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Abstract. This paper studies the generalized Poisson summation formula from the
extended fractional Fourier transform point of view and derived several new formulae
associate with the extended fractional Fourier transform. The generalized Poisson sum
formula is obtained based on the relationship of the extended fractional Fourier transform
and the Fourier transform. Then we derived some results associated with the generalized
Poisson sum formula.
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1. INTRODUCTION

The fractional Fourier transform is a generalization of the Fourier transform into
fractional domains which are in between the time and frequency domains of the time-
frequency plane. The fractional Fourier transform has received much attention in recent years.
It has been applied in several areas, including optics and signal processing [1, 5, 6] and its
relationship with the Fourier transform can be found in [7, 8]. The concept of Fourier
transform of fractional ordered is introduced by Namias [4] in 1980 given by,

[(n —2a 2)
a _ ~———>cota —tucsca |
FE[f(Olw) = — f(®)dt

The generalization of the fractional Fourier transform, which is known as extended
fractional Fourier transform can be seen in [3] with two more parameters as,

gb [f(t)] (u) — ng (u) — f ein[(a2t2+b2u2)cota —2abtucsca ]f(t)dt
' ' o (1.1)

In 2009 Bing-Zhao Li et. al. [2] had extended the Poisson sum formula and non-band-
limited functions analysis associated with the fractional Fourier transform. In this paper we
have generalized the traditional Poisson sum formula in the Fourier domain to the extended
fractional Fourier transform domain and we proved some results for extended fractional
Fourier transform.
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2. BAND-LIMITED FUNCTIONS IN EXTENDED FRACTIONAL FOURIER
TRANSFORM DOMAIN

A function f(t) is said to be band-limited with respect to Q, in extended fractional
Fourier transform domain, when

Fo(u)=0 for |u>Q, (2.1)

a,

where Q, is called the bandwidth of function f(t) in the extended fractional Fourier
transform domain and a function f(t) is called the chirp-periodic with period z and order o if
it satisfies the following equation.

f(t) e e = f (¢4 g)e ™ () e (2.2)

Without loss of generality, we assume sina > 0 in the proceeding sections.

The following lemma gives the relation between extended fractional Fourier transform
and Fourier transform.

Lemma 1: If F7 (u) is the extended fractional Fourier transform of a function f (t)

for order o, G is the Fourier transform operator and g(t)= f (t) g7 e then

Fo,y (e ™ =G[ g(t)](abucscar) (2.3)
Fa,;’,b (VS;Eaje—lﬂ (Tj cotar _G [g (t):|(v) _G (V) (24)

Proof: By (1.1)

F;fb (u)e—iﬂbzuzcota — JAOC

—00

e—Zin(abucsca)t g (t) dt
where

g( ) lzzazt coter f( ) (2.5)
=3[ g(t)](abucscar)

vsina
ab

Substituting u —

Therefore
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3. THE POISSON SUM FORMULAE IN THE EXTENDED FRACTIONAL FOURIER
TRANSFORM DOMAIN

The Poisson sum formula demonstrates that the sum of infinite samples in time
domain of a function f(t) is equivalent to the sum of infinite samples of F(u) in the

extended fractional Fourier transform domain. The Poisson sum formula is as,

Z f(t+kr)= Z F(ab”j ) (3.1)

k=—
or

Z f(kr)=13 F(ab”j (3.2)

T n=-o0

where F(u) is the traditional Fourier transform of function f (t).

4. THE GENERALIZED POISSON SUM FORMULAE ASSOCIATED WITH THE
EXTENDED FRACTIONAL FOURIER TRANSFORM

F.% (u) is the extended fractional Fourier of a function f (t) for order «, the Poisson

sum formula of function f (t) associated with the extended fractional Fourier transform of
order « can be derived as follows,

Theorem 1. The Poisson sum formula for a function f (t) in the extended fractional
Fourier domain of order « can be derived as in equations (4.1) and (4.2)

0

Z f (t n kz_)eiizaz(Zerkzrz)cota

k=—o0
- 4.1)
1 . o _jgp2( SN2 o, nsing \ 23 abn )
=_e—|ﬂa2t2cota Z e ( T j Faufb e ( T ]
T N=—o0 T
and
L2
© . 1 & -ird? SN cote nsin a
z f (kz_)emazkzrzcota :; z e [ T j F;b . (42)
k=—o0 n=-w

Proof: By (2.4)

Fe (mj ool e _ 3[9(t)](v)=G(v)

ab

. abn . ) )
Replacing v=——, making some manipulation we can get
T
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1 i Fe ( nsin o j e—i;rbZ[nsiTnaJZ cota+2iﬂa[¥) _ 1 i G [a_bnj eZizra[aTbr])t 43)

T = T

Therefore by (3.1) and (2.5), (4.3) is as,

— Z f(t+kf)eiﬁa2(t+k7)zcota

[ k=—o0

L2
nsina ) e—i;rbz[ins':aj cota+2i;ra(a7m) ks
T

l o0
- Z I:ao,!b (

Therefore

0

Z f (t+kz_)ei;ra2(2krt+k2r2)cota

k=—c0
. . nsina \? . abn
. 1 e—inaztzcota Z‘O: o nsina e—mbz( . j cota+2|ﬂa[7jt
- a,b
T = T

If we take t =0 in above equation then

SN2
i f (kz.)eiﬂaszTZCota _ E i e—iﬁbz(%] cota F:b ( nSln a]

k=—o0 T n=—oo T

Hence proved equations (4.1) and (4.2).

Theorem 2. If f(t) is the band-limited function to Q, in the extended fractional

Fourier transform domain of order « , then the Poisson sum formulae derived in theorem 1
can be rewritten as following according to the replica period 7 .

1) When

Sino
T

>Q,,, the Poisson sum reduces to the following:
S f (trke)e ™ B L caapa ) (4.4)
k=—0 2

(@) sina
L <

i) When <Q, , the Poisson sum formula reduces to:

T

i f (t+ kr)einaz(zkrnkzrz)cota
k=—o0

_1 p-ima oot { Fe (0)+ e—i;rbz(g%]z cotar {Fa%b (—sin a je—Zizra(a:)]t FES (sin a j ezma(a?b]t }}
T

(4.5)

T T
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Q in Q .
i) When —~- < Sha 22 , the Poisson sum can be reduces to:
n+1 T n

Z.O: f (t n kT)eiﬂa2(2k1t+kzrz)cola

k=—o0

1 22 n —izzbz[w)z cotar —ksin —Zina[ﬂjt ksin Ziﬁa(ﬂ]t (46)
:_e—iﬂ'at Cotax F;tb (O)+Ze T |:F;b( aJe T +F.:b[ aje T :|
T k=1 T T
Proof:
i) Since f(t) isa Q, band-limited function in the extended fractional Fourier domain
and 2% Q_, and when n=0 then right hand side of equation (4.1) will be
T
Z f (t " kz.)eiﬁa (2krt+k T )cota
k=—c0
1 ooty & fiﬂbz(nsmajz cota ( nsin aj Zi”a(ain]t
— _e T a e T F a e T
T n;w ab T
1 —iza’t?cota — a
= ;e ot Fa,b (0)
. Q  sina . . . .
i) When 2" < <Q,_, then right hand side of equation (4.1) will be
T
z f (t " kr)eizza (2krt+k T )cota
k=—c0
. nsina . . (abn
1 e & —mbz[ ] cota (nsm aj 2|7ra(—jt
:_e T o e T FO! e T
T n;O ab T
. ofsina 2 . . ab . . ab
1 . 20 —izh?| == | cota —sin —2iza| — |t sin 2iza) — |t
:_e—matcotax F;’[b(O)-Fe [ r) |:F;b( a’)e (TJ-FF;b( aje (r)]
T T T

iii) If we note 2n+1 nonzero values of F, (u), then summation part in right hand
side of equation (4.1) will be,

o0

Z f (t " kT) eiﬂaz(ZkTHerZ)cota

k=—0
. 2
o i o Nsina - ._(abn
_ iefifraztzcom Z izb (—r j cote Faab ( nsin ajemza( T )t
T oo ’ T

L, go o) 3 T [F“ (—ksinaje‘z‘”a@]‘ ; F;b[ks‘”“jez‘”a(m

a,b
T k=1 T T
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Theorem 3. If F/, (u) is the extended fractional Fourier of a band-limited function

f (t) with replica period r and f (t) multiplied with a chirp discretely as gl cota ¢ (kz),
then the sum of this formula is found to be finite as,

0

Z f (kT)eiﬁaZkZTZ cota

{Fa“b(O)Jrei”b ( . ] °°m[Fa”‘b(_Sina)+ Faab(sinaﬂ} Q, _ sina <q,
’ ’ T ’ T 2 T

,iﬂzwzcotl L ) .
F5(0)+) e b( . ) { {F;b(M}FF;b[ksmaﬂ} Q, _sina _ Q,
T T

k=—00
1_, sina
;Fa’b(O), . >Qa
4.7)
_)1
T

n
) n T n-1

Proof: By taking t=0 in equations (4.4), (4.5) and (4.6) we can simply get the
equation (4.7).

Corollary 1. A band-limited function f (t) in the extended fractional Fourier domain
is sampled at period r and multiplied with a chirp discretely as €™~ ““f (kz) if

7 <sina Q,, then the discrete sum of €™~ ““f (kz) becomes identical to the integral of

B 21,2 2
ema ker cotaf (kT) as,

i f (kz_)eizrazk%2 cota _ lFaz?cb (0) — ljieinaZkZTZ cotaf (t)dt (48)

K=—o0 T T

Proof: By taking parameter u =0 in (1.1), then

Fo(0)= [ et (t)dt (4.9)

By (4.7) and (4.9)

0

z f (kz_)eizrazkzrz cota _ J“:eizzaztz cota f (t)dt

k=—0

Hence proved.

Corollary 2. When « :% the results derived in theorems 3 and 4 reduces to the well

known results in the Fourier domain, in which a=b =1.
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Proof: If we replace the equations (4.1), (4.2), (4.4), (4.5) and (4.6) by « :% and
a=b=1, we can get (4.10), (4.11), (4.12), (4.13) and (4.14) respectively as,

3 f(t+kr)=% SF2 Gje””m (4.10)
3 f(k)=1 Y FL (ﬂj (4.11)

F.2(0) (4.12)

{Fa% (0)+ Ffb (_—1) e_zm(?jt + Ffb (l)em[f}} (4.13)

S f(t+ke)= %{ F2 (0)+ Z[ F2 (_—kj RO F2 (Kjemmt ]} (4.1)

Property 1: Suppose a function f (t) is band-limited to Q_ in the fractional Fourier
domain of order & and

= 3 f(tkr)e ™ e
Z (k)

Then h(t) is a chirp-periodic function with period 7 .

Proof: By the definition of chirp-periodicity, we obtain,

i > iza?(2ke(t+7)+k?c? cota g2 2
h(t+r)e'”a (t+7) % cotar z t+T+kZ' Fia ( r(t+7) r) ae,,[a (t+7)? cotar

k=—o0

Z‘O: (t+ k+1 ) maz(2(k+1)rt+(k+1)2rz)cotaei”aztzCota

k=—0

Therefore
h (t n T)eiﬂaz (t+7) cota —h (t) ei/raztz cotar
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CONCLUSION

In this paper we have introduced the generalized Poisson sum formula based on the
relationship of the extended fractional Fourier transform and the Fourier transform and we
derived some new results associated with the generalized Poisson sum formula on the
extended fractional Fourier transform domain. The special cases are tallies with the (19) and
corollary 2 of [2].
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