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1. INTRODUCTION  
 
 

We recall a new Young-type inequality for positive and real numbers, a definition and 
a result in order to use them below in section 2. 

 
 Theorem 1[1] Let λ, ν and τ be real numbers with a, b > 0 and λ ≥ 1 and 0 ˂ ν < τ < 1. 
Then 
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for all positive and distinct real numbers ܽ and ܾ. Moreover, both bounds are sharp. 

We also recall the definition of the isotonic linear functionals which appears in [2]. 
  

 Definition 1. ([2]) Let E be a nonempty set and L be a class of real-valued functions 
:f E    having the following properties: 

 
   (L1) If ,f g L  and ,a b  then  af bg L  . 

   (L2) 1 L  i.e. if   1f t   for all t E , then f L . 

 
An isotonic linear functional is a functional :A L   having the following 

properties: 
 
  (A1) If ,f g L  and ,a b  then      A af bg aA f bA g     

  (A2) If f L  and   0f t   for all t E  then   0A f  . 
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The mapping A is said to be normalized if  
 
   (A3)  1 1A  . 

 
Now a new generalization of Holder’s inequality for isotonic linear functionals. see  

[3], is given below staring from a new Young-type inequality given in [1]. 
 
Theorem 2. If L satisfies conditions L1, L2, A satisfies A1, A2 on the set E and 
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when f and g are positive functions. 

The classical integral inequality due to Hardy states that for   0f x   and 1p   

   
0 0

1

1

pp
pp

F x dx f x dx
x p

          
  , 

where    
0

x
F x f t dt  . 

If we suppose that all the integral exist on the respective domains of their definition, 
then a generalization of Hardy’s inequality which was given by Pachpatte in [8] is the 
following: 
 
 Theorem A. [8] Let 1,  1p m   be two constants and f a nonnegative and integrable 

function on  0, ,  0a a   . If  F x  is defined by  

     
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2. SEVERAL VARIANTS OF HARDY-PACHPATTE-COPSON’S INEQUALITIES 

 
  

As a consequence of Theorem 2 for the isotonic linear functional    
b

a
A f f x dx   

we have the following inequality: 
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Proposition 1. Let f and g be two positive functions and 1 1,  ,  
1

p
q p q

p



 with 
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p q
   and 11 p p  . We suppose that all the integral exist on the respective domains of 

their definition. Then we have:  
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The following result is a new variant of Hardy-Pachpatte’s inequality from [8].  
 We suppose like in [8] that all the integral exist on the respective domains of their 

definition and that 1 1,  ,  
1

p
q p q

p



 with 

1 1

1 1
1

p q
   and 11 p p   in all then further 

theorems, without further mention. 
 

Theorem 3. Let 1 11,  1,  ,  p m p q   be constants like before and f a nonnegative and 

integrable function on  0, ,0a a   . If  F x  is defined by  
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Proof: We use the same method as in [8], but the classical Holder’s inequality will be 
replaced by an improvement given in [3]. By integrating the left side of the inequality from 
Theorem 3 by parts we obtain: 
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and therefore  
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Using now the inequality from Proposition 1 with indices ݍ ൌ ௣

௣ିଵ
 and ݌ like below, 

we find that 
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Now, dividing in previous inequality by the first integral factor and taking the pth 

power of both sides we obtain: 
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We take into account the expression ׬ ௠ିݔ
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method like before. Integrating by parts this expression and using that the first term is 
negative, we will have: 
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Using again inequality from Proposition 1 with ݍ ൌ ௣
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Dividing again both sides of last inequality by the first integral factor and the taking 
pth power we obtain: 
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Taking into account the obtained inequalities we get the desired inequality. 
A slightly different version of Theorem 3 will be also stated below and is an extension 

of Theorem 3 from [8]. 
  

Theorem 4. Let ݌,݉, ,ଵ݌   ଵ and ݂ be defined as in Theorem 3. Ifݍ
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Proof: We use the same method as in Theorem 3. 
In Թ we have the following two theorems which are new improvements of the variant 

of the Hardy's inequality given by Izumi and Izumi in [6], Theorem 2 and [9], Theorems 3 
and 4.  
 

Theorem 5. Let ݌ ൐ 1,݉ ൐ 1, ,ଵ݌  ሻ be a nonnegatiue andݔଵ be constants and ݂ሺݍ
integrable function on ሺ0, ܾሻ where ܾ ൐ 0 is a constant. Let ݄ሺݔሻ be a positive continuous 
function on ሺ0, ܾሻ and let ܪሺݔሻ ൌ ׬ ݄ሺݐሻ݀ݐ,

௫
଴  for ݔ ∈ ሺ0, ܾሻ. 

Let also ݓሺݔሻ and ݎሺݔሻ be positive and absolutely continuous functions on ሺ0, ܾሻ. If 

1 െ
1

݉ െ 1
ሻݔሺܪ
݄ሺݔሻ

ሻݔᇱሺݓ
ሻݔሺݓ

൅
݌

݉ െ 1
ሻݔሺܪ
݄ሺݔሻ

ሻݔᇱሺݎ
ሻݔሺݎ

൒
1
ߛ

 

 
for almost all ݔ ∈ ሺ0, ܾሻ and some positive constant ߛ and ܩሺݔሻ is defined by  
 

ሻݔሺܩ ൌ
1

ሻݔሺݎ
න ,ݐሻ݀ݐሻ݂ሺݐሻ݄ሺݐሺݎ
௫

௫
ଶ

 

for ݔ ∈ ሺ0, ܾሻ,	then 
 

නݓሺݔሻିܪ௠ሺݔሻ݄ሺݔሻܩ௣ሺݔሻ݀ݔ

௕

଴

൑ ቀߛ
݌

݉ െ 1
ቁ
௣
නݓሺݔሻܪ௣ି௠ሺݔሻ݄ିሺ௣ିଵሻሺݔሻܣ௣ሺݔሻ݀ݔ.

௕

଴

 

 . ቎1 െ
௣భ
௣
ቌ1 െ

׬ ௪ሺ௫ሻ௛
భష

೛
೛భሺ௫ሻு

೛
೛భ

ష೘್
బ ሺ௫ሻீ

೛
೜భሺ௫ሻ஺

೛
೛భሺ௫ሻௗ௫

ቀ׬ ௪ሺ௫ሻ௛షሺ೛షభሻሺ௫ሻு೛ష೘ሺ௫ሻ஺೛ሺ௫ሻௗ௫
್
బ ቁ

భ
೛భቀ׬ ௪ሺ௫ሻ௛ሺ௫ሻுష೘ሺ௫ሻீ೛ሺ௫ሻௗ௫

್
బ ቁ

భ
೜భ

ቍ቏

௣

 

 
 

 where ܣሺݔሻ ൌ ଵ

௥ሺ௫ሻ
ቚݎሺݔሻ݄ሺݔሻ݂ሺݔሻ െ ଵ

ଶ
ݎ ቀ௫

ଶ
ቁ ݄ ቀ௫

ଶ
ቁ ݂ ቀ௫

ଶ
ቁቚ. 
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Proof: We use the same method like in the proof of Theorem 3 from [9] and 

Proposition 1. 
 

 
Theorem 6. Let ݌,݉, ݂, ݄, ,ܪ ,ଵ݌ ,ଵݍ   and r be like in Theorem 5 and ݓ
 

1 െ
1

݉ െ 1
ሻݔሺܪ

݄ሺݔሻ
ሻݔᇱሺݓ

ሻݔሺݓ
െ

݌
݉ െ 1

ሻݔሺܪ
݄ሺݔሻ

ሻݔᇱሺݎ
ሻݔሺݎ

൒
1
ߜ

 

 
for almost all ݔ ∈ ሺ0, ܾሻ and some positive constant ߜ and ܩሺݔሻ is defined by  
 

ሻݔሺܩ ൌ ሻනݔሺݎ
݄ሺݐሻ݂ሺݐሻ

ሻݐሺݎ
,ݐ݀

௫

௫
ଶ

 

 
for ݔ ∈ ሺ0, ܾሻ.	Then we have 
 

නݓሺݔሻିܪ௠ሺݔሻ݄ሺݔሻܩ௣ሺݔሻ݀ݔ

௕

଴

൑ ቀߜ
݌

݉ െ 1
ቁ
௣
නݓሺݔሻܪ௣ି௠ሺݔሻ݄ିሺ௣ିଵሻሺݔሻܤ௣ሺݔሻ݀ݔ.

௕

଴

 

 . ቎1 െ
௣భ
௣
ቌ1 െ

׬ ௪ሺ௫ሻ௛
భష

೛
೛భሺ௫ሻு

೛
೛భ

ష೘್
బ ሺ௫ሻீ

೛
೜భሺ௫ሻ஻

೛
೛భሺ௫ሻௗ௫

ቀ׬ ௪ሺ௫ሻ௛షሺ೛షభሻሺ௫ሻு೛ష೘ሺ௫ሻ஻೛ሺ௫ሻௗ௫
್
బ ቁ

భ
೛భቀ׬ ௪ሺ௫ሻ௛ሺ௫ሻுష೘ሺ௫ሻீ೛ሺ௫ሻௗ௫

್
బ ቁ

భ
೜భ

ቍ቏

௣

 

 
 

where ܤሺݔሻ ൌ ሻݔሺݎ ቤ௛
ሺ௫ሻ௙ሺ௫ሻ

௥ሺ௫ሻ
െ ଵ

ଶ

௛ቀೣ
మ
ቁ௙ቀೣ

మ
ቁ

௥ቀೣ
మ
ቁ
ቤ. 

 
Proof: We use the same method like in the proof of Theorem 4 from [9] and inequality 

from Proposition 1. 
 

Theorem 7. Let ܽ ൏ ܾ ൏ ܴ, ݌ ൐ 1, ݍ ൏ 1, ߙ ൐ 0,  ଵ be constants withݍ ଵ and݌
ଵ

௣భ
൅

ଵ

௤భ
ൌ 1, 	1 ൏ ଵ݌ ൏ ,ሻݔሺݓ and ݌ ,ሻ be positive and locally absolutely continuous in ሺܽݔሺݎ ܾሻ. 

Let ݄ሺݔሻ be a positive continuous function and ܪሺݔሻ ൌ ׬ ݄ሺݐሻ݀ݐ,
௫
௔  for ݔ ∈ ሺܽ, ܾሻ. Also, let 

݂ሺݔሻ be nonnnegative and measurable on ሺܽ, ܾሻ and 
 

1 െ
1

1 െ ݍ
ሻݔሺܪ

݄ሺݔሻ
ሻݔᇱሺݓ

ሻݔሺݓ
log

ሺܴሻܪ

ሻݔሺܪ
൅

݌
1 െ ݍ

ሻݔሺܪ

݄ሺݔሻ
ሻݔᇱሺݎ
ሻݔሺݎ

log
ሺܴሻܪ

ሻݔሺܪ
൒
1
ߙ
	, 

 
 
 for almost all ݔ in ሺܽ, ܾሻ. If ܨሺݔሻ is defined by  
 

ሻݔሺܨ ൌ
1

ሻݔሺݎ
න ,ݐሻ݀ݐሻ݂ሺݐሻ݄ሺݐሺݎ
௫

௔
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 for all ݔ ∈ ሺܽ, ܾሻ,	then 
 

නݓሺݔሻିܪଵ

௕

௔

ሺݔሻ݄ሺݔሻ ቆlog ቆ
ሺܴሻܪ

ሻݔሺܪ
ቇቇ

ି௤

ݔሻ݀ݔ௣ሺܨ ൑ 

൑ ൬
݌ߙ
1 െ ݍ

൰
௣

නݓሺݔሻܪ௣ିଵሺݔሻ݄ሺݔሻ ቆlog ቆ
ሺܴሻܪ

ሻݔሺܪ
ቇቇ

௣ି௤௕

௔

݂௣ሺݔሻ݀ݔ. 

. ൜1 െ
ଵ݌
݌
ሾ1 െ ሿൠܥ

௣

, 

  
where  
 
ܥ

ൌ
׬ ሻ൯ݔଵሺିܪሻ൫ݔሻ݄ሺݔሺݓ

ଵି
௣
௣భ ൬log

ሺܴሻܪ
ሻ൰ݔሺܪ

௣
௣భ
	ି௤

݂
௣
௣భሺݔሻܨ

௣
௤భሺݔሻ݀ݔ

௕
௔

൬׬ ሻ൯ݔଵሺିܪሻ൫ݔሻ݂௣ሺݔሻ݄ሺݔሺݓ
ିሺ௣ିଵሻ

൬log
ሺܴሻܪ
ሻ൰ݔሺܪ

௣	ି௤

ݔ݀
௕
௦ ൰

ଵ
௣భ
൬׬ ଵ௕ିܪሻݔሺݓ

௔
ሺݔሻ݄ሺݔሻ ൬log ൬

ሺܴሻܪ
ሻ൰൰ݔሺܪ

ି௤

൰ݔሻ݀ݔ௣ሺܨ

ଵ
௤భ

 

 
Proof: Also, we use the same method like in the proof of Theorem 7 from [9] and 

inequality from Proposition 1. 
 

 Theorem 8. Let ܽ ൏ ܾ ൏ ܴ, ݌ ൐ 1, ݍ ൐ 1, ߚ ൐  ଵ be constants withݍ ଵ and݌ ,0
ଵ

௣భ
൅ ଵ

௤భ
ൌ 1, 	1 ൏ ଵ݌ ൏ ,ݓ and ݌ ,ݎ ݄, ,ܪ ݂ be as in previous theorem. If  

 

1 ൅
1

ݍ െ 1
ሻݔሺܪ
݄ሺݔሻ

ሻݔᇱሺݓ
ሻݔሺݓ

log
ሺܴሻܪ
ሻݔሺܪ

െ
݌

ݍ െ 1
ሻݔሺܪ
݄ሺݔሻ

ሻݔᇱሺݎ
ሻݔሺݎ

log
ሺܴሻܪ
ሻݔሺܪ

൒
1
ߚ
	, 

 
 
 for almost all ݔ ∈ ሺܽ, ܾሻ and if ܨሺݔሻ is defined by  
 

ሻݔሺܨ ൌ
1

ሻݔሺݎ
න ,ݐሻ݀ݐሻ݂ሺݐሻ݄ሺݐሺݎ
௕

௫
 

 
 for all ݔ ∈ ሺܽ, ܾሻ,	then 
 

නݓሺݔሻିܪଵ

௕

௔

ሺݔሻ݄ሺݔሻ ቆlog ቆ
ሺܴሻܪ
ሻݔሺܪ

ቇቇ
ି௤

ݔሻ݀ݔ௣ሺܨ ൑ 

൑ ൬
݌ߚ
ݍ െ 1

൰
௣

නݓሺݔሻܪ௣ିଵሺݔሻ݄ሺݔሻ ቆlog ቆ
ሺܴሻܪ

ሻݔሺܪ
ቇቇ

௣ି௤௕

௔

݂௣ሺݔሻ݀ݔ. 

. ൜1 െ
ଵ݌
݌
ሾ1 െ ሿൠܥ

௣

, 

  
where  
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ܥ

ൌ
׬ ሻ൯ݔଵሺିܪሻ൫ݔሻ݄ሺݔሺݓ

ଵି
௣
௣భ ൬log

ሺܴሻܪ
ሻ൰ݔሺܪ

௣
௣భ
	ି௤

݂
௣
௣భሺݔሻܨ

௣
௤భሺݔሻ݀ݔ

௕
௔

൬׬ ሻ൯ݔଵሺିܪሻ൫ݔሻ݂௣ሺݔሻ݄ሺݔሺݓ
ିሺ௣ିଵሻ

൬log
ሺܴሻܪ
ሻ൰ݔሺܪ

௣	ି௤

ݔ݀
௕
௦ ൰

ଵ
௣భ
൬׬ ଵ௕ିܪሻݔሺݓ

௔
ሺݔሻ݄ሺݔሻ ൬log ൬

ሺܴሻܪ
ሻ൰൰ݔሺܪ

ି௤

൰ݔሻ݀ݔ௣ሺܨ

ଵ
௤భ

 

 
Proof: The same method like in the proof of Theorem 7 and 8 from [9] and 

Proposition 1 will be used. 
Using the function ௥݂, the Riemann-Lioville integral of f of order r, we give an 

extension of Theorem 2.3 from [7] which proves an extension of Hardy's inequality in two 
dimensions. 
 

Theorem 9. Let ݂, ݃ ൒ 0, ݌ ൐ 1, ݎ ൐ 0, ଵ
௣
൅ ଵ

௤
	= 1 and ݌ଵ and ݍଵ be constants with 

ଵ

௣భ
൅ ଵ

௤భ
ൌ 1, 	1 ൏ ଵ݌ ൏ .ݔWe assume that ݇ሺ .݌  ሻ is a non-negative homogeneous functionsݕ

of degree ‐2	λ with ߣ	 ൐ 1 and that ߙ௣ ൌ ߣሺ݌ െ 1ሻ ൅ 1. If  

௥݂ሺݔሻ ൌ
ଵ

Гሺ௥ሻ
׬ ሺݔ െ ,ݐሻ݀ݐሻ௥ିଵ݂ሺݐ
௫
଴  and ݃௥ሺݕሻ ൌ

ଵ

Гሺ௥ሻ
׬ ሺݕ െ ሻ௥ିଵݐ
௬
଴ ݃ሺݐሻ݀ݐ,  

then 

න න ൬ ௥݂ሺݔሻ
௥ିଵݔ

൰

ఈ೛
௣

ஶ

଴

൬
݃௥ሺݕሻ
௥ିଵݕ

൰

ఈ೜
௤
݇ሺݔ, ݕ݀ݔሻ݀ݕ ൏

ஶ

଴

 

 

൏ ܣ
భ
೛ሺߣሻܤ

భ
೜(ߣሻѲሺ݌ሻѲሺݍሻ൫׬ ݂ఈ೛ሺݔሻ݀ݔ

ஶ
଴ ൯

భ
೛൫׬ ݃ఈ೜ሺݕሻ݀ݕ

ஶ
଴ ൯

భ
೜ ൈ 

 

ൈ ൦1

െ
ଵ݌
݌
൮1 െ

׬ ׬ ሺ ௥݂ሺݔሻሻ
ఈ೛
௣భ ሺ݃௥ሺݕሻሻ

ఈ೜
௤భ݇ሺݔ, ݔሻݕ

ି
ሺఒିଵሻሺ௥௣ିଵሻାሺ௥ିଵሻ

௣భ ݕ
ି
ሺఒିଵሻሺ௥௤ିଵሻାሺ௥ିଵሻ

௤భ ݕ݀ݔ݀
ஶ
଴

ஶ
଴

ܣ
ଵ
௣భሺߣሻܤ

ଵ
௤భሺߣሻ൫׬ ݂ఈ೛ሺݔሻ݀ݔ

ஶ
଴ ൯

ଵ
௣భ൫׬ ݃ఈ೜ሺݕሻ݀ݕ

ஶ
଴ ൯

ଵ
௤భ

൲൪ 

 
  
where ܣሺߣ	ሻ ൌ ׬ ఒିଵݐ

ஶ
଴ ݇ሺ1, ,ݐሻ݀ݐ ሻ	ߣሺܤ ൌ ׬ ,ݐఒିଵ݇ሺݐ 1ሻ݀ݐ

ஶ
଴   

and 

Ѳሺݏሻ ൌ ൮
Гሺ1 െ 1

௦ߙ
ሻ

Гሺݎ ൅ 1 െ 1
௦ߙ
ሻ
൲

ఈೞ
௦

. 

 
 

Proof: We use the same technique as in the proof of Theorem 2.3 from [7] and the 
following inequality  
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න න ݂ሺݔ, ,ݔሻ݃ሺݕ ݕ݀ݔሻ݀ݕ ൑ ቌන න ݂௣ሺݔ, ݕ݀ݔሻ݀ݕ

ஶ

଴

ஶ

଴

ቍ

ଵ
௣

ቌන න ݃௤ሺݔ, ݕ݀ݔሻ݀ݕ

ஶ

଴

ஶ

଴

ቍ

ଵ
௤

ൈ

ஶ

଴

ஶ

଴

 

൦1 െ
ଵ݌
݌
൮

׬ ׬ ݂
௣
௣భሺݔ, ሻݕ

ஶ
଴

ஶ
଴ ݃

௤
௤భሺݔ, ݕ݀ݔሻ݀ݕ

൫׬ ׬ ݂௣ሺݔ, ݕ݀ݔሻ݀ݕ
ஶ
଴

ஶ
଴ ൯

ଵ
௣భ൫׬ ׬ ݃௤ሺݔ, ݕ݀ݔሻ݀ݕ

ஶ
଴

ஶ
଴ ൯

ଵ
௤భ

൲൪ 

which is a consequence of Proposition 1 when λ = 1, ݌ ൐ 1, ଵ
௣
൅ ଵ

௤
	=1 and ݌ଵ and ݍଵ be 

constants with 
ଵ

௣భ
൅ ଵ

௤భ
ൌ 1, 	1 ൏ ଵ݌ ൏  .݌

  
Remark 1.  

(a)  Now, if we take ݇ሺݔ, ሻݕ ൌ ଵ

ሺ௫ା௬ሻమഊ
 in previous theorem and ݎ ൌ 1 then we also obtain a 

generalization of Theorem 1 from [10] as in [7], and therefore we have: 
 

න න
ܨ
ఈ೛
௣ ሺݔሻܩ

ఈ೜
௤ ሺݕሻ

ሺݔ ൅ ሻଶఒݕ
ݕ݀ݔ݀ ൏

ஶ

଴

ஶ

଴

 

൏ ,ߣሺߚ ሻߣ ቆ
௣ߙ

௣ߙ െ 1
ቇ

ఈ೛
௣
ቆ

௤ߙ
௤ߙ െ 1

ቇ

ఈ೜
௤
ቌන ݂ఈ೛ሺݔሻ݀ݔ

ஶ

଴

ቍ

ଵ
௣

ቌන ݃ఈ೜ሺݕሻ݀ݕ

ஶ

଴

ቍ

ଵ
௤

ൈ 

ۏ
ێ
ێ
ێ
ێ
ۍ

1 െ
ଵ݌
݌

ۉ

ۈۈ
ۇ
1 െ

׬ ׬ ሺܨሺݔሻሻ
ఈ೛
௣భ ሺܩሺݕሻሻ

ఈ೜
௤భ
ݔ
ି
ሺఒିଵሻሺ௣ିଵሻ

௣భ ݕ
ି
ሺఒିଵሻሺ௤ିଵሻ

௤భ

ሺݔ ൅ ሻଶఒݕ
ݕ݀ݔ݀

ஶ
଴

ஶ
଴

,ߣሺߚ ሻߣ ൬׬ ൬
ሻݔሺܨ
ݔ ൰

ఈ೛
ݔ݀

ஶ
଴ ൰

ଵ
௣భ
൬׬ ൬

ሻݕሺܩ
ݕ ൰

ఈ೜
ݕ݀

ஶ
଴ ൰

ଵ
௤భ

ی

ۋۋ
ۊ

ے
ۑ
ۑ
ۑ
ۑ
ې

. 

 

(b)  We assume that ܣ, 	ܤ ൐ 0 and we take the kernel ݇ሺݔ, ሻݕ ൌ ଵ

ሺ஺௫ା஻௬ሻమഊ
 in previous 

theorem and then a new generalization of Theorem 1, see [10] occur: 
 

න න
൬ ௥݂ሺݔሻ
௥ିଵݔ ൰

ఈ೛
௣
൬
݃௥ሺݕሻ
௥ିଵݕ ൰

ఈ೜
௤

ሺݔܣ ൅ ሻଶఒݕܤ

ஶ

଴

ݕ݀ݔ݀ ൏

ஶ

଴

 

 

൏
,ߣሺߚ ሻߣ
ሺܤܣሻఒ

Ѳሺ݌ሻѲሺݍሻቌන ݂ఈ೛ሺݔሻ݀ݔ

ஶ

଴

ቍ

ଵ
௣

ቌන ݃ఈ೜ሺݕሻ݀ݕ

ஶ

଴

ቍ

ଵ
௤

ൈ 
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ൈ

ۏ
ێ
ێ
ێ
ێ
ۍ

1

െ
ଵ݌
݌

ۉ

ۈۈ
ۇ
1

െ
ఒܤఒܣ ׬ ׬

ሺ ௥݂ሺݔሻሻ
ఈ೛
௣భ ሺ݃௥ሺݕሻሻ
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