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Abstract. In this paper, we study the structure of cyclic and skew cyclic codes over the 

finite ring ܦ௞ ൌ ॲ௤ ൅ ଵॲ௤ݒ ൅ ⋯൅ ௜ݒ ,௞ॲ௤ݒ
ଶ ൌ ௝ݒ௜ݒ ,௜ݒ ൌ ௜ݒ௝ݒ ൌ 0, 1 ൑ ݅, ݆ ൑ ݍ ,݇ ൌ  ݌ ,௠݌

is a prime for ݇ ൒ 1 which contains the ring ॲ௤ ൅ ଵݒ ,ଵॲ௤ݒ
ଶ ൌ  ଵ. We define a new Gray mapݒ

from ܦ௞ to ॲ௤௞ାଵ. The algebraic structures of cyclic codes and duality properties are 
investigated. A linear code over ܦ௞ is represented by means of ݇ ൅  ary codes. The non-ݍ 1
trivial automorphism over ܦ௞ is given and the skew cyclic codes over ܦ௞ are introduced. The 
algebraic structure of skew cyclic codes and duality properties are investigated. The Gray 
images of both cyclic and skew cyclic codes over ܦ௞ are obtained.  

 
Keywords: Cyclic code, skew cyclic code, finite ring. 

 

 

1. INTRODUCTION 
 
 

As cyclic codes have got rich algebraic structure, they are very important class in 
coding theory. These classes of codes were first discussed by a series of papers and reports by 
E. Prange in [17] and [18]. 

Skew cyclic codes are generalization of the notion of cyclic codes. The class of skew 
cyclic codes are bigger class than the class of cyclic codes. If a trivial automorphism is used, 
the notion of the cyclic code coincides with the notion of the skew cyclic code. As a similar, 
the notion of the skew quasi-cyclic codes and skew constacyclic codes are generalizations of 
the notions of quasi-cyclic codes and constacyclic codes. There are a lot of studies about skew 
codes. 

Firstly, D. Boucher et al. generalized the notion of cyclic codes by using generator 
polynomials in skew polynomial rings. They introduced skew cyclic codes over finite fields 
with ݍ elements in [7]. 

In [8], D. Boucher et al. generalized the construction of linear codes via skew 
polynomials rings by using Galois ring instead of finite fields. In 2008, D. Boucher and F. 
Ulmer gave some important result on the duals of skew cyclic codes over ॲ௤ in [9]. T. 
Abualrub and P. Seneviratne studied skew cyclic codes over the finite ring ॲଶ ൅ ଶݒ ,ॲଶݒ ൌ  ݒ
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in [1]. In [2], T. Abualrub et al. studied skew quasi- cyclic codes over ॲ௤. The notion of 
generator and parity-check polynomials was given. M. Bhaintwal investigated skew quasi-
cyclic codes over the Galois ring in [6]. A necessary and sufficient condition for skew cyclic 
codes over Galois rings to be free and a canonical decomposition of skew quasi-cyclic codes 
were given. J. Gao et al. studied skew generalized quasi-cyclic codes over finite fields in [12]. 
In [21], I. Siap et al. investigated the structural properties of skew cyclic codes of arbitrary 
length over finite fields. In [16], S. Jitman et al. studied the Gray image of three type skew 
constacyclic codes over finite chain ring. J. Gao studied skew cyclic codes over ॲ௣ ൅  ,ॲ௣ݒ
ଶݒ ൌ  is a prime in [13]. He investigated the structural properties of skew poynomial ݌ ,ݒ
ሺॲ௣ ൅ ,ݔॲ௣ሻሾݒ ሿ and ሺॲ௣ߠ ൅ ,ݔॲ௣ሻሾݒ ሿߠ ௡ݔ〉 െ 1〉⁄ . F. Gursoy et al. introduced skew cyclic 
codes over ॲ௤ ൅ ଶݒ ,ॲ௤ݒ ൌ ݍ ,ݒ ൌ  ௠ in [15]. The idempotent generators of skew cyclic݌
codes over ॲ௤ and ॲ௤ ൅  .ॲ௤ were given, firstly. Both M. Ashraf et al. and M. Shi et alݒ
studied skew cyclic codes over the ring ॲ௤ ൅ ॲ௤ݒ ൅ ଷݒ ,ଶॲ௤ݒ ൌ ݍ ,ݒ ൌ  is odd prime ݌  ,௠݌
at the same time in [5] and [19] , respectively. In [14], J. Gao et al. generalized it to the finite 
ring ܵ	 ൌ ॲ௤ ൅ ॲ௤ݒ ൅ ଶॲ௤ݒ ൅ ସݒ ,ଷॲ௤ݒ ൌ ݍ ,ݒ ൌ ݌|is odd prime, 3 ݌ ,௥݌ െ 1. They studied 
skew cyclic codes over ܵ. In [3], M. Ashraf et al. investigated skew cyclic codes over 
ॲଷ ൅ ଶݒ ,ॲଷݒ ൌ 1 by taking the automorphism as ߠ ∶ ݒ ↦ െݒ. Later, M. Ashraf et al. 
extended this work to the ring ॲ௣೘ ൅ ଶݒ ,ॲ௣೘ݒ ൌ  is odd prime in [4]. In [20], M. Shi et ݌ ,1
al. interested in skew cyclic codes over ܶ ൌ ॲ௤ ൅ ॲ௤ݒ ൅ ॲ௤ݑ ൅ ଶݑ ,ॲ௤ݒݑ ൌ ,ݑ ଶݒ ൌ ,ݒ ݒݑ ൌ
 They gave a formula for the number of skew cyclic codes over length ݊ over ܶ. In [10] .ݑݒ
and [11], A. Dertli et al. investigated skew cyclic and quasi-cyclic codes over ॲଶ ൅ ॲଶݑ ൅
ଷݑ ,ଶॲଶݑ ൌ 1 and Ժଷ ൅ Ժଷݒ ൅ ଷݒ ,ଶԺଷݒ ൌ  .respectively ,ݒ

This paper is organized as follows. In section 2, some knowledges about linear codes 
over the finite ring ܦ௞ are given. We define a new Gray map from ܦ௞ to ॲ௤௞ାଵ. It is shown that 
 ௞ isܦ ሻ. The Gray image of cyclic code is obtained. A linear code overܥis self dual so is ߶ሺ ܥ
represented by means of ݇ ൅  ary codes. The algebraic structure of cyclic code and its-ݍ 1
duality properties are investigated. In section 3, the non trivial automorphism over ܦ௞ is given 
and we introduce skew cyclic codes over ܦ௞. It is shown that ܥ is a skew cyclic code over ܦ௞ 
if and only if ܥଵ, ܥଶ, …, ܥ௞ାଵ  are all skew cyclic codes over ॲ௤. The Gray images of skew 
cyclic codes are given. 

 
 

2.  LINEAR CODES OVER ࢑ࡰ 
 

 

Let ܦ௞ be the ring ॲ௤ ൅ ଵॲ௤ݒ ൅⋯൅ ௞ॲ௤ݒ ൌ ൛ܽ଴ ൅ ଵܽଵݒ ൅ ⋯൅ ܽ௜	௞ܽ௞:ݒ ∈ ॲ௤, ݅ ൌ
0,…,݇ with 2݅ݒൌ݆ݒ݅ݒ ,݅ݒൌ݅ݒ݆ݒൌ0, 1൑݅,݆൑݇, ݍൌ,݉݌		݌	is a prime. ݇ܦ can be as quotient ring 
ॲ௤ሾݒଵ, ,ଶݒ … , ௞ሿݒ ௜ݒ〉

ଶ ൌ ,௜ݒ ௝ݒ௜ݒ ൌ ௜ݒ௝ݒ ൌ 0〉⁄ , where 1 ൑ ݅, ݆ ൑  ௞ is a finite commutativeܦ .݇
ring with ݍ௞ାଵ elements. A linear code ܥ over ܦ௞ length ݊ is a ܦ௞-submodule of ܦ௞

௡. An 
element of ܥ is called a codeword. We define the Gray map as follows, 

 
߶ ∶ 	D୩ → ॲ୯୩ାଵ	 

߶ሺa଴ ൅ vଵaଵ ൅ ⋯൅ v୩a୩ሻ ൌ ሺa଴, a଴ ൅ aଵ, a଴ ൅ aଶ, … , a଴ ൅ a୩ሻ 
 

It can be extended to ܦ௞
௡. 
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Let ܥ be a code over ॲ௤ of length ሺ݇ ൅ 1ሻ݊ and ܿᇱ ൌ ൫ܿ଴
ᇱ , ܿଵ

ᇱ , … , ܿሺ௞ାଵሻ௡ିଵ
ᇱ ൯ be a 

codeword of ܥ. The Hamming weight of ܿᇱ is defined as ݓுሺܿᇱሻ ൌ ∑ ுሺܿ௜ݓ
ᇱሻሺ௞ାଵሻ௡ିଵ

௜ୀ଴ , where 
ுሺܿ௜ݓ

ᇱሻ ൌ 1 if ܿ௜
ᇱ ് 0 and ݓுሺܿ௜

ᇱሻ ൌ 0  if ܿ௜
ᇱ ൌ 0. The minimum Hamming distance of ܥ is 

defined as ݀ுሺܥሻ ൌ minሼ݀ுሺܿ, ܿᇱሻሽ, where for any ܿᇱ ∈ ܿ ,ܥ ് ܿᇱand ݀ுሺܿ, ܿᇱሻ is Hamming 
distance between two codewords with ݀ுሺܿ, ܿᇱሻ ൌ ுሺܿݓ െ ܿᇱሻ.  

Let ݎ ൌ ܽ଴ ൅ ଵܽଵݒ ൅ ⋯൅  is ݎ ௞, then the Lee weight ofܦ ௞ܽ௞ be an element ofݒ
defined as ݓ௅ሺݎሻ ൌ ,ுሺܽ଴ݓ ܽ଴ ൅ ܽଵ, ܽ଴ ൅ ܽଵ, … , ܽ଴ ൅ ܽ௞ሻ, where ݓு is the Hamming weight. 

Define the Lee weight of a vector ܿ ൌ ሺܿ଴, ܿଵ, … , ܿ௡ିଵሻ ∈ ௞ܦ
௡ to be the sum of Lee 

weights of its components. For any element ܿଵ, ܿଶ ∈ ௞ܦ
௡, the Lee distance between ܿଵ and ܿଶ is 

given by ݀௅ሺܿଵ, ܿଶሻ ൌ ுሺܿଵݓ െ ܿଶሻ. The minimum Lee distance of ܥ is defined as ݀௅ሺܥሻ ൌ
minሼ݀௅ሺܿଵ, ܿଶሻሽ, where for any ܿଵ ∈ ଵܿ ,ܥ ് ܿଶ. 

For any ݔ ൌ ሺݔ଴, ,ଵݔ … , ݕ ,௡ିଵሻݔ ൌ ሺݕ଴, ,ଵݕ … ,  ௡ିଵሻ the inner product is defined asݕ
 

ݕݔ ൌ ෍x୧y୧

୬ିଵ

୧ୀ଴

 

 
If ݕݔ	 ൌ 	0 then ݔ and ݕ are said to be orthogonal. Let ܥ be a linear code of length ݊ 

over ܦ௞, the dual code of ܥ 
 

Cୄ ൌ ሼx ∶ 	∀	y ∈ C, xy ൌ 0ሽ 
 

which is also a linear code over ܦ௞ of length ݊. A code ܥ is self orthogonal, if ܥ ⊆  and ୄܥ
self dual, if ܥ ൌ  .ୄܥ

A cyclic code ܥ over ܦ௞ is a linear code with the property that if 
ܿ ൌ ሺܿ଴, ܿଵ, … , ܿ௡ିଵሻ ∈ ሻܥሺߪ then ,ܥ ൌ ሺܿ௡ିଵ, ܿ଴, … , ܿ௡ିଶሻ ∈ ௞ܦ of ܥ A subset .ܥ

௡ is a linear 
cyclic code of length ݊ iff its polynomial representation is an ideal of ܦ௞ሾݔሿ ௡ݔ〉 െ 1〉⁄ . 

Let ܽ ∈ ॲ௤
ሺ௞ାଵሻ௡  with ܽ ൌ ൫ܽ଴, ܽଵ, … , ܽሺ௞ାଵሻ௡ିଵ൯ ൌ ൫ܽሺ଴ሻหܽሺଵሻห … |ܽሺ௞ሻ൯, ܽሺ௜ሻ ∈ ॲ௤௡ for 

݅	 ൌ 	0,1,2, … , ݇. Let ߮ be a map from ॲ௤
ሺ௞ାଵሻ௡ to ॲ௤

ሺ௞ାଵሻ௡ given by 

߮ሺܽሻ ൌ ቀߪ൫ܽሺ଴ሻ൯	หߪ൫ܽሺଵሻ൯ห…    is a cyclic shift from ॲ௤௡ to ॲ௤௡ given by ߪ  ൫ܽሺ௞ሻ൯ቁ, whereߪ|

 

σ൫aሺ୧ሻ൯ ൌ ቀ൫aሺ୧,୬ିଵሻ൯, ൫aሺ୧,଴ሻ൯, ሺaሺ୧,ଵሻሻ	, … , ൫aሺ୧,୬ିଶሻ൯ቁ 

 
for every  ܽሺ௜ሻ ൌ ൫ܽሺ௜,଴ሻ, ܽሺ௜,ଵሻ, … , ܽሺ௜,௡ିଵሻ൯, where ܽሺ௜,௝ሻ ∈ ॲ௤, ݆	 ൌ 	0, 1, … , ݊ െ 1.  

A code of length ሺ݇ ൅ 1ሻ݊ over ॲ௤ is said to be quasi-cyclic code of index ݇ ൅ 1 if 
ሻܥ)߮ 	ൌ  .ܥ	

	
Theorem 1: The Gray map ߶ is distance preserving map from (ܦ௞

௡, Lee distance) to 

(	ॲ௤
ሺ௞ାଵሻ௡, Hamming distance). Moreover it is ॲ௤-linear. 

 
Proof. For ݇ଵ, ݇ଶ ∈ ॲ௤ and ݖଵ, ଶݖ	 ∈ ௞ܦ

௡, then we have ߶ሺ݇ଵݖଵ ൅ ݇ଶݖଶሻ ൌ ݇ଵ߶ሺݖଵሻ ൅
݇ଶ߶ሺݖଶሻ. So,	߶ is ॲ௤-linear. Let ݖଵ ൌ ൫ݖଵ,଴, ,ଵ,ଵݖ … , ଶݖ ,ଵ,௡ିଵ൯ݖ ൌ ൫ݖଶ,଴, ,ଶ,ଵݖ … ,  ଶ,௡ିଵ൯ beݖ
elements ܦ௞

௡ where ݖଵ,௜ ൌ ܽଵ,௜
଴ ൅ ଵܽଵ,௜ݒ

ଵ ൅ ⋯൅ ௞ܽଵ,௜ݒ
௞  and ݖଶ,௜ ൌ ܽଶ,௜

଴ ൅ ଵܽଶ,௜ݒ
ଵ ൅ ⋯൅ ௞ܽଶ,௜ݒ

௞ , 
݅	 ൌ 	0,1, . . . , ݊ െ 1. Then ݖଵ െ ଶݖ ൌ ሺݖଵ,଴ െ ,ଶ,଴ݖ	 … , ଵ,௡ିଵݖ െ ଵݖand ߶ሺ	ଶ,௡ିଵሻݖ	 െ ଶሻݖ ൌ
߶ሺݖଵሻ െ ߶ሺݖଶሻ. So, ݀௅ሺݖଵ, ଶሻݖ ൌ ଵݖ௅ሺݓ െ ଶሻݖ ൌ ଵݖு൫߶ሺݓ െ ଶሻ൯ݖ ൌ ଵሻݖு൫߶ሺݓ െ ߶ሺݖଶሻ൯ ൌ
݀ு൫߶ሺݖଵሻ, ߶ሺݖଶሻ൯. 
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Theorem 2: If ܥ	is a linear code of length ݊ over ܦ௞ with rank ݎ and minimum Lee 

distance ݀௅, then ߶ሺܥሻ is a linear code of length ሺ݇	 ൅ 	1ሻ݊ over ॲ௤ with dimension ݎ, 
݀ு ൌ ݀௅. 

Proposition 3: Let ߶ be the Gray map from ܦ௞
௡ to ॲ௤

ሺ௞ାଵሻ௡, let ߪ be the cyclic shift 
and let ߮ be a map as in the section 2. Then ߶ߪ ൌ ߮߶. 

 
Proof. Let ݖ ൌ ሺݖ଴, ,ଵݖ … , ௡ିଵሻݖ ∈ ௞ܦ

௡. Let ݖ௜ ൌ ܽ௜
଴ ൅ ଵܽ௜ݒ

ଵ ൅ ⋯൅ ௞ܽ௜ݒ
௞, where 

ܽ௜
଴, ܽ௜

ଵ, … , ܽ௜
௞ ∈ ॲ௤ and 0 ൑ ݅ ൑ ݊ െ 1. From definition ߶, we have ൫ܽ଴

଴, … , ܽ௡ିଵ
଴ , ܽ଴

଴ ൅
ܽ01,…,ܽ݊െ10൅ܽ݊െ11,…,ܽ00൅ܽ0݇,…,ܽ݊െ10൅ܽ݊െ1݇, 
߮൫߶ሺݖሻ൯ ൌ ൫ܽ௡ିଵ

଴ , ܽ଴
଴, … , ܽ௡ିଶ

଴ , ܽ௡ିଵ
଴ ൅ ܽ௡ିଵ

ଵ , … , ܽ௡ିଶ
଴ ൅ ܽ௡ିଶ

ଵ , … , ܽ௡ିଵ
଴ ൅ ܽ௡ିଵ

௞ , … , ܽ௡ିଶ
଴ ൅

ܽ݊െ2݇, On the other hand, ߪሺݖሻ ൌ ሺݖ୬ିଵ, ,଴ݖ … , ሻ൯ݖሺߪ௡ିଶሻ. If we apply ߶, we have ߶൫ݖ ൌ
൫ܽ௡ିଵ

଴ , ܽ଴
଴, … , ܽ௡ିଶ

଴ , ܽ௡ିଵ
଴ ൅ ܽ௡ିଵ

ଵ , … , ܽ௡ିଶ
଴ ൅ ܽ௡ିଶ

ଵ , … , ܽ௡ିଵ
଴ ൅ ܽ௡ିଵ

௞ , … , ܽ௡ିଶ
଴ ൅ ܽ௡ିଶ

௞ ൯. 
 
Theorem 4:  Let ߪ and ߮ be as in section 2. A code ܥ	of length	݊ over ܦ௞ is a cyclic 

code iff ߶ሺܥሻ is a quasi-cyclic code of index ݇	 ൅ 	1 over ॲ௤ with length ሺ݇	 ൅ 	1ሻ݊. 
 
Proof. Let ܥ be a cyclic code. Then ߪሺܥሻ ൌ ሻ൯ܥሺߪIf we apply ߶, we have ߶൫ .ܥ ൌ

߶ሺܥሻ. By using proposition 3, ߶൫ߪሺܥሻ൯ ൌ ߮൫߶ሺܥሻ൯ ൌ ߶ሺܥሻ. Hence ߶ሺܥሻ is a quasi-cyclic 
code of index ݇ ൅ 1. For the other part, ߶ሺܥሻ is a quasi-cyclic code of index ݇ ൅ 1, then we 
have ߮൫߶ሺܥሻ൯ ൌ ߶ሺܥሻ. From proposition 3, we have ߶൫ߪሺܥሻ൯ ൌ ߮൫߶ሺܥሻ൯ ൌ ߶ሺܥሻ. Since ߶ 
is injective, it follows ߪሺܥሻ ൌ  .ܥ

 
Definition 5:  Let ܣଵ, ,ଶܣ … ,   .௞ାଵ be linear codesܣ

 
Aଵ⨂Aଶ⨂…⨂A୩ାଵ ൌ ሼሺaଵ, aଶ, … , a୩ାଵሻ ∶ 	 aଵ ∈ Aଵ, … , a୩ାଵ ∈ A୩ାଵሽ 

and  

Aଵ⨁Aଶ⨁…⨁A୩ାଵ ൌ ሼaଵ ൅ aଶ ൅ ⋯൅ a୩ାଵ ∶ 	 aଵ ∈ Aଵ, … , a୩ାଵ ∈ A୩ାଵሽ	
	

Let ܥ be a linear code of length ݊ over ܦ௞. Define 
 
																											Cଵ ൌ ൛a଴ ∈ ॲ୯୬ ∶ 	 ∃	aଵ, aଶ, … , a୩ ∈ ॲ୯୬, a଴ ൅ vଵaଵ ൅ ⋯൅ v୩a୩ ∈ Cൟ	

Cଶ ൌ ൛a଴ ൅ aଵ ∈ ॲ୯୬ ∶ 	 a଴ ൅ vଵaଵ ൅ ⋯൅ v୩a୩ ∈ Cൟ	

	

⋮	
	

					C୩ାଵ ൌ ൛a଴ ൅ a୩ ∈ ॲ୯୬ ∶ 		 a଴ ൅ vଵaଵ ൅ ⋯൅ v୩a୩ ∈ Cൟ	
	

It is clear that ܥଵ, ,ଶܥ … ,  .݊ ary linear codes of length-ݍ ௞ାଵ areܥ
 
Theorem 6: Let ܥ be a linear code of length ݊ over ܦ௞. Then 

߶ሺܥሻ ൌ |ܥ| ௞ାଵ andܥ⨂…⨂ଶܥ⨂ଵܥ ൌ …|ଶܥ||ଵܥ|  .|௞ାଵܥ|
 
Proof. It is proved as in [11]. 
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Corollary 7: If	߶ሺܥሻ ൌ   ௞ାଵ, thenܥ⨂…⨂ଶܥ⨂ଵܥ
 

C ൌ ሺ1 െ vଵ െ⋯െ v୩ሻCଵ⨁vଵCଶ⨁vଶCଷ⨁…⨁v୩C୩ାଵ.	
 
 
Theorem 8: Let ܥ ൌ ሺ1 െ ଵݒ െ ⋯െ  ௞ାଵ be a linearܥ௞ݒ⨁…⨁ଷܥଶݒ⨁ଶܥଵݒ⨁ଵܥ௞ሻݒ

code of length ݊ over ܦ௞. Then ܥ is a cyclic code over ܦ௞ if and only if ܥଵ, ,ଶܥ … ,  ௞ାଵ are allܥ
cyclic codes over ॲ௤. 

 
Proof. Let ሺܽ଴

ଵ, ܽଵ
ଵ, … , ܽ௡ିଵ

ଵ ሻ ∈ ଵ, ሺܽ଴ܥ
ଶ, ܽଵ

ଶ, … , ܽ௡ିଵ
ଶ ሻ ∈ ଶ, ..., ൫ܽ଴ܥ

௞ାଵ, ܽଵ
௞ାଵ, … , ܽ௡ିଵ

௞ାଵ൯ ∈
௜ݖ ௞ାଵ. Assume thatܥ ൌ ሺ1 െ ଵݒ െ ⋯െ ௞ሻܽ௜ݒ

ଵ ൅ ଵܽ௜ݒ
ଶ ൅ ⋯൅ ௞ܽ௜ݒ

௞ାଵ for ݅ ൌ 0,1, … , ݊ െ 1. 
Then the vector ሺݖ଴, … , ௡ିଵሻݖ ∈ ,௡ିଵݖis a cyclic code, then ሺ ܥ As .ܥ ,଴ݖ … , ௡ିଶሻݖ ∈  Note .ܥ
that ሺݖ௡ିଵ, ,଴ݖ … , ௡ିଶሻ=ሺ1ݖ െ ଵݒ െ ⋯െ ௞ሻሺܽ௡ିଵݒ

ଵ , ܽ଴
ଵ, … , ܽ௡ିଶ

ଵ ሻ ൅ ⋯൅ ௞൫ܽ௡ିଵݒ
௞ାଵ, … , ܽ௡ିଶ

௞ାଵ൯. 
Hence  ሺܽ௡ିଵ

ଵ , ܽ଴
ଵ, … , ܽ௡ିଶ

ଵ ሻ ∈ ൫ܽ௡ିଵ	ଵ,...,ܥ
௞ାଵ, … , ܽ௡ିଶ

௞ାଵ൯ ∈ ,ଵܥ ,௞ାଵ. Soܥ ,ଶܥ … ,  ௞ାଵ are all cyclicܥ
codes over ॲ௤. 

Conversely, ܥଵ, ,ଶܥ … , ,଴ݖሺ	 Let	௞ାଵ are all cyclic codes over ॲ௤.ܥ ,ଵݖ … , ௡ିଵሻݖ ∈  ܥ
where ݖ௜ ൌ ሺ1 െ ଵݒ െ ⋯െ ௞ሻܽ௜ݒ

ଵ ൅ ଵܽ௜ݒ
ଶ ൅ ⋯൅ ௞ܽ௜ݒ

௞ାଵ for ݅ ൌ 0,1, … , ݊ െ 1. Then 
ሺܽ଴

ଵ, ܽଵ
ଵ, … , ܽ௡ିଵ

ଵ ሻ ∈ ଵ, ሺܽ଴ܥ
ଶ, ܽଵ

ଶ, … , ܽ௡ିଵ
ଶ ሻ ∈ ଶ, ..., ൫ܽ଴ܥ

௞ାଵ, ܽଵ
௞ାଵ, … , ܽ௡ିଵ

௞ାଵ൯ ∈  ௞ାଵ. Note thatܥ
ሺݖ௡ିଵ, ,଴ݖ … , ௡ିଶሻ=ሺ1ݖ െ ଵݒ െ ⋯െ ௞ሻሺܽ௡ିଵݒ

ଵ , ܽ଴
ଵ, … , ܽ௡ିଶ

ଵ ሻ ൅ ⋯൅ ௞൫ܽ௡ିଵݒ
௞ାଵ, … , ܽ௡ିଶ

௞ାଵ൯ ∈ ܥ	 ൌ
ሺ1 െ ଵݒ െ⋯െ  .௞ܦ is a cyclic code over ܥ ௞ାଵ. Thereforeܥ௞ݒ⨁…⨁ଷܥଶݒ⨁ଶܥଵݒ⨁ଵܥ௞ሻݒ

 
Corollary 9:  If ܩଵ, ,ଶܩ … ,  ary linear codes-ݍ ௞ାଵ are generator matrices ofܩ

,ଵܥ ,ଶܥ … ,  is ܥ ௞ାଵ respectively, then the generator matrix ofܥ
 

ܩ ൌ ൦

ሺ1 െ ଵݒ െ ⋯െ ଵܩ௞ሻݒ
ଶܩଵݒ
⋮

௞ାଵܩ௞ݒ

൪ 

We have 

߶ሺܩሻ ൌ

ۏ
ێ
ێ
൫ሺ1߶ۍ െ ଵݒ െ⋯െ ଵ൯ܩ௞ሻݒ

߶ሺݒଵܩଶሻ
⋮

߶ሺݒ௞ܩ௞ାଵሻ	 ے
ۑ
ۑ
ې
 

 
Let ݀௅ be the minimum Lee weight of a linear code ܥ over 	ܦ௞. Then, 
 

݀௅ ൌ ݀ு൫߶ሺܥሻ൯ ൌ minሼ݀ுሺܥଵሻ, … , ݀ுሺܥ௞ାଵሻሽ 
 
where ݀ுሺܥ௜ሻ denotes the minimum Hamming weights of ݍ-ary codes 
,ଵܥ … ,  .respectively	,	௞ାଵܥ

 
Theorem 10:  Let ܥ be a linear code over ܦ௞. Then ߶ሺܥሻୄ ൌ ߶ሺୄܥሻ. If ܥ is a self 

dual, so is ߶ሺܥሻ. 
 
Proof. Let ݔ ൌ ܽ଴ ൅ ܽଵݒଵ ൅ ⋯൅ ܽ௞ݒ௞	, ݔଵ ൌ ܾ଴ ൅ ܾଵݒଵ ൅ ⋯൅ ܾ௞ݒ௞			 ∈  where ,ܥ	

ܽ଴, ܽଵ, … , ܽ௞, ܾ଴, ܾଵ, … , ܾ௞ ∈ ॲ௤௡. 
ଵݔݔ ൌ ܽ଴ܾ଴ ൅ ଵሺܽ଴ܾଵݒ ൅ ܽଵܾ଴ ൅ ܽଵܾଵሻ ൅ ⋯൅ ௞ሺܽ଴ܾ௞ݒ ൅ ܽ௞ܾ଴ ൅ ܽ௞ܾ௞ሻ 
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 Since ܥ is a self dual code, ܽ଴ܾ଴ ൌ 0, ܽ଴ܾଵ ൅ ܽଵܾ଴ ൅ ܽଵܾଵ ൌ 0,… , ܽ଴ܾ௞ ൅ ܽ௞ܾ଴ ൅
ܽ௞ܾ௞ ൌ 0. ߶ሺݔሻ߶ሺݔଵሻ ൌ ሺܽ଴, … , ܽ଴ ൅ ܽ௞ሻሺܾ଴, … , ܾ଴ ൅ ܾ௞ሻ ൌ 0. We have ߶ሺܥሻୄ ⊂ ߶ሺୄܥሻ. 
By using  |߶ሺܥሻୄ| ൌ |߶ሺୄܥሻ|, we have ߶ሺܥሻୄ ൌ ߶ሺୄܥሻ. 

 
 
 
Proposition 11: Let ܥ be a linear code of length ݊ over ܦ௞ and ߶ሺܥሻ ൌ   ௞ାଵܥ⨂…⨂ଵܥ

then 
 

߶ሺୄܥሻ ൌ ଵܥ
ଶܥ⨂ୄ

௞ାଵܥ⨂…⨂ୄ
ୄ  

 
which gives ୄܥ ൌ ሺ1 െ ଵݒ െ ⋯െ ଵܥ௞ሻݒ

ଶܥଵݒ⨁ୄ
௞ାଵܥ௞ݒ⨁…⨁ୄ

ୄ  . 
 
Proposition 12: Suppose ܥ ൌ ሺ1 െ ଵݒ െ ⋯െ  ௞ାଵ is a cyclicܥ௞ݒ⨁…⨁ଶܥଵݒ⨁ଵܥ௞ሻݒ

code of length n over 	ܦ௞. Then  
 

ܥ ൌ 〈ሺ1 െ ଵݒ െ ⋯െ ௞ሻݒ ଵ݂, ଵݒ ଶ݂, … , ௞ݒ ௞݂ାଵ〉 
 

and |ݍ=|ܥሺ௞ାଵሻ௡ିሺௗ௘௚௙భା⋯ାௗ௘௚	௙ೖశభሻ	, where ଵ݂, ଶ݂, … , ௞݂ାଵ generator polynomials of 
,ଵܥ … ,  .௞ାଵ,  respectivelyܥ

 
Proposition 13: Suppose ܥ is a cyclic code of length ݊ over ܦ௞, then there is a unique 

polynomial ݂ሺݔሻ such that ܥ ൌ൏ ݂ሺݔሻ ൐ and ݂ሺݔሻ|ݔ௡ െ 1, where ݂ሺݔሻ ൌ ሺ1 െ ଵݒ െ ⋯െ
 .ሻݔ൅1ሺ݂݇݇ݒ൅…൅ݔ1݂2ݒ൅ݔ1݂݇ݒ

 
Proposition 14: If ܥ ൌ ሺ1 െ ଵݒ െ⋯െ  ௞ାଵ is a cyclic code ofܥ௞ݒ⨁…⨁ଶܥଵݒ⨁ଵܥ௞ሻݒ

length ݊ over ܦ௞	, then  
 

ୄܥ ൌ 〈ሺ1 െ ଵݒ െ⋯ .െݒ௞ሻ݄ଵ
∗ ൅ ଵ݄ଶݒ

∗ ൅ ⋯൅ ௞݄௞ାଵݒ
∗ 〉 

 
and |ݍ=|ୄܥሺௗ௘௚௙భା⋯ାௗ௘௚	௙ೖశభሻ, where ݄௜

∗		are the reciprocal polynomials of ݄௜ for ݅ ൌ
1,2, … , ݇ ൅ 1, i.e., ݄௜ሺݔሻ ൌ ௡ݔ െ 1 ௜݂ሺݔሻ, ݄௜

∗ሺݔሻ ൌ ⁄		ଵሻିݔ୥௛೔݄௜ሺୣୢݔ for  ݅ ൌ 1,2, … , ݇ ൅ 1. 
 
 

3.  SKEW  CODES OVER ࢑ࡰ 
 
 
We are interested in studying skew codes over the ring 	ܦ௞, where  1 ൑ ݇		. 
For ݇ ൌ ଵܦ ,1 ൌ ॲ௤ሾݒଵሿ ଵݒ〉

ଶ െ ⁄〈ଵݒ  where  ݒଵ
ଶ ൌ ݍ		,ଵݒ ൌ   ௠  with ring automorphism݌

 
		ଵܦ	:௜ߠ →  		ଵܦ

 

defined by  ߠ௜ሺܽ ൅ ଵܾሻݒ ൌ ܽ௣
೔
൅ ଵܾ௣ݒ

೔
. In [15], they studied  skew cyclic codes on ܦଵ. 

We define non-trivial ring automorphism ߠ௧ on the ring ܦ௞  by  
 

		௞ܦ	:௧ߠ →  		௞ܦ
௧ሺܽ଴ߠ ൅ ଵܽଵݒ ൅ ⋯൅ ௞ܽ௞ሻݒ ൌ ܽ଴௣

೟
൅ ଵܽଵ௣ݒ

೟
൅ ⋯ .൅ݒ௞ܽ௞௣

೟
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The automorphism ߠଵ is Frobenious automorphism of ॲ௤, ݍ ൌ ௧ߠ ௠  and݌ ൌ ଵߠ
௧. The 

order of the automorphism ߠ௧	 is ݉ ⁄ݐ . 
The ring ܦ௞ሾݔ, ௧ሿߠ ൌ ሼܽ଴ ൅ ܽଵݔ ൅⋯൅ ܽ௡ିଵݔ௡ିଵ	 ∶ 	 ܽ௜ ∈ ݊			,௞ܦ ∈ ܰሽ		is called a 

skew polynomial ring. This ring is a non-commutative ring. The addition in the ring ܦ௞ሾݔ,  ௧ሿߠ
is the  usual polynomial addition and multiplication is defined using the rule, ൫ܽݔ௜൯൫ܾݔ௝൯ ൌ
௧ߠ	ܽ

௜ሺܾሻݔ௜ା௝. 
 
Definition 15:  A subset ܥ of ܦ௞

௡	 is called a skew cyclic code of length ݊ if ܥ satisfies 
the following conditions, 

i. ܥ is a submodule of			ܦ௞
௡ , 

ii. If   ܿ ൌ ሺܿ଴, … , ܿ௡ିଵሻ ∈ ఏ೟ሺܿሻߪ then ,ܥ ൌ ሺߠ௧ሺܿ௡ିଵሻ, ,௧ሺܿ଴ሻߠ … , ௧ሺܿ௡ିଶሻሻߠ ∈  ܥ
Let  ݂ሺݔሻ ൅ ሺݔ௡ െ 1ሻ be an element in the set ܵ௞,௡ ൌ ,ݔ௞ሾܦ ௡ݔ௧ሿ/ሺߠ െ 1ሻ and 

let			ݎሺݔሻ ∈ ,ݔ௞ሾܦ  ,௧ሿ. Define multiplication from  left as followsߠ
 

ሻݔሻሺ݂ሺݔሺݎ ൅ ሺݔ௡ െ 1ሻ)=	ݎሺݔሻ݂ሺݔሻ ൅ ሺݔ௡ െ 1ሻ 
 
for any ݎሺݔሻ ∈ ,ݔ௞ሾܦ  .௧ሿߠ

 
Theorem 16: ܵ௞,௡	 is a left ܦ௞ሾݔ,  .௧ሿ-module where multiplication defined as in aboveߠ
 
Theorem 17: A code ܥ in ܵ௞,௡ is a skew cyclic code if and only if ܥ is a left 

,ݔ௞ሾܦ ,ݔ௞ሾܦ  ௧ሿ-submodule of the leftߠ  .௧ሿ-module ܵ௞,௡ߠ
 
Theorem 18:  Let ܥ be a linear code of length ݊ over ܦ௞ and  ܥ ൌ ሺ1 െ ଵݒ െ⋯െ

…,ଵܥ ௞ାଵ, whereܥ௞ݒ⨁…⨁ଶܥଵݒ⨁ଵܥ௞ሻݒ ,  ܥ  are linear codes of length ݊ over ॲ௤. Then	௞ାଵܥ
is a skew cyclic code in according to the automorphism ߠ௧ over ܦ௞	 if and only if  ܥଵ,… ,  ௞ାଵܥ
are all skew cyclic codes over ॲ௤ in according to the automorphism ߠ௧. 

 
Proof. Let ൫ܿ଴

௜ , … , ܿ௡ିଵ
௜ ൯ ∈ ݅ ,௜ܥ ൌ 1,2, … , ݇ ൅ 1	. Assume that ௝ܿ ൌ ሺ1 െ ଵݒ െ ⋯െ

௞ሻݒ ௝ܿ
ଵ ൅ ⋯൅ ௞ݒ ௝ܿ

௞ାଵ for ݆ ൌ 0,1,2,… , ݊ െ 1	, then ܿ ൌ ሺܿ଴, … , ܿ௡ିଵሻ ∈  is a skew ܥ As .ܥ
cyclic code in according to the automorphism ߠ௧, we have 
ఏ೟ሺܿሻߪ ൌ ሺߠ௧ሺܿ௡ିଵሻ, ,௧ሺܿ଴ሻߠ … , ௧ሺܿ௡ିଶሻሻߠ ∈ ఏ೟ሺܿሻߪ We know that .ܥ ൌ ሺ1 െ ଵݒ െ ⋯െ

௧ሺܿ௡ିଵߠ௞ሻ൫ݒ
ଵ ሻ, ௧ሺܿ଴ߠ

ଵሻ, … , ௧ሺܿ௡ିଶߠ
ଵ ሻ൯ ൅ ⋯൅ ௞ݒ ቀߠ௧൫ܿ௡ିଵ

௞ାଵ൯, ௧൫ܿ଴ߠ
௞ାଵ൯, … , ௧൫ܿ௡ିଶߠ

௞ାଵ൯ቁ. So, 

ቀߠ௧൫ܿ௡ିଵ
௜ ൯, ௧൫ܿ଴ߠ

௜ ൯, … , ௧൫ܿ௡ିଶߠ
௜ ൯ቁ ∈ ݅ ௜ forܥ ൌ 1,2,… , ݇ ൅ 1	.	We have ܥଵ, … ,   are skew	௞ାଵܥ

cyclic codes in according to automorphism ߠ௧ over ॲ௤. 
Conversely, assume that ܥଵ,… ,  are skew cyclic codes in according to		௞ାଵܥ

automorphism ߠ௧ over ॲ௤	and ܿ ൌ ሺܿ଴, … , ܿ௡ିଵሻ ∈ where ௝ܿ ܥ ൌ ሺ1 െ ଵݒ െ ⋯െ ௞ሻݒ ௝ܿ
ଵ ൅ ⋯൅

௞ݒ ௝ܿ
௞ାଵ  for  ݆ ൌ 0,1, … , ݊ െ 1, then ൫ܿ଴

௜ , … , ܿ௡ିଵ
௜ ൯ ∈ ݅ ,௜ܥ ൌ 1,2, … , ݇ ൅ 1. Note that ߪఏ೟ሺܿሻ ൌ 

ሺ1 െ ଵݒ െ⋯െ ௧ሺܿ௡ିଵߠ௞ሻ൫ݒ
ଵ ሻ, ௧ሺܿ଴ߠ

ଵሻ, … , ௧ሺܿ௡ିଶߠ
ଵ ሻ൯ ൅ ⋯൅ ௞ݒ ቀߠ௧൫ܿ௡ିଵ

௞ାଵ൯, … , ௧൫ܿ௡ିଶߠ
௞ାଵ൯ቁ ∈  .ܥ

 
Corollary 19: If ܥ is a skew cyclic code in according to the automorphism ߠ௧ over ܦ௞, 

then the dual code ୄܥ is also a skew cyclic code in according to the automorphism ߠ௧ over 
 .௞ܦ
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Theorem 20: Let ܥଵ,… ,  ሻ be the monicݔॲ௤ and ݃௜ሺ	 are skew cyclic codes over	௞ାଵܥ
generator polynomials of them for ݅ ൌ 1,2, … , ݇ ൅ 1		, respectively. Let ܥ ൌ ሺ1 െ ଵݒ െ ⋯െ
ሻݔ. Then there exist a unique polynomial ݃ሺ	௞ାଵܥ௞ݒ⨁…⨁ଶܥଵݒ⨁ଵܥ௞ሻݒ ൌ ሺ1 െ ଵݒ െ ⋯െ
௞ሻݒ ଵ݃ሺݔሻ ൅ ሻݔଵ݃ଶሺݒ ൅ ⋯൅ ሻݔ௞݃௞ାଵሺݒ ∈ ,ݔ௞ሾܦ ܥ ௧ሿ such thatߠ ൌ൏ ݃ሺݔሻ ൐	  and  ݃ሺݔሻ	 is a 
right divisor of   ݔ௡ െ 1. 

 
Corollary 21: Every left submodule of ܦ௞ሾݔ, ௧ሿ/൏ߠ ௡ݔ െ 1 ൐ is principally 

generated. 
 
 
Definition 22  Let ॲ௤ be a finite field of characteristic ݌ with ݍ elements and ߠ௧ be an 

automorphism of ॲ௤. A subset ܥ of ॲ௤
ሺ௞ାଵሻ௡		is called a skew quasi-cyclic code of length 

ሺ݇ ൅ 1ሻ݊  and index ݊ such that |ߠ௧||݇ ൅ 1		if,  
i. ܥ is subspace of ॲ௤

ሺ௞ାଵሻ௡		 

ii. If ܿ ൌ ൫ܿ଴,଴, ܿ଴ଵ, … , ܿ଴,௡ିଵ, ܿଵ,଴, … , ܿଵ,௡ିଵ, … , ܿ௞,଴, … , ܿ௞,௡ିଵ൯ ∈  then ,ܥ
 

߬ఏ೟,௞ାଵ,௡ሺܿሻ ൌ ൬
,௧ሺܿ௞,଴ሻߠ … , ,௧ሺܿ௞,௡ିଵሻߠ ,௧ሺܿ଴,଴ሻߠ … ,

,௧ሺܿ଴,௡ିଵሻߠ	 … , ,௧ሺܿ௞ିଵ,଴ሻߠ … , ௧ሺܿ௞ିଵ,௡ିଵሻߠ
൰ ∈  ܥ

 
Proposition 23 Let ߪఏ೟ be the skew cyclic shift on ܦ௞

௡, let ߶ be the Gray map from 

௞ܦ
௡	to ॲ௤

ሺ௞ାଵሻ௡		, let ߮ be as in the section 2 and let ߬ఏ೟,௞ାଵ,௡ be the skew quasi-cyclic shift 
operator. So, ߶ߪఏ೟ ൌ ,ଵݔሺߥ is a map such that ߥ ఏ೟,௞ାଵ,௡߶ where߬߮ߥ … , ௞ାଵሻݔ ൌ
ሺݔଶ, … , ,௞ାଵݔ ௜ݔ ଵሻ forݔ ∈ ॲ௤௡ with ݅ ൌ 1,2,… , ݇ ൅ 1. 

 
Proof.  Let ݎ௜ ൌ ଴ߙ

௜ ൅ ଵߙଵݒ
௜ ൅ ⋯൅ ௞ߙ௞ݒ

௜  be the elements of ܦ௞, for ݅ ൌ 0,1, … , ݊ െ 1. 
We have ߪఏ೟ሺݎ଴, … , ௡ିଵሻݎ ൌ ሺߠ௧ሺݎ௡ିଵሻ, ,଴ሻݎ௧ሺߠ … , ሺߠ௧ሺݎ௡ିଶሻሻ. If we apply ߶, we have 
߶ሺߪఏ೟ሺݎ଴, … , ௡ିଵሻሻݎ 	ൌ ߶ሺሺߠ௧ሺݎ௡ିଵሻ, ,଴ሻݎ௧ሺߠ … . , ሺߠ௧ሺݎ௡ିଶሻሻ 

                      ൌ ൫ሺߙ଴
௡ିଵሻ௣

೟
, ሺߙ଴

଴ሻ௣
೟
, … , ሺߙ଴

௡ିଶሻ௣
೟
, ሺߙ଴

௡ିଵሻ௣
೟
൅ ሺߙଵ

௡ିଵሻ௣
೟
, … , ሺߙ଴

௡ିଶሻ௣
೟
൅

ሺ1݊ߙെ2ሻݐ݌,…,	ሺ0݊ߙെ1ሻݐ݌൅ሺ݊݇ߙെ1ሻݐ݌,…,	ሺ0݊ߙെ2ሻݐ݌൅ሺ݊݇ߙെ2ሻݐ݌ . 
On the other hand, ߶ሺݎ଴, … , ௡ିଵሻݎ ൌ ሺߙ଴

଴, … , ଴ߙ
௡ିଵ, ଴ߙ

଴ ൅ ଵߙ
଴, … , ଴ߙ

௡ିଵ ൅ ଵߙ
௡ିଵ, … , ଴ߙ

଴ ൅
	,…,0݇ߙ  ൅1,݊, we have݇,ݐߠ߬ െ1. By applying݊݇ߙ0݊െ1൅ߙ
߬ఏ೟,௞ାଵ,௡൫߶ሺݎ଴, … , ௡ିଵሻ൯ݎ ൌ

ሺሺߙ଴
଴ሻ௣

೟
൅ ሺߙ௞

଴ሻ௣
೟
, … , ሺߙ଴

௡ିଵሻ௣
೟
൅ ሺߙ௞

௡ିଵሻ௣
೟
, ሺߙ଴

଴ሻ௣
೟
, … , ሺߙ଴

௡ିଵሻ௣
೟
, … , ሺߙ଴

଴ሻ௣
೟
൅

	ሺߙ௞ିଵ
଴ ሻ௣

೟
, … , ሺߙ଴

௡ିଵሻ௣
೟
൅ ሺߙ௞ିଵ

௡ିଵሻ௣
೟
ሻ. We have expected result.  

Theorem 24: The Gray image a skew cyclic code over ܦ௞ of length ݊ is permutation 
equivalent to a skew quasi-cyclic code of index ݊ over ॲ௤ with length ሺ݇ ൅ 1ሻ݊. 

 
Proof.  Let ܥ be a skew cyclic codes over ܦ௞ of length ݊. So, ߪఏ೟ሺܥሻ ൌ  If we apply .ܥ

߶, we have ߶ሺߪఏ೟ሺܥሻሻ ൌ ߶ሺܥ). From the Proposition 23, 
߶ሺߪఏ೟ሺܥሻሻ ൌ ߶ሺܥ)ൌ  is permutation equivalent to a skew (ܥ߶ሺ	ሻ))). So,ܥሺ߮ሺ߬ఏ೟,௞ାଵ,௡ሺ߶ሺߥ
quasi-cyclic code of index ݊ over ॲ௤ with length ሺ݇ ൅ 1ሻ݊. 
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4. CONCLUSION  

 
 
The algebraic structures of cyclic and skew cyclic codes over the finite ring ܦ௞ are 

studied. A new Gray map from ܦ௞	to ॲ௤௞ାଵ		 is defined. The non trivial automorphism over ܦ௞ 
is given and the skew cyclic codes over ܦ௞ are introduced. A linear code over  ܦ௞ is 
represented by means of  ݇ ൅  is a (cyclic) skew cyclic code ܥ ary codes. It is shown that-ݍ 1
over ܦ௞ if and only if ܥଵ, ,ଶܥ … ,  ௞ାଵ are all (cyclic) skew cyclic codes over ॲ௤. The algebraicܥ
structures of (cyclic) skew cyclic codes and its duality properties are investigated. The Gray 
images of skew cyclic and cyclic codes are obtained.    
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