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Abstract. In the present paper, the author   introduced q-analogues of generalized 

Mittag-Leffler function referred by Prabhakar [23]. Results derived in this paper are the 
extensions of the results derived earlier by Abdeljawad et al. [19]. Some special cases of 
interest are also discussed. 
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1. INTRODUCTION  
 
 

The calculus of the real order derivatives and integrals has become very suitable 
apparatus in describing and solving a lot of problems in numerous sciences, such as physics, 
electrochemistry and material science (see, for example Podlubny [9]).Their treatment from 
the point of view of the q-calculus can additionally open new perspectives as it did, for 
example, in optimal control problems (see Bangerezako [4]). The fractional q-calculus is the 
q-extension of the ordinary fractional calculus. The theory of q-calculus operators  in recent 
past have been applied  in the areas like ordinary fractional calculus, optimal control 
problems, solutions of q-difference(differential) and q-integral equations, q-transform analysis 
etc. Recently, Abu-Risha, Annaby, Ismail and Mansour [13] and Mansour [26] derived the 
fundamental set of solutions for the homogenous linear sequential fractional q-difference 
equations with constant coefficients. Fang [10] and Purohit [18] deduced several 
transformations and summations formulae for the basic hypergeometric functions as the 
applications of fractional q-differential operator. 

For more details one may refer the recent papers [5, 14, 18] on the subject. 
Very recently and after the appearance of time scale calculus (see for example [12]), 

some authors started to pay attention and apply the techniques of time scale to discrete 
fractional calculus [1-3, 20] benefitting from the results announced before in [11]. All of these 
results are mainly about fractional calculus on the time scales    : 0  n

qT q n Z  and  

[16]. However, the study of fractional calculus on time scales combining the previously 
mentioned time scales is still unknown. Counting in this direction and being motivated by all 
above, in this paper we study Caputo type q-fractional derivatives and use a direct method to 
derive the solution of a certain linear Caputo q-fractional difference equation by means of a 
new introduced generalized q-Mittag-Leffler function and some special cases are also 
discussed. 
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For the theory of q-calculus we refer the reader to the survey of [22] and for the basic 

definitions and results for the q-fractional calculus we refer to [3].  
For , let T  be the time scale: 10  q q

   :  n
qT q n Z 0 , where Z is the set of integers. 

 More generally, if   is a nonnegative real number then we define the time scale 

}0{}:{  ZnqT
n

q


with  .

0

TT qq 
For a function , the nabla q-derivative of f  is given by  RTf q :
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The nabla q-integral of a function is defined by  
 

),()1()(
0

0
qtfqqtxxf k

k

kt

q 




                                   (1.2) 

For , Ta q0

 
a

q

t

q

t

a
q xxfxxfxxf

00
)()()(

                                (1.3)
 

 
On the other hand 
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By the fundamental theorem of q-calculus, we have 
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and if f is continuous at 0, then 
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Also the following identity will be helpful 
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The following will be useful 
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The q-factorial function for Nn  is defined as 
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When   is a non-positive integer, the factorial function is defined as 
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The properties of q-factorial functions, which can be found mainly in [3], in the 

following lemma: 
 
Lemma 1: For R ,,  then 
 

(i) 
                                  

)
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(iii)The nabla q-derivative of the q-factorial function with respect to t is 
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(iv)  The nabla q-derivative of the q-factorial function with respect to x is 
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For the q-gamma function we refer the reader to [3] 
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The authors in [3] following [17] defines the left fractional q-integral of order 
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and it was proved that the left fractional q-integral obeys the identity 
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The  left q-fractional integral for Ta q0  is defined  by 
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It is clear, from the q-analogue of Cauchy’s formula [25], that 
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where n is a positive integer and Ta q0  . 

Recently, in Theorem 5 of [15], the authors there have proved that  
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The  right q-fractional integral of order  is defined by[17] 
 

xqxftx
q

tfI q

t
q

q
q 


 






 )()(
)(

)( 1)1(
2/)1(







                      (1.24) 

 
and the  right q-fractional integral of order  ending at b for some Tb q is defined by 
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Please note that, while the left q-fractional integral  maps functions defined on T  

to functions defined on T , the right q-fractional integral 
I aq


q

q ,0,  bI q


b  maps functions 

defined on  to functions defined on T  . T q
1

q

It is clear, from the q-analogue of Cauchy’s formula [25], that 
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In [24], the author proved that 
  

.0,);()(    tfItfII qqq                                       (1.27) 

 
Taking into account the domain and the range of the right q-fractional integral, as 

mentioned above, we note that the above formula is valid under the condition that f must be at 
least defined on , qT 1

qT  , T and q
1 1 ( )

qT    . 

A particular case of the above identity is  
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For .0  If ,N then the Caputo left q-fractional and right q-fractional derivatives 

of order  of a function f are, respectively, defined [19] as  
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Lemma 2 [19]: For any 0 , then 
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Lemma 3 [19]: For any 10  , then 
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Lemma 4[19]: Let 0 and f is defined in suitable domains, then 
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and if 10  then 
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The following identity is essential to solve linear q-fractional difference equations 
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2. q-FRACTIONAL INITIAL VALUE PROBLEM AND q-ANALOGUE OF 

ation method for investigating 
the sol

o q-fractional difference equation 

GENERALIZED MITTAG-LEFFLER FUNCTION: 
 

 this section we will apply the successive approximIn
ution of the left Caputo q-fractional difference equation in terms of the q-analogue of 

generalized Mittag-Leffler function.  
 

xample 2.1 Consider the following left CaputE
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To investigate an explicit solution of (2.1), we will apply the following method known
as the  
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For we obtain the solution m  
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If we compare with the classical case, then the above example suggests the following

q-analo

Definition: For 

 
gue of generalized Mittag-Leffler function defined by Prabhakar [23]. 
 

Cxx  ,,,,, 0 and ,0)Re(),Re(),Re(   the q-analogue of  generalized 

nction[23]  is define

 

Mittag-Leffler fu d by 

.
)(!][

)();(
);,(

0

0

0, 


 




k q q

k

k

qk

kk

xxq
qxxE 







   (2.6) 

 

where  and 

 

qqqq kk ]...[]2[]1[!][  .
1

1 qr
][

q
r q


  

Relationship with another special functions: 
(i) If we set 1 , we get 
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),( 0, xxEq                   where  is the q-Mittag-Leffler function introduced by Abdeljawad    

].                    et al.[19
(ii) If we take  , we arrive at 1
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y using the definition(2.6), the equation(2.5)  is expressed as 
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. SPECIAL CASES: 
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(i) If we take 1  in  above example(2.1), we get the result given by Abdeljawad et    

t the above proposed definition(2.6) of the q-analogue of generalized   
ons. 

     al.[19]. 
(ii)Note tha

Mittag-Leffler function agrees with time scale definition of exponential functi
As it depends on the parameters other than ,  and  . 
The power term of the q-analogue of gener d Mit g-(iii) alize ta Leffler function      

contains   (the term )( 0xx k

q
  ). We include this   in order to express the 

solution of q-Caputo initial value problem explicitly by means of the q-analogue of 
generalized Mittag-Leffler function.  This is due to that in general it is not true for 

the q-factorial function to satisfy the power formula ])[()( 00 xxxx k
k

  
. But 

for example the latter power formula is true when 0

q q

.0x  case 

0 0x  , we may drop 

 Therefore, for the

 from the power so that th alogue of  generalized 

-Leffler function will tend to the generalized Mittag-Leffler function[23] 

e q-an
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when q 1 . 

ISSN: 1844 – 9581                                                                                                                                         Mathematics Section 



q-Fractional initial value problems …                                                                                               Kishan Sharma 

 

www.josa.ro                                                                                                                                                   Mathematics Section  

438 

       
ACKNOW EME TS:  

        The author is thankful to the referees and the editorial boards for the valuable   
tions, which have led the paper to the  present form. 

M., Eloe, P.W., International Journal of Difference Equations, 2(2), 165, 

in 
 

, G., Rahman, M., Basic hypergeometric Series, 2  Ed, Encyclopedia of 
bridge, 2004. 

., Acta. Math., 29, 101, 1905. 
, San Diego-Boston-

of the International Simposium on 
pplications, Nihon University, 

, 2007. 

in (in Russian), Nauka, Moscow, 1966. 

t, S.D.,  Le Mathematiche, 64(1), 67, 2009. 
 

l., 13(3), 574, 2011. 
icentiate Thesis), U.U.D.M. 

., Yokohama Math. J., 19, 7, 1971. 
. 

952-1953. 
9. 

LEDG N
        
                 comments and sugges
 
 

REFERENCES 
 

[1] Atici, F.
2007. 

[2] Atici, F.M., Eloe, P.W., Proceedings of the American Mathematical Society (
press).

[3] Atici, F.M., Eloe, P.W., Journal of Nonlinear Mathematical Physics, 14(3), 333, 
2007. 

[4] Bangerzako, G., J. Math. Anal. Appl., 306(1), 161, 2005. 
[5] Gasper nd

Math. And its Appl. 96, Cambridge University Press, Cam
[6] Gasper, G., Rahman, M., Basic hypergeometric Series, Cambridge University Press, 

Cambridge, 1990. 
[7] Mittag-Leffler, G.M., C.R. Acad. Sci. Paris, 137(2), 554, 1903. 
[8] Mittag-Leffler, G. M
[9] Podlubny, I., Fractional Differential Equations, Academic Press

New York-London-Tokyo-Toronto, 1999. 
[10] Fang, J.P., J. Korean Math. Soc., 47(2), 223, 2010.   
[11] Miller, K.S., Ross, B., Proceedings 

UnivalentFunctions, Fractional Calculus and Their A
Koriyama, Japan, , 139, 1989. 

[12] Bhner, M., Peterson, A., Dynamic Equations on Time Scales, Birkhauser, Boston, 
2001. 

[13] Abu-Risha, M.H., Annaby, M.H., Ismail, M.E.H., Mansour, Z.S., Z. Anal. Anwend. 
26, 481

[14] Dzrbashjan, M.M., Integral Transforms and Representations of Functions In the 
Complex Doma

[15] Predrag, M.R., Sladana, D.M., Miomir, S.S., Applicable Analysis and Discrete 
Mathematics, 1, 311, 2007. 

[16] Bastos, R.O.N., Ferreira, R.A.C., Torres, D.F.M., Signal Processing, 91(3), 513, 
2011. 

[17] Agrawal, R.P., Proc. Camb. Phil. Soc., 66, 365, 1969.  
[18] Purohi
[19] Abdeljawad, T., Baleanu, D., arXiv:1102.1444v1, 2011.
[20] Abdeljawad, T., Dumitru, B., J. Comput. Anal. App
[21] Ernst, T., The History of q-Calculus and New Method (L

Report, 2000. 
[22] Ernst, T., J. Nonlinear Math. Phys., 10(4), 487, 2003. 
[23] Prabhakar, T.R
[24] Al-Salam, W.A., Proc. Edin. Math. Soc., 15, 135, 1969
[25] Al-Salam, W.A., Proc. Amer.Math. Soc., 17, 182, 1
[26] Mansour, Z.S.I., Fract. Calc. Appl. Anal., 12(2), 159, 200


	q-FRACTIONAL INITIAL VALUE PROBLEMS AND q-ANALOGUE OF GENERALIZED MITTAG-LEFFLER FUNCTION
	KISHAN SHARMA
	Manuscript received: 09.11.2012; Accepted paper: 16.11.2012; 
	Published online: 01.12.2012.



