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Abstract. In mathematics, a conic section (or just conic) is a curve obtained as the
intersection of a cone (more precisely, a right circular conical surface) with a plane. In this
paper, we construct some new identities and proposed the concept of the power of a point
with respect to a conic.
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1. THE ECCENTRICITY OF CONIC SECTION

Definition 1.1. A conic section (or conic) is a curve in which, a plane, not passing
through the cone's vertex, intersects a cone.
Conics possess a number of properties, one of them consisting in the following result.

Proposition 1.2. [2] Each conic section, except for a circle, is a plane locus of points
the ratio of whose distances from a fixed point F and a fixed line d is constant. The point F
is called the focus of conic, the line d its directrix.

Proof: Let (¢) be the curve in which the plane (P) intersects a cone. We inscribe a
sphere in the cone, which touches the plane (P) at the point F. Let (w) be the plane
containing the circle along which the sphere touches the cone. We take an arbitrary point
M e (/) and draw through it a generator of the cone, and denote by B the point of its
intersection with the plane (). We then drop a perpendicular from M to the line d of
intrsection of the planes (P) and (w), example: MA Ld. We obtain FM =BM because

they are the tangents to the sphere drawn from one point. Further, if we denote by h the

distance of M from the plane (w), then AM =_L, BM =_L, where « is the angle

sina sin g
between the planes (@) and (P) and g is the angle between the generator of the cone and
AM AM sing

the (w). Hence it follows that

M BM sinag’
Thus, the ratio A = AM = M does not depend on the point M . 0
FM  sina
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We note that if 4 <1then (¢) is an ellipse; if 2 =1 then (¢) is a parabola and if 4 >1
then (¢) is a hypebol. The number A is called the eccentricity of the conic section.

Let us now pass over to rectangular Cartesian coordinates Oxy in the plane (P),
where F(0,0) and d:x=p. Suppose that M(x,y). Then AM =AFM if and only if

(1-A%)x* =2pA°x+y? - p?A? =0.

(1) If 2 =1 and by putting g— x by x then we obtain the canonical equation of the
parabola (P): y*=2px and F(g,o),d DX :—g.

42 p2A?2 . . pA2
2) If 2 <1 then (1—27)(x+-P2 )24 y?= . By putting for brevity x +
2) (1-2%)(x+ 775)* +y* =5 By putting Y X+
212 2172
by x and azzﬁ, bzzlp iz we get the canonical equation for the ellipse
Xy pA® pA> _ p
E):—+%=1and F(——-,0),d:x= —_— =
(E) a2+b2 an (1—/12 ) X p+1—/”t2 1- A2
42 P22 . . pA2
3) If 2>1 then (1—22)(x+-P2 )24 y?= . By putting for brevity x +——
3) (1-2%)(x+ 775)* +y* =5 By putting Y Xt
212 212
by x and a’ :ﬁ, —b? :1p iz we get the canonical equation for the hypebol
Xty pA® p
H):—-*=1and F{——,0),d: x= . U
(H) 2 (1—/12 ) SREY

2. PARAMETRIZATION AND POWER

X = pt?

y=2pt.
Let the stright line d:x=k(y—-v)+u be passed through by the point N(u,v) which
intersected (P) at the points A and B. With the point M (1,k) belong to the stright line

NA NZB =v? —4pu. The ratio NANB NZB
oM

Proposition 2.1. The parabol (P):y?=4px, p=0, is parameterized by {

x =1 we obtain the identity

is called the {\rm power}

of the point N with respect to parabol (P).

Proof: The coordinates of A, B are the solutions of consider

x=k(y—-v)+u
4px = y°.

Consider the system of equations:
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Some new identities on the conic sections Dam Van Nhi et all 201

X—u=k(y-v)
y* —4pky +4pkv—4pu =0.

Let vy,,y, are the solutions of equation y®—4pky+4pkv—4pu=0. Inaddition, we
have A(Xl = k(yl —V)+U, yl) B(Xz = k(yz —V)+U, yz)-

Thus,wehave% (v, ~V)(y, =) [ V2 —4pul.

Hence, we have identities %zvz—wu. Because of 1(p,0), the power of a

focus point | with respect to the Parabol (P) is —4p°. O
Exercise 2.2. Constructing power lines of two parabols.

Proposition 2.3. The circle (C)'x2+y2=1 is a rational planar graphs in [,

2
:2, provided that  x(c)=Ilim 2 =0,

parameterized by x(t)_—z,y(t)— lim_—
o 14

2

y(o0) =lim 1_t2 =—1. The equation of the tangent line At to (C) at a point A(X,,Y,) € (C)

oo 141

IS XX, + Yy, =1.

Proof: Equation of a line (d) through point (0;1) € (C) with slope —t is
(d):y=-tx+1. Theline (d) meet (C) at the points (0;1) and A\( 2t i : )
+

1t2

The point ( Zt ) could be anywhere in (C) except (0;—1). Provided that

X(w)_!LrE 1it =0, y(w )_!me L: =-1, A could be (0;-1).

Due to A(X,, Y,) € (C), we have x; +yZ =1.
Thus, At:2x,(X—X,)+2Y,(y—Y,) =0, in other words, At:xx, + yy, =1. 0

Proposition 2.4. Given (C): x* + y? = R% Provided that N (u,v) and a line with slope
k =tana through point N, meet (C) at A and B. Consider the point M (Rsina,Rcosa) in

V2

o o 2
(C), we have NANB =u?+v?>—R?, in other words, NANB.OM? = R“(%Jr—z—l). We

say that NANB.OM? is the power of a point N with respect to circle (C), review
Proposition 2.6.

Proof: We could easily obtain this result. 0
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202 Some new identities on the conic sections Dam Van Nhi et all

2 2
Proposition 2.5. The ellip (E): %+§ =1 is parameterized by

0= 2 oy =2 A
with convention
2a’bt
X(e )_!meszat =0
b*® —a’pt?
y(o) =lim =22 = -

Proof: The line (d) through (0;b) € (E) with slope —t:

2 3 2
2a’bt  b®—a’bt? ) The point

d):y=—-tx+b. (d ts (E) at (O:b d ,
(@):y=-tceb (d) meets (E) at (Ob) and Al r

2a’bt  b®- 2bt2

: through all points of (E), exept (0;—b). With convention that
b>+a’t* b*+a’t
- +

2a’ht b* —a’bt’

X(oo) = lm e = Oy =lim = =
2 2

deduce A through (0;-b). \par\noindent Since A(X,,Y,) € (E) we have Zg gg =1.
Hence At:%(x—xoﬂ S(y—-y,)=0or At: = Y 3220:1. 0

2 2

Proposition 2.6. The ellip (E):%+§:1 with a,b € R and the focus points F(c,0),
F'(—c,0). Construct a line through the focus point F , meetellip (E) at A and B . We have

1 _2a

()FA B b

2b2
(2) Minimum value of AB is —
a

(3) Assuming N(u,v) and a line through N with slope k =tana meet (E) at C and

__ 2 2
D . With the point M (asina,bcosa) € (E) we have NC.ND.OM? =a%?(*+- —1).
a~ b

We call NC.ND.OM? is the power of the point N respect to ellip (E).

(4) The power of the focus point F respect to ellip (E) FA.FB.OM %is—b".
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Proof: (1) We calculate T:i+i. Assuming a=LXFA££, r=FA and
FA FB 2

A(x,y;). Draw AP L Ox. We have FP =rcosa and x-axis of A: x, =c+rcosa. Thus, we
have

FA+FA=2a
FA® —F'A” = (%, —C)* + y; — (¥, +C)° — y; = ~4ex,.
We deduce
r+FA=2a
—FA=25 o %K
a and a
bZ
We have a =mr*—cx, =a’—c(c+rcosa) or FA=r=———.
a+ccosa
2
Similary, we have FB :b—. We deduce T :i+i:2—?.
a—ccosa FA FB b
2 2 2
(2) From AB=FA+FB= b + b =— Z?b 5 we deduce
a+Cccosa a-—-Cccosa a“—c cos"a
2 2 2
AB > ZaE) :Q. Thus, the minimum value of AB is & equality holds if a:% or
a a a
FA L Ox.

(3) The Equation NC:y=k(x—-u)+v or y=kx+h with h=v—ku. Coodinates of
y=kx+h
C and D are solutions of ¢ 2 y?2
—+—==1
2 2
a~ b
Let x,,x, are two solutions of equation (b® +a’k?)x* +2h k*x+a*h* —a’b® = 0.
Thus, we have C(x,,y, =k(x, —u)+Vv) and D(X,, Yy, =k(x, —u)+V).
Deduce NC.ND =|(u—x,)(u—x,)|(L+k?).
From (b®+a’k®)x* +2h k*x+a’h* —a’h’ = (b* +a’k?)(x - x)(x—X%,) we have
(b? +a’k*)(u-x)(u-x,) =b’u® +a’v’ —a’b*

2
Deduce NC.ND =| (U x)(U - x,) | (1+k2) =| b2 + 2% —a?b? |75 .
b +ak
Conclude that NC.ND(b?cos? & + a*sin? &) = a’h? —+——1)
a
(4) From c? =a? —b?, deduce FAFB.OM? = a’h? C—+——1) 0
a

Exercise 2.7. Constructing power line of two ellipse.
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204 Some new identities on the conic sections Dam Van Nhi et all

2 2

Proposition 2.8. Hypebol (H): %—% =1with a,b e Q isarational planar graphs in
) a+a Bt 2b%t .
, parameterized by x(t) = ————, y(t) = ———, convention that
Q p y ( ) 1—b2t2 y( ) 1—b2t2
a+ ab’? 2b%t
X =lim ————=-3, =lim——=0.
(0) t>o 1 —p%t? y() t>n 1 — p2t?

Proof: The line (d) through (a;0) e (H) with slope at: (d):x=a(ty+1). (d) meets

a+alit> 2b% : a+alit> 2b%
H) at (a;0) and , . The point ,
(H) (@0) A( 1-b%? 1—b2t2) P A( 1-b*® "1-b%?
points of (H), exept (—a;0). With convention that

) through all

2
a+a Bt —ay(e) = lim 2 2b%t o

X(o0) = lim lim -

o= 1-b’t?
deduce A through (—a;0). 0

2 2

Proposition 2.9. Hypebol (H):%—§:1 with a,beR and the focus points
F(c,0), F'(-c,0). Consider:

(1) The line d with slope k through the focus point F, meet Hypebol (H) at A and
n 2
ab )e(H) we have RAFB __b

\/| b2 2k2 | \/| b2 2k2 OM2 _?’
the point F, with respectto (H).

B. With M (

called power of

(2) Suppose that N(u,v) and a line with slope k through N meet (H) at C and D.

We have NC. ND

=a’h’ ———2—1). The ratio m is called the power of the point
b

M2

N relatvie to hypebol (H).

Proof: (1) From the focus point F, of hypebol H, construct a line d:y=Kk(x-c)
meet (H) at A and B. We have the coordinates of A and B are solutions of
x_z_y_z=1 (X+c)2_k2X2=1
a.2 b2 or a2 b2
y =k(x—-c) y =kX,X =x-c.

The equation (b*>—a’k*)X?+2b’cX +b*=0 have two solutions X, X, with
b4

o

WWW.josa.ro Mathematics Section
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b*(1+k?) b? a’b?(l+k?)
17 —a’k?| a’ |b’—a’k?|
ab abk

\/| b? — a2k? | ' \/| b? — a%k?

So F,AFB=

FAFB_ b

MZ 2"

with M ( ;

|) e (H) we have

(2) Similary, from proposition 2.6 we have the proof. [J

Exercise 2.10. Constructing the power line of two hypebols.
3. SOME IDENTITIES FOR THE CONIC SECTIONS

We proceed now to establish the fundamental identities for conic sections.

Proposition 3.1. Let A, A,, A,, A, be the points belong to parabola (P):y =ax* with
coordinates  (x,,ax’), (X,,ax’), (x,ax?) and (x,,ax’), respectivelly, where
X, < X, < X3 < X,, With 6 following points

MlZ(a(XZ + Xl)'l)’ M23(a(x2 + X3)11)1 M34(a(x3 + X4)’1)’
My (alx, +x%).1), My(alx +x,),1), My, (alx, +x,).1)
of the line d : y =1, we have the following identities:

1) A%, AA L AA L AA
OM;, OM, OM,; OM,

o) A AA L AA AR AR AA
OM,, OM,, ' OM,,'OM,;  OM,; OM,,

Proof: (1) Direct computation shows that the relation

A1A22 = (X, — Xl)z[l"' aZ(XZ + X1)2]-

Then Ah =X, — X,. By an argument similar, we have 6 following relations:
12
Al =X, — X, %:XS X, AA =X, — X,
OMlZ OM23 34
AAA&: 47 b AiASZXs_Xv AZAA—X4_X2
OM 41 OM13 OM24
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206 Some new identities on the conic sections Dam Van Nhi et all

Hence 2% | A AA = Xy X Xg — X X — Xy = AA
OM;, OM, OM,, OM,,

(2) We have

A”A AA L AA AN _ _ _
OMlz ' OM34 + OM41 . OM23 - (XZ Xl)(X4 X3) + (X4 Xl)(x3 X2)

= (X =%;) (%5 = %,) :%%

0

Proposition 3.2. Let A,A,,..., A,M be n+1 points belong to parabola
(P):y=ax* with coordinates  A((x,ax’)) and M(x,ax?), respectivelly, where

X <X, <Xg <X, <-oo< X, < X With the points 1., (a(xi + xi+1),1), Ji(a(x0 + xi),l) belong
tothe line y=1, where n+1=1 and i =1,2,...,n, we have the following identities:

) A% AA L AGAAA

O|12 O|23 Ol(n—l)n OInl .
AA AhA ALA, AA
@O o, .. o, _ O,
MA MA, T MA, MA,TTMA L MA T MA MA
0J,"0J, 0J, 0J, 0J,, 0J, 0J, 0J,

Proof: (1) Arguing as in above proof, we get Ahy =X, —X fori=1...,n-1 and

Oli(i+l)
QTAi =X, — X, By the computation, it is easy to verify that
nl
Ab AR AN L AA
OIlZ O|23 OI(n—l)n Olnl
. MA : L
(2) There is 01 - X, — X% for i=12,...,n. By an easy computation it follows that
the ratio:
AAH
Ol __ Xy=% 1 1
MA . MAL (06— X)(% = X) X=Xy X=X,
0J; OJi,y
Ah Ak ALA, AA
Hence ~ L O, . O, 1 1 __ O
MA MA, = MA, MA, MA, MA  x,—x, x-x MA MA
0J, 0J, 0J, 0J, 0J,, 0J, 0J, 0J,
WWW.josa.ro
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Definition 3.3. Let a and b be an arbitrary pair of real numbers such that ab>0. A
transformation under which any pointM(x,y) shifts to L(ax,by) is called the

transformation N,
Clearly, under the transformation inverse N_', any point (x,y) is sent into the point

X
(Eb

Proposition 3.4. Let A B,C,D be 4 points with the coordinates (acost,bsint,),
(acost,,bsint,), (acost,,bsint,), (acost,,bsint,), where 0<t <t, <t, <t, <27, belong to
2 2 t+t
the ellipse X—2 E,/ =1. With 12 points 1, (atan ’ L b) and M, (asm ’2 l ,bcos ’2 A1),
a
where i, j=1,2,3,4, i< j, and choosing properly u,v,te{l,-1} we have the following
identities
(1) AB +Uu BC +V cb +1 DA =0.
Oly, Ol Ol,, Ol,,
AB DC BC DA AC DB
: +Uu : +V
Ol,, Ol Ol,, Ol Ol O|24
AB CD DA CB AC BD

(3) +Uu +V =0.
OM,, OM,, ~ OM,, OM,;  OM,, OM,,

(2) =0.

Proof: (1) Suppose that A(acost,,bsint, ), B(acost,,bsint,).

Then AB=2sin-2—1 Pl \/a smzt 4 +b?cos® Lt or
2 2 2
* AB =sint, —sint,.

\/az tan? 2 b Ztl +b?

Thus, + AB =sint, —sint,. Upon simple computation, we get
12
AB * BC * cb =sint, —sint, =+ DA.
Ol, Ol, Ol Ol,,
Then we obtain AB + BC + cb + DA =0.

Ol, Ol Ol Ol

(2) Since * AB =sint, —sint, and £ bC =sint, —sint, we get

12 34

. AB DC . , , ,
= (sint, —sint))(sint, —sint,).

Ollz o, = (sint, —sint,)(sint, 3)

Similar, there are the relations =+ BC : DA:(sints—sintz)(sint4—sint1) and
Ol,, Ol
* AC : bB = (sint, —sint )(sint, —sint,). Hence, there is the following relation
Ol, Ol,,
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208 Some new identities on the conic sections Dam Van Nhi et all

AB DC+BC DA+AC DB
Ol,, .O|34 - Ol .O|14 - Ol .O|24
(3) follows from (2).

0.

Lemma 3.5. Given the convex polygon AA,... A /M and it's circumcircle.

Abh . AA L AA L AA e s,
MA.MA, = MA,.MA, MA, .MA,  MA.MA

We have identity

we get Ptolemy identity.
Proof: Assuming the circumcircle of a polygon AA,...AM have radius R=1.

Coodinates of A,A,,...,A,M are z,,z,,...,2,,z respectivelly, where z, =cosu, +isinu,,
k=12,...,n,and z=cosu+isinu(0O<u<u,<u,<...<U,<27).

We have ! = 4L-1 + 2,4 Feee + Z,,— 1,
(z-z)z-2,) (z-2)(z-2,) (z-2,)(z2-2,) (z-2z,,)(z-12,)
SR U FY | R
i2sin—2_—Le™ . i
L-2,  _ 2 _ 1AAe

and

(Z - Zl)(z - 22) - 4sin ul —u sin UZ —u - MAiMAZ
2 2

—iu

n . Uy —
i2sin—=——2¢ . —iu
Z,— 1, 2 _ 1A, Ae

(2-2,)(2-2))  4gint"UginU=U  MA,MA
2

a U =U _
;7 B 12sin > e _iAlfl'Aheilu

n-1 n

(Z - Zn—l)(z - Zn) - 4sin Un2— u sin un—lz_u - MAw—lMAh

i2sin d —th g .
Z,—1, _ 2 _iAque—lu
(z-2)(z-12,) 4Sinu”2_usinu12_u MA .MA
Hence — A . ALA _ AA :

MA.MA, MA ,.MA  MA.MA'

Proposition 3.6. Let A,A,...A,M be n+1 points belong to the ellipse

2 2
(E):X—2+y—2:1 with the coordinates (acost,bsint,) and M (acost,bsint), respectivelly,

where O<t <t,<t,<t, <---<t <t<2z. With the points Ii(asin%,bcos%),

Ji(asint;ti ,bcost;t‘), where n+1=1i=12,...,n, and a proper choice + we have the

following identity
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Ah Ah AuA AA

o, . oI, o] L, oL,
MA MA, = MA, MA, © _M'Ah MA1 MA, MAl '
0J, 0J, 0J, 0J, 0J , 0J, 0J,6 0]

Proof: Denote B, =N_(A) for i=1...,n. By Lemma3.5and N =N_ (M) we have

the identity BB, + B,5, oot B,.,B, + B,B, =0. Because ala’ =BB,, ...,
NB,.NB, NB,.NB, NB, ,.NB, NB,.NB, Ool,
Auh =B, ,B,, AA =B,B, and — » MA, = NB,, MA, _ NB, we get the identity
Ol . ol, OJl 0J, OJn
AA AA ALA AA
Ol N Ol, - Ol, N Ol, _o. 0
MA MA, = MA, MA MA, MA1 MA, MAl
0J, 0J, 0J, 0J, 0J, 0J, 0J, 0]
Proposition 3.7. Let A, B,C,D be 4 points belong to hypebol
Xy
(H .?—F:l
with the coordinates
a+abt® 2b% a+abu® 2b%u a+abv’ 2b% a+a bz® 2b%z
A( 242 ! 22)’ B( 2.2 1! 22)’C( 2,2 ! 22)’ D( 2,2 ! 22)
1-bt° 1-bt 1-b“u° 1-b‘u 1-b%v° 1-b“v 1-b“z° 1-b°z
L 1 1 1 1 . .
satisfies > > > . With the pints
10 1-b?  1-bA2  1-bZ? P
1+ b*u 1+ b%*tv 1+ bztz
Iab(a’—)’ Iac(a )! ad( )
t+u t+v +zZ
1+ b%uv 1+ bzuz 1+ bzvz
Ibc(a’—)1 bd( )1 cd( )
u+v +2 +z

we have
AB BC CD AD
(1) + + = .
o, o1, oI, Ol,
AB CD AD BC AC BD

. + . = . .
oi, ol, oil, o1, Ol, Ol,

)

Proof: We have
ABZ_(a+a6t2_a+a6u ) ( 2b’t 2b%u '\,
1-b%* 1-bA? 1-b%? 1- b2 2

202 |2 —u |\/a + (1P
Thus, AB = 5 5 t2+u . By computation the relation
|1-b*t® || 1-b%u |
AB 2b% [t - 1 1

oI, [1-bi? ||1—b2u2 |~ T1-b#? 1-bA?
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210 Some new identities on the conic sections Dam Van Nhi et all

AC 1 1 1 1

o 2l _1—b2 i 2(1—b2t2 v
3222|1—t2t 1- b2 P2 bz “Iobi)
cE:lec =2l 1—é2u2 _1—t1)2v2 = 2(1—k1)2u2 _1—i2v2)
glzzzll—izvz 1- b“l_ (1 b22 1- b“)'

Hence, we obtain AB CD+AD BC =AC BD and (2). We have

ol, ol, ol, ol oOl_ ol,

ac

AB _, 1 1
ol, 1-b** 1-bAs’

). The anothers relations are proved in an analogous fashion.

Then, we have the identity AB + BC + cb = AD and (2). O

o, oOl, o1, Ol,

Proposition 3.8. Let A,A,...,A,A ., be n+1 points belong to hypebol

x> y? , : A (a +abt’ 2bt

H):——-Z2-=1 with the coordinates , i=12,...,.n+1 and
(H) a’ b? 1—b2ti2 1—b2ti2

(a+z;1)tzz ) satisfy the conditions 1—t2t2 32 —, Where i=1,2,...,n, and the points
i |+l
2
( 1? b, y ) r,s=12,...,n+1 Then, we have the following identities:
+
( ) z AIAA _ QIA]H'
i+l 1n+1
Mm AA
! Ol
(2) ||+1 nl )
Z AAle A1+1A1+1 Ahp\wl AlAHl
Oll n+l c)I|+1 n+l Oln,n+1 Oll,n+l
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