequality (3) it will be sufficient to prove that :

! Aprily Lajos National College of Brasov, 500026 Brasov, Romania. E-mail: benczemihaly@gmail.com
2 Mircea cel Batran Technical College, 12207 Bucharest, Romania

ISSN: 1844 — 9581 Mathematics Section


mailto:benczemihaly@gmail.com

422 A trigonometric method of ... Mihaly Bencze, Marius Dragan

(4)

B+C B+Cj
2 2

f(AB,C)< f[A, ,

f(A1B+C,B+CjSO )
2 2

The inequality (4) may be written in an equivalent form as:
(1- 2/1)[sin2 B +sin® C — 2cos? §j+ 2Asin A(sinB +sinC)+24sinBsinC —

—4]sin Acos%— 2] cos? %— 2./3sin Asin Bsin C + 2+/3sin Acos? ? <0
or:

(4—8/1)0052§(c032¥—1]+(2 —42)cosA+2-42—(2 —4/1)(0052 B;C —1)—

—1+224-1+21—(2- 4/1)cos A+41sin Acos?(cos —1) +42sin Acos§+

+2/1(c052 —1j+/1+1005A—4/13in Acosg—/lcosA—/l—

—2\/§sin A(cos2 B;C —1)—\/§sin A—\/§sin Acos A+ \/§sin AcosA+\/§sinAsO

or

(1-cos[(B —C)/Z]])[(4—8/1)[[cos]]2 Al2(cos(B-C)/2+1)+
+(44-2)(cos(B—C)/2+1)+44sin Acos A/ 2+24(cos(B—C)/2+1) (6)
~2+/3sin A(cos(B-C)/2+1) |20

In order to prove the inequality (6) it will be sufficient to prove that:

(COS(EZ’_C) +1][(1— 24)cos A—~/3sin A+ /1] +2sin Acos A

>0

2

We shall consider the function: f ;[_Z,ﬁ} —-R

2 2

(COS(E_C) +1][(1— 22)cos A—+/3sin A+ ;t] +24sin Acos A
f(A): 2

Calculating the derivate for f(A) we get :
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[(2/1 ~1)sin A—+/3cos A}(COS(EZ’_C) +lj +24.cos Acos A
—Asin Asin A

f'(A)= 2 ; (7)

We prove that f'(A)>0, (V)Ae [E,E}
Because Az% we have AtgA> AN3>+/3 or AsinA—+/3cosA>0
We shall obtain :

(24 -1)sin A—+/3cos A= (2 -1)sin A+ Asin A—+/3cos A> 0 8)
From (7) and (8) we shall obtain :

24 -1)sin A—+/3 A+24 A A
( )sin \/—c;)s + 24c0s Acos _ 1sin Asin A
f'(A)> -

— sin A(Z/i _1- 15'2” AJ+ COS A[ ZACZOSA —Jéj

But we have: 2/1—1—’15'”A=/1—1+/1(1—¥]>0 (10)
Because égﬁ we have COSAZL or MCOSAZ\/E/i >+/3 and in an equivalent

274 V2 2
form as: 2ACOSA J3>0 (12)

From (9) (10) (11) we shall obtain f'(A)>0, (V)Ae[%%} from where f is an

increasing function on {%%} who is equivalent with :

2 B-C
3 20(8=C) ,
j: 2 > >0
2 2

and we have the inequality (4)
In order to prove the inequality (5) it will be sufficient f(A, B,B)s 0 (12) we shall

denote: y = s!n B <1
sin A

From A = B we shall obtain equality.
We study the case A= B
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We have sin’ B +sin® B >sin® A who implies: y _SinB_ 1

sinA~ /2
Inequality (12) will be written in an equivalent form as:
sin® A+ 2sin? B —sin Av12sin® B — 3sin® A <1 or 247 +1-4124% -3 <2

2(sin A—sin B)2 2(/1—1)2

We shall consider the function:

e

2y? +1—4/12y* -3
u(y) ==

2(y -1y’
V(y)=2y*+1-412y*-3 and V'(y)=4y—12—2y<0 because y <1
12y° -3
Because u is an decreasing function we have u(y)< u(iz] From (4) and (5) we

shall obtain f(A,B,C)<0.
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