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Abstract. We study zero constant mean curvature surface family prescribed by a given 

curve in Minkowski 3-space. We derive necessary and sufficient condition for zero constant 
mean curvature surface family prescribed a timelike or spacelike curve. We indicate the 
condition of a given curve is a geodesic curve or asymptotic curve on zero constant mean 
curvature surfaces. 
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1. INTRODUCTION  
 
 

One of the oldest problems in geometry is the isoperimetric problem which find 
surfaces of least area enclosing a prescribed volume. Constant mean curvature surfaces are the 
local solutions of this problem. Therefore they are play an substantial role in differential 
geometry. These surfaces are of great interest jointly for mathematicians, physicists and 
engineers since they provide mathematical models a physical system which has minimum 
energy. Constant mean curvature surfaces in Minkowski space is important in general 
relativity. The mean curvature can be used as a global time coordinate and makes a time 
gauge, which it is important in the study of singularities, the positivity of mass and 
gravitational radiation[2,4]. 

In Minkowski 3-space 3
1R , a spacelike surface with zero constant mean curvature is 

called spacelike maximal surface and a timelike surface with zero constant mean curvature is 
called timelike minimal surface. Weierstrass type representation formula for spacelike 
maximal surface was derived by Kobayashi [11], for timelike minimal surface was derived by 
Minor [13]. Using the Frenet frame of a given curve, parametric representation of minimal 
surface family was derived in Euclidean space[5]. In Minkowski space, spacelike maximal 
surface family prescribed by a spacelike curve and timelike minimal surface family prescribed 
by a spacelike curve was studied in [6] and [7]. 

In this paper, we investigate general conditions to zero constant mean curvature 
surface family prescribed a given spacelike or timelike curve. We derive a diferential equation 
system as necessary and sufficient conditions for zero constant mean curvature surface family 
prescribed a given spacelike or timelike curve. We use the Frenet frame of a given curve for 
deriving necessary and sufficient conditions. We indicate conditions of a given curve is a 
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geodesic curve or asymptotic curve. We derive some timelike minimal surface family for 
timelike curves as examples. 

 
 

2. PRELIMINARIES 
 
 
 In this section we give some principal properties of Minkowski 3-space. 

Let 3
1R  be Minkowski 3-space with metric , . In terms of natural coordinates, the metric ,  

is defined as 

 2 2 2
1 2 3, de de de= + -  . 

 
A vector X  is called  

 

spacelike if  

timelike if

null if

, 0

, 0

, 0

X X

X X

X X

 



 

. 

 
The vector product of the vectors 1 2 3( , , )X x x x=  and 1 2 3( , , )Y y y y=  is 

 

1 2 3

1 2 3

1 2 3

e e e

X Y x x x

y y y

-
´ = . 

 
The Frenet frame of the unit speed curve ( )r r u=  is an othonormal basis { , , }T N B  

where  

 

,

,

dr
T r

du
r

N
r

B T N

ìïï ¢= =ïïïï ¢¢ïï =íï ¢¢ïïï = ´ïïïïî

 

 
they are called tangent, normal and binormal of the curve r , respectively. The curve r  is 
called spacelike (timelike, null) if its tangent vector T  is spacelike (timelike, null) in 
everywhere. Frenet equations are  
 

0 0

0

0 0

T T

N N

B B

hk
ek eht

ht

é ù é ù é ù¢ê ú ê ú ê ú
ê ú ê ú ê ú¢ = - -ê ú ê ú ê ú
ê ú ê ú ê ú¢ -ê ú ê ú ê úë û ë û ë û

 

 
where ,T Te = , ,N Nh = .The curvature of the curve r  is ,T Nk ¢= , the torsion of 

the curve r  is ,N Bt ¢= . Full details can be found in [12,14]. 
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 We express parametrization of the surface 3
1x RÌ  as 

 
 ( , ) ( ) ( , ) ( ) ( , ) ( ) ( , ) ( )x u v r u f u v T u g u v N u h u v B u= + + + . 

For 0v v= , 

 0( , ) ( )x u v r u=   

 
is a parameter curve on x  and is called isoparametric curve on the surface x . If we calculate 
partial derivatives of ( , )x u v  as 

 
,u

v

x
x

u
x

x
v









  

then we have, 
(1 ) ( ( )) ( )u u u u

v v v v

vv vv vv vv

x f g T g f h N h g B

x f T g N h B

x f T g N h B

ek h k t eht= + - + + - + -
= + +
= + +

 

 
[(1 ) ( ( ))]

[( ( )) (1 ) ( )]

[( ) ( ( ))]

uu u u u

u u u u

u u u

x f g g f h T

g f h f g h g N

h g g f h B

ek ek h k t
h k t hk ek ht eht
eht eht h k t

= + - - + -
+ + - + + - - -
+ - - + -

. 

 
The unit normal ( , )n n u v=  of the surface x  is defined by 
 

( , ) u v

u v

x x
n u v

x x

´
=

´
 

 where  

1 2 3u vx x T N Bj j j´ = + +  

and 

 
1

2

3

(( ( )) ( ) )

(( ) (1 ) )

(( ( )) (1 ) ).

u v u v

u v u u

u v u v

g f h h h g g

h g f f g h

g f h f f g g

j e h k t eht
j h eht ek
j eh h k t ek

= + - - -
= - - + -
= + - - + -

  

 
The conditions of  the curve r  is a geodesic curve on the surface x  was derived by 

Kasap and Akyildiz [8] as  

 
1 0

2 0

3 0

( , ) 0,

( , ) 0,

( , ) 0.

u v

u v

u v

j
j
j

=
¹
=

  (1) 

 
The condition of the curve r  is an asymptotic curve on the surface x  was derived by 

Saffak et al. [15] as 
 

 0( , ) 0vh u v = .  (2) 
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The mean curvature H  of the surface x  is  
 

 
2

1 2

2

eG fF gE
H

EG F

- +=
-

  (3) 

 
 where ,uue x n= , ,uvf x n= , , , ,vv u ug x n E x x= = , ,u vF x x= , 

,v vG x x=   are the coefficient of the first and second fundemental forms. 

 
 
3. ZERO CONSTANT MEAN CURVATURE SURFACE FAMILY 
 
 
 In this section we derive necessary and sufficient condition of zero constant mean 
curvature surfaces prescribed a curve.  

 Let  3
1x RÌ   be a spacelike or timelike surface. We know that there exist a conformal 

parameter  ( , )x u v   on the surface x  [9]. We reconsider the conformal parameter as  

 

 , ,  and , 0u u v v u vx x x x x xs= =   (4) 

where 
1  is timelike,

1  is spacelike.

x

x
s

ì-ïï= íïïî
 

 
Thus, the mean curvature of  x   vanishes if and only if  
 

 0uu vvx xs+ = .  (5) 

 
Hence, we obtain the following theorem. 

 
Theorem 1. Let the spacelike or timelike curve 3

1r R  be an isoparametric curve on the 

surface 3
1x R , then the mean curvature of x  is constant zero if and only if there exist the 

functions , ,f g h  which are satisfiying the following conditions 
 

 2 2 2 2 2 2(1 ) ( ( )) ( )) ( )u u u v v vf g g f h h g f g he ek h h k t eh eht s e h eh+ - + + - - - = + -   (6) 

 
  
 (1 ) ( ( )) ( ) 0u v u v u vf g f g f h g h g he ek h h k t eh eht+ - + + - - - =   (7) 

 
  
 (1 ) ( ( ))u u u vvf g g f h fek k h k t s+ - - + - = -   (8) 
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 ( ( )) (1 ) ( )u u u u vvg f h f g h g gh k t hk ek ht eht s+ - + + - - - = -   (9) 

  
 ( ) ( ( ))u u u vvh g g f h heht ht h k t s- - + - = -   (10) 

 
Proof. Let the mean curvature of x  is constant zero. From (4) we have (6) and (7). Also, from 
(5) we have (8)-(10). 
Conversely, let the equations (6)-(10) are satisfied. Thus, we have 0H = .   □ 
 
 Note that, for  1, 1e s= =   the surface x  is a spacelike maximal surface, for 

1, 1e s=  = -   the surface x  is a timelike minimal surface. 
 From the following proposition, if we solve the equations (8)-(10) then the equations 
(6) and (7) give us constants which are derived from (8)-(10). 
 
 Proposition 1. Let (5) is satisfied. Then  1, ,u u v vx x x x cs= +   if and only if  

2,u vx x c=   where 1c , 2c  are constant. 

 
Proof . Let uu vvx xs= - . Then  

, , ,

1
( , , ),

2
, , ,

1
( , , ).

2

u v uv u vv vu

u u v vv v

u v uv v uu uv

v v u uu u

x x x x x x

x x x x

x x x x x x

x x x x

s

s

s

s

= -

= -

= -

= -

 

Thus proof is completed.       □ 
The following corollaries give us conditions to the curve r  be geodesic curve or 

asymptotic curve on the zero constant mean curvature surface x . 
 
Corollary 1.  Let the curve  r   be an isoparametric curve on the zero constant mean curvature 
surface  x  . Then the curve  r   is a geodesic curve on the surface  x   if and only if  
 
 0( , ) 1,vh u v =    (11) 

 
 ,N N es= - .  (12) 

 
Proof.  From isoparametric condition, we have  

0 0 0( , ) ( , ) ( , ) 0f u v g u v h u v= = =  

and  

0 0 0( , ) ( , ) ( , ) 0u u uf u v g u v h u v= = = . 

 
Let the conditions (11) and (12) are satisfied. From (6) and (7) we have  0( , ) 0vg u v =  

. From (1) the curve r  be a geodesic curve on surface x . 
Conversely, let the curve r  is a geodesic curve on the surface x . From (1) we have 

0( , ) 0vg u v =  . Thus, from (6) and (7) we have (11) and (12).   □ 
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 Corollary 2. Let the curve r  is  an isoparametric curve on the  zero constant mean curvature 
surface x . Then the curve r  is an asymptotic curve on the surface x  if and only if 
 0( , ) 1vg u v =  ,  (13) 

 
 ,N N es= .  (14) 

 
 Proof.  From (6),(7) and (2) asymptotic we derive (13) and (14) 
 
 
4. EXAMPLES 
 
 
We consider 0 0v =  in the all examples  

 

Example 1. Let 1( ) ( cos , sin , )r u a u a u bu=  be a timelike curve where 2 2 1a b- = -  and 

1s = - . The Frenet vectors are  
 

( ) ( sin , cos , ),

( ) ( cos , sin , 0),

( ) ( sin , cos , ).

T u a u a u b

N u u u

B u b u b u a

= -
= - -
= - -

 

 
Thus we have 1h = , ak =  and bt = . If we choose ( , ) ( )f u v f v= , 

( , ) ( )g u v g v= , ( , ) ( )h u v h v= then from (9) we have 1( ) sin cosg v c v a v a= - + , from  (8) 

and (10), we have 2( ) sinf v c v abcv= -  and 2
2( ) sinb
a

h v c v a cv= -  where c , 1c  and 2c  

are constant. From (7) and (6) we have 2c abc=  and 2
1 1c c=  - . Thus we have a 

timelike minimal surface family prescribed the timelike curve 1r  as 

 

1

2

2 2

( , ; ) ( cos , sin , )

( sin )( sin , cos , )

( ( 1 )(sin ) (1 cos )( cos , sin ,0)

( sin )( sin , cos , ).

x u v c a u a u bu

abc v v a u a u b

c v a v u u

c b v a v b u b u a

=
+ - -

+  - + - - -
+ - - -
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For 1c =  , the 
curve 1r  is a geodesic curve 

on the timelike minimal 
surface 1( , ;1)x u v . For 

0c = , the curve 1r  is an 

asymptotic curve on the 
timelike minimal surface 

1( , ; 0)x u v . For 

1, 2a b= =  we show 
some members of the 
timelike minimal surface 
family 1( , ; )x u v c  in Fig. 1. 

 

 
Fig 1. Timelike minimal surfaces 1( , ; 0)x u v , 1( , ;1)x u v and the timelike curve 1r . 

Example 2.  Let 2( ) (0, cosh , sinh )u u
a a

r u a a=  be timelike curve and  1s = - . The Frenet 

apparatus are  

 

( ) (0, sinh , cosh ),

( ) (0, cosh , sinh ),

( ) (1,0,0),

u u
T u

a a
u u

N u
a a

B u

=

=

=

  

0t = , 
1

a
k =  and 1h = . 

From Theorem 1, we have  
22 1 11 1

2 2
( ) ( 1)

v v
a accg v a e e

-- -= + - and ( , )h u v cv=  . 

Thus we derive a timelike minimal surface family as 
 

2 2

2
1 1 1 1

( , ; ) ( , ( )(cosh , sinh ))
2 2

v v
a a

c c u u
x u v c cv a e e

a a

- - -= + 
. 

 
For 1c =  , the curve 2r  is a geodesic curve on the timelike minimal surface 

2( , ;1)x u v . For 0c = , the curve 2r  is an asymptotic curve on the timelike plane 2( , ;0)x u v . 

For a=4, we show some members of the timelike minimal surface family 2( , ; )x u v c  in Fig. 2. 
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Fig 2. Timelike minimal surfaces 2( , ;0)x u v , 2( , ;1)x u v and the timelike curve 2r . 

  
 
CONCLUSION 
 

We derive necessary and sufficient condition for zero constantmean curvature surface 
family prescribed by a given curve without the complex representation formula. We indicate 
condition of a given curve is a geodesic curve or asymptotic curve on zero constant mean 
curvature surface. 
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