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Abstract. In this paper we construct a new morphism of matrix coalgebras, than we
prove that it is an epimorphism and also that its kernel is a coideal in the matrix coalgebra.
Finally we give a generalization on this type of morphism between two matrix coalgebras.
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1. INTRODUCTION AND PRELIMINARIES

Let k be a field. The aim of this paper is to construct an epimorphism between two
coalgebras, namely the matrix coalgebra M©(n,k) and the coalgebra T, (k), the second is

obtained in a similar way as the first one, where the comultiplication and the counity are those
from the incidence coalgebra associated to the totally ordered set X ={1<2<...<n} of all

positive integers less than n, whereneN " is a positive integer.
Remember that [2] if (X,<) is an intervally finite partially ordered set, means that the

interval [x,y]={z/x<z<y} is afinite set for any x <y, then the incidence k - coalgebra of X
is the k — linear space denoted by IC(X) is a space with basis {f, / x,ye X ,x <y}, where

f.y, =[% Y1, having the comultiplication A and the counity  :

Af)= 2 £,®0f, @AY= 3 [%2®[ZY] reqectively

X<z<y X<z<y
&( fx,y) =0,, @ e([x,yD)=9,,-

Also, in [1] is presented the matrix coalgebra M€ (n,k), where for any considered

positive integer n, M ®(n,k) is a k — linear space of dimension n*> with basis (8)1<i.j<n» Where

e; € M, (k) is the matrix having 1 on the intersection of the line i and the column j as for the

rest 0. The comultiplication A, and the counity &, in M®(n,k) are defined by:

n
Ay(e) =D e, ®e; and &, :MC(n,k) >k ,&,(8;) =3
k=1

2. THE CONSTRUCTION OF A NEW EPIMORPHISM OF MATRIX COALGEBRAS

Now, let’s consider an arbitrary positive integer neN” and X = {1,2,...,n} the set of

all positive integers less than n ordered by <, so X is a totally ordered set. Much more, to any
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pair (i,j) with i<j, i, je X, we can associate an interval denoted by f;, f; :=[i,j] , from
the set S of all intervals of X, where [i, j]={k € X /i <k < j}. With all these notations we can

associate to X a matrix below:

fll f12 fln
O f22 f2n
0 0 f

Also, let T (k) be the k — linear space of dimension with the base f; =[i, j],

n(n+1)
2

where i< j in X. Then, the triplet (T,(k),A,&) is a coalgebra, where the comultiplication and

the counity are those from the incidence coalgebra of X :

ACFD =AML JD = D [LKI®[K, j1= D £, ® f; and &(fy) =&(i, j]) =

i<k<j i<k<j

ij »
0 ,else

fi  if 1<
Now, we can define the map ¢:M®(n,k) > T, (k) by ¢(&;) ={ : .

Proposition. The map ¢ is an epimorphism of coalgebras.

Proof. From the way it is defined ¢ it is obvious that ¢ is a k - linear application.
Let’s prove now that ¢ is a morphism of coalgebras, means that we have to prove the

relations:

(p®@)oA,=Acp and cop=¢,.

So, for every i< j we have:

(P®p)A,(e)) = (co@qo)(Ze.k ®e,)= Z(p(e.k)w(ekp—

k=1

i
=Y £, ® iy = D [LKIOLK, j1=A(i, j)) = A(fy) = Ae(ey).

k=i i<k<]
In the case i > j it is obvious that (p ® p)(A,(g;)) =0= A(@(€;)).
So we have the first relation (p®@@)oA, =Aocgp.
Also, for every i<j we have &(p(e;))=e(fy)=e(i, j))=0; =&,(g;), and for i>j,
e(p(e;)) =£(0)=0=0; =¢,(¢;) . In this way we obtained the second relation, sop=g¢,.

In conclusion, ¢ is a morphism of coalgebras.
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Now, let’s prove that ¢ an epimorphism, which is equivalent to prove that for any
coalgebra (C,A.,s:) and for any two morphisms u,v:T,(k)—>C with the property
Uogp=Vog,we have that u=v.

For this we have the following two diagrams:

& i
M E(n k) T (k) c ® u
v Mok ———= T ——=C
oL v
LB \ ¢ g
Mc(n,ic)®Mc(n,k)—""—*T;(’?Q@T;UC)T}C®C ¢
w@@ W W k

Let consider i< j in P, and from the first diagram we obtain:
(Aceuep)(g)) =(UBU)o(p®@p)oA,)(E;) <

(Acou)(f) =(UBU)P®P)( D &) ®8y) =

i<k<]

Zu(fij)l ®u(fy),= Zu(fik)®u(fkj)'

i<k<j
In the same way, for the map v we have:

Z:V(fij)1 ®Vv(f;),= Zv(fik)®v(fkj)a but uep=vogp,then (Ac cuop)(e;)=(Ac oVop)(e;),

i<k<j
then
zu(fij)l ®u(f),= ZV( fij)l ®v(fy), < Zu(fik)®u(fkj) = ZV( fi) ®v(fy) .

i<k<j i<k<j
From the second diagram we obtain:
(ec ou)(fy) =e(fj) =0, =(ec oV)(fy) and (g cUo@)(&y) = &,(8;) = =(&c o Vo P)(g;).
In conclusion, we have that u=v, so the map ¢ is an epimorphism of coalgebras

between the matrix coalgebra M ©(n,k) and the new coalgebra T, (k).

Remark. From the way it was defined ¢ , we obtain that it’s kernel is

Ker(p)=Y k-e;.

j<i
Consequence. If we denote K = Ker(¢ ), we have that K is a coideal in the matrix

coalgebra M °(n,k).
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Proof. Remind that for any k — coalgebra (C,A,&), a k—subspace | of C is a coideal

if:
A()cC®1+1®C and £(1)=0.
It is obvious that, for any j<i, we have ¢,(g;)=0; =0 and &(K)=0 (D)
More, for j<i we have:
n
k=1 k<i k>i
then

A (K)c KOME(,k)+ME(nk)®K . (2)
From the relations (1) and (2) we have that K = Ker(¢ ) is a coideal in the matrix

coalgebra M ¢ (n,k).

Generalization. Let M (k) be the k — linear space of all matrices with finite columns

having the base (g;) .y , Where A; is a finite set, for any positive integer jeN. On this linear
ieA;

space we define a comultiplication Ay :My(k) >My(k)®My (k) by Ay(e)= Zeik ®ey,

keA;
and a counity ¢y :My(k)—>k by &y(g;)=0;. In this way, M (k) becomes a coalgebra,
named the matrix coalgebra with finite columns.
Like above, we associate to the set of all positive integers N a matrix coalgebra T, (k)

of base (f;);.y, where f;:=[i,]j], where the comultiplication and the counity are the same
ieA;
with those of the incidence coalgebra associated to N, considered as a totally ordered set.

In these conditions, and in a similar way, we have an epimorphism between the matrix

coalgebraM (k) and the coalgebra T, (k) .
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