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Abstract. The aim of the present investigation is to establish certain new fractional
integral inequalities involving the Appell hypergeometric function considering the extended
Chebyshev functional in the case of synchronous functions. In the conclusions numerous
special cases as fractional integral inequalities involving Saigo, Erdelyi-Kober,and
Riemann-Liouville type fractional integral operators are presented.Further, we also reflect
their significance with other related known results due to Purohit, Raina and Belarbi and
Dahmani.
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1. INTRODUCTION

Fractional integral inequalities have several applications, the most valuable ones are in
establishing uniqueness of solutions in fractional boundary value problems and in fractional
Partial differential equations, under various assumptions (Chebyshev inequality, Griiss
inequality, Hermite- Hadamard inequality, Ostrowski inequality, etc.), inequalities are playing
a very significant role in all fields of mathematics, particularly in the theory of
approximations [2, 6]. Here we shall use the following definitions with their related details.

Definition 1. Two functions fand g are said to be synchronous on [a, b], if

{F@-f)(E®-g®)} =20, forany x,y [a, b]. (1

Definition 2. A real-valued function f(x) (x > 0) is said to being the space C,, 1 € R if there
exists a real number p > such that f (X) = x"¢(x) , where ¢(x)eC (0, ).
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Definition 3. Let a,a',5,3',y € C and Re(y) > 0 then a generalized fractional integral,

—a X
ua/"’ﬂr “ t

f0=" oo Faat f By T ) T 2)

Where the functlon F,(—)appearing as a kernel for the operator is the Appell
hypergeometric function defined by

Vg v v (@ (@), (B)n (B, X" Y
Fla,a'p,B.r.%Y)= mzo ZO o ey , max| |X <1] 3)
and (), is pochhammer symbol such that,
(a), =a(a+)(a+2).(a+m-1) (a), =1 (4)

The purpose of the present investigation is to acquire certain Chebyshev type integral
inequalities involving the generalized fractional integral operators [13] which comprises in the
kernel, the Appell hypergeometric function .The concluding section gives some special cases
of the main results.

Preliminary Lemma
The following lemma are required to establish our main results.
Lemma 1. [7, p. 394, eqn. (4.18)]

Let «a,a'p,pyeC
If Re(y) >0 , Re(p) >max [0, Re(a + o'+ f—y),Re(a'- '], then

Igt,a',ﬂ,ﬂ',y Xp—l — Xp—a—a'ﬂ/—l Fp r(p—i_}/_a_a'_ﬁ) r(p+ﬂ'_a') (5)
’ L(pty-a-a)(p+y—a'-p) T'(p+p"
Theorem 1. Let fand g be two synchronous functions on [0, ©°), then
Ig;a',ﬂ,ﬁ',y{f(x)g(x)}> F(l+ﬂ)r(1+7/ a ﬂ) F(1+}/ a—a )X y+a+a' Iaa VBB vf(x)loof;(a',/},ﬂ',yg(x)

r+y-a-a-pHri+p'-a’)
Vx>0, f'>-1, 1>max.{0,Re(ex+a'+ f-y),Re(a'- ")}, (y —a)>max.(1- f ,1—-a) (6)

Proof: Let fand g be two synchronous functions; then using Definition 1, for all ,

p €(0,%), x>0, wehave {(f (v)-f(p)) (g(1)-g(p)}=0, (7

Which implies that,

WWW.josa.ro Mathematics Section



Some fractional integral ... Sunil Joshi et all. 25

@Dg@+fPegm=f@ep+fp) e (8)

Now multiply b TR(a,al, BBy ,1—5) and integrate with
X T

respect to 7 from 0 to X in equatlon (8), we get

1577 {F(0)9(0)} +f(p)9(p)|””7(1) 295" (@ + TP 9()  (9)

T F(a,a, B, By, 1~ '0 1——) and integrate with

Again multiply b

respect to 0 from 0 to X in equatlon (9), we get

L P (@G )+ 1577 (£ ()G 7 ()2 NP g (p) e £ (7)
LI () g (2) - (10)

= 2055 @@ M) 2 2085 gl (7) (11

Using the formula (5) (by putting p =1) and we obtained required result.

youn

P L. T4+ B)T(+y—a'-HTA4y=a'=@) e | 14wy
IO,x (1:][ f|(X)J2|: F(l+7—a—a'—,B)F(l+ﬂ'—a') X j| HIO,X {fI(X)}

i=1

Vx>0, f'>-1,1>max.{0,Re(x+a'+ f'-y),Re(a'- f")},(y —a') >max.(1- f,1- ) (12)

Proof: This theorem has proved by induction principle by putting n=1 in equation (12).
We have 155777 {f, ()} 2 1555277 {£,(%)}
Next, forn =2 in (12), we get

|(;l;(fl»',3»,3',}’ {fl(x) fz(x)} 2|:1-'(1+ﬂv) 1—‘(1—'_7/_“'_ ﬁ)r(l+7_a'_ 0{) X—y+a+a‘:|
’ Ir'l+y—-a-a'-pr1+p'-a")

X[UG P R OO { (%3] (13)

By mathematical induction principal, let us suppose it is true for (n-1), then

a.aB.p\y - l—‘(1—|_ﬁ') F(1+}/_a'_ﬁ)r(1+7_a'_ a) —y+a+a . a.a,B.p\y
500 ([T 100 Jo PO LUy [ ey
(14)
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geen

n-1

H f,(X) is also an increasing function. Therefore, we apply inequality (6) to the function
i=1

n-1
H f,(x)=g(x)and f =f to get the desired result.

i=1

Theorem 3. Let fand g be two synchronous function on[0,), then

'd+c-a—-a'-b)r'(l+b'-a"
rq+bHrd+c-a'-b)rg+c—-a-a’
. I'l+y-a-a'-p(1+p'-a")
T+BYT(+y—a'-p) r(1+y—a—a)

A (0900

50900} 2 15T E NP g (x)
+IaabbCf(X)|aabng(X) (15)

forallx>0,y,c>0,8.b'>-1, (f'-a") >0, (1+y)>max.{0,(¢+a"),(a'+ B),(a+a'+ [)},
(b'-a" >0, (1+c)>max.{0,(a+a"),(a+b),(a+a'+h)},

—-a

Proof: Multiplying equation (9) by (X p) ' p*F(a,a'b,bc,1- ,1—1)
P

and integrate with respect to p both 31de from 0 to x, we have
L0 (@GO (1) + 135 F () ()} e (1)
21 G R @+ (I g() (16)

Finally, using equation (5) in above equation we will get the desired result.

Remark 1. It may be noted that inequalities (6) and (15) are reversed if the functions are
asynchronous on [0, ©°); that is,

{Ff ) —f () (ex) g} <0, forany x, y €[0, ).

Remark 2. For a=a,a'=a'\b=f, b'= "', ¢ =y, Theorem 4 immediately reduces to
theorem 1.

Theorem 4. Let f and g be two functions defined on [0,0) such that f is increasing, g is

differentiable, and there exists a real number m=inf, , g'(X), then
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a,a BBy F(1+ﬂ )F(1+7/ a'- ﬁ) r(1+7 a'- (Z) —y+a+a a,a\B.B\y a,a BBy
lox {f()9(x)} = Mty —a—a- ﬂ)l‘(l+ﬁ o) lox {F OO {9(x)}
(1+7/_a_a_ﬁ)(l+ﬁ'_ ' azxﬂﬂy aa'\ BBy
e e DI PO om0} )

forallx>0,y>0,8'>-1, (f'-a") >0, (1+y)>max.{0,(a +a"),(a'+ f)(a+a'+ [)}

Proof: Let s(x) = g(x) — mx, it is clear that it is differentiable and it is increasing on|[
therefore by theorem (1) [eq. (6)], we have

@'y _ FA+pTA+y—a=pTty-—a-a) e
o [TO01900 —mxj] = Ir'd+y-a-a-pHrl+p'-a’) X
12887 £ (0L (g () —mig (18)

0,0),

> r(l+ﬁ)r(l+7/ a IB)F(1+7 a— a) 77+a+a|aaﬁﬁyf(x)|aaﬁﬁy

: - 9(x)

(I+y-a—a'- BT+ 4~

ml U TAdy=a= f) Tty 020 s s o g (yy 287 gx) (19)
Fl+y-a-a'-pIrl+p'-a)

By using equation (5) and putting p =2 we acquire a desired result.

Theorem 5. Let fand g be two functions defined on [0, ©°), such that fis increasing, g is
differentiable, and there exists a real number M =sup .., g '(t), then

a,a \p,py F(1+ﬂ')r(l+7/ a ﬂ) F(1+7/ a a) —y+a+a'ya.al BBy a,a \p.py
lox {f()9(0} = Mty —a—a—Ard+ i a) X Lo {035y {9}
(1+}/—0{—a—ﬂ)(l+ﬂ—a')x aaﬂﬂ}/ a,a\B.By
e eyt Bty ey T QO MG 49003 (20

forallx>0,y>0,8'>-1, (f'-a") >0, (I1+y)>max.{0,(a+a"),(a'+ f)(a+a'+ [)}

Proof: Let s(x) = g(x) — Mx, it is clear that it is differentiable and increasing on [0, ) .By

applying the similar procedure as of in theorem 3, one can easily establish the above theorem.
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CONCLUDING REMARKS

We consider some special consequences of the result derive in the previous section.
Following Saigo and Maeda [7], the operator (2) would reduce immediately to the
extensively investigated Saigo, Erdelyi-Kober and Riemann-Liouville type fractional
integral operators respectively given the following relationships [4, 5].

,ax

j(x )" F (o, B, y,l——)f(t)dt (y>0,a,8eR) (21)

|E0PPTE (X) = 1707 f (%) =

77+ﬂ X

j(x ty 't/ f(t)dt (y>0,8eR) (22)

17007 £ (x) =177 () =

10277 £ (x) =1 f(x)——j(x " f(Hdt (7>0) (23)

Now if we put '=0 and make theorem (1) to (3) and remark (1), (2) in terms of
relation (21), the known fractional integral inequalities due to Purohit and Raina [2].

Again, fora'=0, theorem 6 and 7 provide, respectively. The following inequalities
involving Saigo fractional integral operators.

Corollary 1. Let f and g be two functions defined on [0,%0) such that f is increasing and g is
differentiable, there exists a real number m=inf, ,; 9'(X), then

v.a=y,—p r(1+7/ a)r(1+7/ ﬂ)

I HE009(0)) 2 Tty —a—p)
(I+y—a-p)x
(+y=p)d+y-a )

AT OO g0

1577 {00y +mIgE 7 {g (%)} (24)

forall x>0,y > max.{0,a+ f-L,a-1,5—1}.

Corollary 2. Let fand g be two functions defined on [0, o), such that f is increasing, g is
differentiable, and there exists a real number M =sup .., g '(t) , then

| /e -B IF'd+y-a)l(1+y-p)
(0090032 == =

(I+y—a-p)x

(+y=-p+y- )

XN OO g (0}

17O+ MIZT g () (25)

forall x>0,y > max.{0,a+ f-l,a—-1,5—1}.
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Indeed, by suitably specializing the values of parameters ¢ 'and & the results presented
in this paper would find further fractional inequalities involving the Erdelyi-Kober and
Riemann-Liouville type fractional integral operator, on taking relations (22) and (23) into
account. For example, if we set ¢'=0and « =y, Theorems 6 and 7 lead to the following

results involving Erdélyi-Kober fractional integral operator.

Corollary 3. Let f and g be two functions defined on [0,00) such that f is increasing, g is
differentiable, and there exists a real numberm =inf, _, g'(X), then

o A4y =p) e s
I AT ()9 (%)} 2 ra-p) 1557 LF O0ME, {9 (0}

(1+7—0£—ﬂ)X 7P 7B
ey —piey—ay o 1 O MITHO00) 6)

forall x>0,y > max.{0,5—1}.

Corollary 4. Let f and g be two functions defined on [0, ©°), such that fis increasing, g is
differentiable, and there exists a real number M =sup,.,g'(t), then

7/5' ( Y- ﬂ) 77+a7ﬂ
I " (09(x)} = ra-p) 52T 00N {9 (0}

(l+y—a—-p)x o
(+y-B)(1+y—-a) 1557 { 003+ MIT {9 (0} (27)

forall x>0,y > max.{0, B —1}.

Finally, if we take a'=0anda =0 (c'=0and ¢ = 0additionally for Theorem 3), then
Theorems 1 to 5, yield the known result due to Belarbi and Dahmani [1].We conclude with
the remark that the results derived in this paper are general in character and give some
contributions to the theory of integral inequalities and fractionalcalculus. Moreover, they are
expected to find some applications for establishing uniqueness of solutions in fractional
boundary value problems and in fractional partial differentialequations.
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