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Abstract. In the present paper, we find a surface family possessing the natural lift of a
given curve as a common asymptotic curve. We express necessary and sufficient conditions
for the given curve such that its natural lift is an asymptotic curve on any member of the
surface family. We present important results for ruled surfaces. Finally, we illustrate the
method with some examples.
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1. INTRODUCTION AND PRELIMINARIES

Wang et.al. [1] is the first to handle the problem of finding a surface family possessing
a given curve as a special curve. They obtain surfaces interpolating a given curve as a
common geodesic. Kasap et.al. [2] generalized the marching-scale functions of Wang and
obtained a larger family of surfaces. In 2011, the common curve is changed from geodesic to
line of curvature by Li et.al. [3]. Bayram et.al. [4] tackled the problem of constructing
surfaces passing through a given asymptotic curve.

Inspired with the above papers, we search for a surface family possessing the natural
lift of a given curve as a common asymptotic curve. We obtain the sufficient condition for the
resulting surface to be a ruled surface and present a result for developable surfaces.

We start with giving some background about the subject. A parametric curve

a(s), L,<s<L, isacurveonasurface P(s) in IR® thathasaconstant s or ¢ -
parameter value. In this paper, «' denotes the derivative of « with respect to arc length

parameter s and we assume that o is a regular curve with a"(s);éO, L <s<L, .For
every point of a(s) , the set {T'(s),N(s),B(s)} is called the Frenet frame along a(s)
where  T(s)=a'(s), N(s)=12 and B(s)=T(s)xN(s) are the unit tangent, principal
normal, and binormal vectors of the curve at the point a(s), respectively. Derivative
formulas of the Frenet frame is governed by the relations
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T(s) 0 k(s) 0 ) T(s)

(s) K‘(S) 0 r(s) N(s) , 1)
(s) 0 —r(s) 0 B(s)
)=

< (s),N(s)> are called the curvature and torsion of

th

where «(s)=[a"(s)| and z(s
the curve «(s), respectively [5].

Let M beasurfacein IR® andlet « : 7 » M be a parametrized curve. « is

called an integral curve of X if
d

g(a(s)) =X(a(s)), Vitel,

where X is a smooth tangent vector field on M. We have
™ = U T,M = y(M),
PeM
where T,M is the tangent space of M at P and z(M) is the space of tangent vector

fieldson M.
For any parametrized curve « : I > M , a : I—>TM givenby

a(s)=(a(s).a (s))=a ()l @
is called the natural liftof ¢ on TM [6] - Thus, we can write
%:%(0’ (S)la(x))'

If a rigid body moves along a unit speed curve a(s), then the motion of the body

consists of translation along « and rotation about ¢ . The rotation is determined by an
angular velocity vector @ which satisfies 7'=wxT, N'=wxN and B =wxB. The
vector @ is called the Darboux vector. In terms of Frenet vectors 7, N and B, Darboux

vector is given by @=7T+xB [7]. Also, we have & =|e|cosé, r=|w|siné, where & is
the angle between the Darboux vector and the binormal vector B(s) of . Observe that
@=arctan < (Fig.1).

Figure 1. Darboux vector @, tangent vector T and binormal vector B of .

Let a(s), L, <s<L,, beanarclength curveand a(s), L, <s<L,, be the natural lift of
a. Then we have

WWW.josa.ro Mathematics Section



Surface Family with a Common Natural Asymptotic Lift Ergin Bayram, et all 119

(s) 0 1 0 \(T(s)
(s) |=| —cos@ 0 sind || N(s)]|,
(s) sind 0 cosé )| B(s)

where {T'(s),N(s),B(s)} and {T(s),N(s),B(s)} are Frenet frames of the curves o

and « , respectively, and & is the angle between the Darboux vector and the binormal
vector of « .

T
N
B

2. SURFACE FAMILY WITH A COMMON NATURAL ASYMPTOTIC LIFT

Suppose we are given a 3-dimensional parametric curve a(s), L <s<L,, inwhich
s is the arc length and ||a”(s)|| #0,L, <s<L,.Let a(s), L, <s<L,, bethe natural lift of
the given curve ().

Surface family that interpolates a_z(s) as a common curve is given in the parametric
form as

P(s,t)=E(s)+u(s,t)f(s)+v(s,t)]V(S)er(s,t)ﬁ(s), 4)
where u(s,t), v(s,t) and w(s,t) are C' functions, called marching-scale functions, and
{T(s),ﬁ(s),l_?(s)} is the Frenet frame of the curve & . Using Egn. (3) we can express
Eqn. (4) interms of Frenet frame { (5),N(s), (s)} of the curve «a as

P(s,t)=a(s)+(w(s,t)sin@—v(s,t)cos )T (s)

+u(s,t)N(s)+(v(s,t)Sln6’+w(s,t)COSH)B(s),
where L <s<L,, T,<t<T,.

©)

Remarkl1: Observe that choosing different marching-scale functions yields different
surfaces possessing O_Z(S) as a common curve.

Our goal is to find the necessary and sufficient conditions for which the curve a_z(s)
is isoparametric and asymptotic curve on the surface P(s,z). Firstly, as &(s) is an
isoparametric curve on the surface P(s, t) , there exists a parameter f, € [ETZ] such that

u(s,t))=v(s,1)=w(s,,)=0, [ <s<L, T,<t,<T, (6)

Secondly the curve « is an asymptotic curve on the surface P(S,t) if and only if

along the curve the surface normal vector field n(s,to) is orthogonal to the principal normal

vector field N of the curve «. Equivalently, & is asymptotic if and only if n(s,to) is

parallel to the binormal vector field B. The normal vector of P(s,t) can be written as
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n(s,t)zﬁng,t)xﬁng,t). @

Along the curve « the normal vector can be expressed as
n(s.t) = l{—aa—v:(s,to)]V(S)Jr%(s,to)g(s)]

where « is the curvature of the curve «. Since K(s)¢0, L <s<L,, thecurve a isan

asymptotic curve on the surface P(s, t) if and only if
ow ov

E(S,to)zo, E(S,to)io.

So, we can present :

Theorem 2: Let a(s), L <s<L,, bea unit speed curve with nonvanishing curvature

and ﬁ(s), L <s<L,, be its natural lift. a is an asymptotic curve on the surface (4) if
and only if

w(s,ty)=2(s,4,) =0,

{u(s,to)zv(s,to) @)

where L <s<L, T <t t,<T, (t, fixed).

Corollary3: Let a(s), L <s<L, be a unit speed curve with nonvanishing
curvature and 5(s), L <s<L,, beitsnatural lift. If
u(s,t)zv(s,t)zt—to, w(s,t)EO, 9
where L, <s<L,, T,<t, t,<T, (1, fixed) then (4)is a ruled surface possessing @ asan

asymptotic curve.

Proof: By taking marching scale functions as u(s,#)=v(s,t)=(1-1,), w(s,t)=0,
the surface (4) takes the form
P(s,t)=ﬁ(s)+(t—to)[f(s)+ﬁ(s)} (10)
which is a ruled surface satisfies Eqn. (8).
Corollary4: Ruled surface (10) is developable if and only if (S) is a unit speed

helix.
Corollary5: If the ruled surface (10) is developable then it is a part of a plane.

3.EXAMPLES

Example 6: Let a(s) =(%COSS,1—Sin s,—%COSS) be a unit speed curve. Then, it is

easy to show that
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T(s)=(—£sins,—003s,§sinsj,
5 5
N(s)=(—£c03s,sins,§003sj,
5 5
3 4
B = __101__ ]
(5)=(-3.0-¢]
k=1 7=0,6=0

We have
_ [ 4 . 3. j
a(s)=|—=sins,—coss,=sins
5 5
as the natural lift of a with Frenet vectors

T(s) =(—£005s,sin s,§COSsj,
5 5

N(s)= (ﬂsin S,COSS,—§Sin sj,
5 5

If we choose u(s,t) = v(s,t) =

we get the ruled surface

B(s,t)= _(s)+t[1_"(s)+]\_f(s)]
3
5

(sins+zcoss—¢sin s)j

(sins+tc03s—tsin s),t(sins+c035)—0035,

[N

-0<s5<2,-0,5<¢<0,5, possessing o as an asymptotic curve (Fig. 2) :

\
\
T\

NN

4
L

Figure 2. Ruled surface B (S ot ) as a member of the surface family and its

common natural asymptotic lift o
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For the same curve, if we take u(s,t)=e” -1, v(s,t)=¢, w(s,1)=0 and ¢, =0 then Eqn.
(8) is satisfied and we obtain the surface
P,(s,t)= ﬁ(s)Jr(eZ’ —l)f(s)thN(s)

:(_g(( * ~1)coss+(1-¢)sins),(e* ~1)sins+(¢~1)coss,

g((e” —~1)coss +(1—t)sin s)j

~—

0<s<3, -1<¢<0 interpolating as the natural asymptotic lift (Fig. 3).

Figure 3. P2 (S WL ) as a member of the surface family and its common natural

asymptotic lift &

Example 7: Let a( ) :(I sins, s, *ZF cos s) be an arc length helix. One can show

that
s = £ 1 —ﬁsms ,
2 2 2
(s)=(-sins,0,- 003s)
1 1.
s = -= 03s ,=sins |,
[ 2 "2
\/§ 1 T
K=—,7=—, 0=—.
2 2 6
We obtain

V3.1 43

a(s)= ?COSS,E,—TSinS

as the natural lift of « with Frenet vectors
T(s)=(-sins,0,—coss),

N(s)=(-coss,0,sins),

B(s)=(010).
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Choosing marching scale functions as u(s,)=s, v(s,t)=sint, w(s,t)=¢* and ,=0,

we get the surface
B(s,t)=a(s)+s*T (s)+sineN (s)+£°B(s)

. .1
= [;COSS—SZISInS—(COSS)SInt,E—i-tZ,

3 - 2 - -
—73Ins—s tc035+(sm s)smt ,

-2,5<s5<2,5-0,5<¢<0, satisfying Eqn. (8) possessing « asacommon natural
astymptotic lift (Fig.4).

Figure 4. P3 (S 1 ) as a member of the surface family and its common natural

asymptotic lift &

If we let u(s,)=tsins, v(s,t)=tcoss, w(s,t)=¢*, then Eqn. (8) is satisfied and
we have
P(s.t)=a(s)+tsinsT (s)+tcossN(s)+tB(s)
=[§COSS—t,%+t2,—§Sin sj,
-2,5<5<2,5 —-1<¢<0, asamember of the surface family possessing « asacommon
natural asymptotic lift (Fig.5).
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Figure 5. P5 (S oL ) as a member of the surface family and its common natural

asymptotic lift &/

4. Acknowledgments

The first author would like to thank TUBITAK (The Scientific and Technological
Research Council of Turkey) for their financial supports during his doctorate studies.

REFERENCES

[1] Wang, G. J., Tang, K., Tai, C. L., Comput. Aided Des., 36(5), 447, 2004.

[2] Kasap, E., Akyildiz F. T., Orbay, K., Appl. Math. Comput., 201, 781, 2008.

[3]Li, C. Y., Wang, R. H., Zhu, C. G., Comput. Aided Des., 43(9), 1110, 2011.

[4 ] Bayram, E., Guler, F., Kasap, E. Comput. Aided Des., 44, 637, 2012.

[5] do Carmo, M. P., Differential geometry of curves and surfaces, Englewood CIiffs, New
Jersey, Prentice Hall Inc., 1976.

[6] Thorpe, J. A. Elementary topics in differential geometry, Springer-Verlag, New York,
Heidelberg-Berlin, 1979.

[7] Oprea, J., Differential geometry and its applications, Pearson Education Inc., USA, 2007.

WWW.josa.ro Mathematics Section



