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Abstract. In this paper we construct a new morphism of matrix coalgebras, than we 

prove that it is an epimorphism and also that its kernel is a coideal in the matrix coalgebra. 
Finally  we give a generalization on this type of morphism between two matrix coalgebras. 
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1. INTRODUCTION AND PRELIMINARIES 
 
 Let k be a field. The aim of this paper is to construct an epimorphism between two 
coalgebras, namely the matrix coalgebra ),( knM C  and the coalgebra )(kTn , the second is 
obtained in a similar way as the first one, where the comultiplication and the counity are those 
from the incidence coalgebra associated to the totally ordered set }...21{ nX   of all 

positive integers less than  n, where n N   is a positive integer. 
 Remember that [2] if ),( X  is an intervally finite partially ordered set, means that the 
interval }/{],[ yzxzyx   is a finite set for any  yx  , then the incidence k - coalgebra of X 
is the k – linear space denoted by )(XIC  is a space with basis },,/{ , yxXyxf yx  , where 

],[, yxf yx  , having the comultiplication ∆ and the counity ε : 





yzxyzx

yzzxyx yzzxyxfff ],[],[]),([)( ,,, , respectively

yxyxyx yxf ,,, ]),([)(   . 

 Also, in [1] is presented the matrix coalgebra ),( knM C , where for any considered 

positive integer n, ),( knM C  is a  k – linear space of dimension 2n  with basis njiije  ,1)( , where 

)(kMe nij   is the matrix having 1 on the intersection of the line i and the column j as for the 

rest 0. The comultiplication n  and the counity n  in ),( knM C  are defined by: 





n

k
kjikijn eee

1

)(  and kknM C
n ),(:  , ijijn e  )( . 

 
 
2. THE CONSTRUCTION OF A NEW EPIMORPHISM OF MATRIX COALGEBRAS 

 

Now, let’s consider an arbitrary positive integer n N   and },...,2,1{ nX   the set of 

all positive integers less than n ordered by  , so X  is a totally ordered set. Much more, to any 
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pair ),( ji  with ji  , Xji , , we can associate an interval denoted by ijf , ],[: jifij   , from 

the set S of all intervals of X, where }/{],[ jkiXkji  . With all these notations we can 

associate to X a matrix below: 



















nn

n

n

f

ff

fff

...00

............

...0

...

222

11211

. 

 Also, let )(kTn  be the k – linear space of dimension 
2

)1( nn
 with the base  ],[ jifij  , 

where ji   in X. Then, the triplet ),),(( kTn  is a coalgebra, where the comultiplication and 

the counity are those from the incidence coalgebra of X :  

 ]),([)( jifij 



jki

kjik
jki

ffjkki ],[],[  and ijij jif   ]),([)( . 

 Now, we can define the map  )(),(: kTknM n
C   by 



 


else

jiiff
e

ij
ij

,0

,
)( . 

 Proposition.  The map   is an epimorphism of coalgebras.  

  

 Proof.  From the way it is defined   it is obvious that   is a k - linear application. 

Let’s prove now that   is a morphism of coalgebras, means that we have to prove the 

relations: 

   n)(  and  n  . 

 So, for every ji   we have:  

 


n

k
kjik

n

k
kjikijn eeeee

11

)()())(())()((   

))(()(]),([],[],[ ijij
jki

j

ik
kjik efjijkkiff  



. 

In the case ji   it is obvious that  0))()(( ijn e ))(( ije . 

 So we have the first relation    n)( . 

 Also, for every ji   we have )(]),([)())(( ijnijijij ejife   , and for ji  , 

)(0)0())(( ijnijij ee   . In this way we obtained the second relation, n  .  

In conclusion,   is a morphism of coalgebras.  
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 Now, let’s prove that   an epimorphism, which is equivalent to prove that for any 

coalgebra ),,( CCC   and for any two morphisms  CkTvu n )(:,  with the property  

  vu  , we have that vu  . 

 For this we have the following two diagrams: 

 

               
  

Let  consider ji   in P, and from the first diagram we obtain: 

  ))()()(())(( ijnijC euueu  

  


))()(())((
jki

kjikijC eeuufu   

 



jki

kjikijij fufufufu )()()()( 21
. 

 In the same way, for the map v we have: 





jki

kjikijij fvfvfvfv )()()()( 21
, but   vu  , then ))(())(( ijCijC eveu    ,  

then  

2121
)()()()( ijijijij fvfvfufu    




jki

kjik
jki

kjik fvfvfufu )()()()( .     

 From the second diagram we obtain: 

 ))(()())(( ijCijijijC fvffu     and ))(()())(( ijCijijnijC eveeu    . 

 In conclusion, we have that vu  , so the map   is an epimorphism of coalgebras 

between the matrix coalgebra ),( knM C  and the new coalgebra )(kTn . 

 

 Remark.  From the way it was defined   , we obtain that it’s kernel is  





ij

ijekKer )( .  

 Consequence. If we denote K = Ker( ), we have that K  is a coideal in the matrix 

coalgebra ),( knM C . 
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 Proof.  Remind that for any k – coalgebra ),,( C , a  k – subspace I  of C is a coideal 

if: 

CIICI  )(  and 0)( I . 

It is obvious that, for any ij , we have 0)(  ijijn e   and 0)( K                         (1) 

 More, for ij  we have: 

 KknMknMKeeeeeee CC

ik
kjik

ik
kjik

n

k
kjikijn  



),(),()(
1

, 

 then  

 )(Kn KknMknMK CC  ),(),( .                              (2) 

 From the relations (1) and (2) we have that K = Ker( )  is a coideal in the matrix 

coalgebra ),( knM C . 

 

 Generalization. Let )(kM N  be the k – linear space of all matrices with finite columns 

having the base 
ji

Njije

)( , where j  is a finite set, for any positive integer j N. On this linear 

space we define a comultiplication )()()(: kMkMkM NNNN   by 



jk

kjikijN eee )( , 

and a counity kkM NN )(:  by ijijN e  )( . In this way, )(kM N  becomes a coalgebra, 

named the matrix coalgebra with finite columns. 

 Like above, we associate to the set of all positive integers N a matrix coalgebra  )(kTN  

of base 
ji

Njijf

)( , where  ],[: jifij   , where the comultiplication and the counity are the same 

with those of the incidence coalgebra associated to N, considered as a totally ordered set.  

 In these conditions, and in a similar way, we have an epimorphism between the matrix 

coalgebra )(kM N  and the coalgebra )(kTN . 
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