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Abstract. In this paper, using different kind of representations for Gauss
hypergeometric function ,F;(), we establish seven theorems for the Saigo operators of

fractional integration. The theorems established in this paper are of general character.
Keywords: Saigo operator of fractional integration, Gauss hypergeometric function,
hypergeometric function of two variables.

1. INTRODUCTION

Let «, g and n be complex numbers and xeR, =(0,0). The fractional integral
(R(«) > 0) and the fractional derivative (R(«) <0) of the second kind of a function f(x) on R,
are given by (cf. [3]):

| 25 £ (x) = ﬁfa —X)* PR [a+ p-m a1 xit]f ®)dt,  (R(a) > 0). (1.1)
:(—1)n;(—r:1|£f;”'ﬂn"7"f(x), (R(a) <0;0<R(a)+n<1;neNyp). (1.2)

The ,F;() function occurring in the right-hand side of (1.1) is the familiar Gaussian
hypergeometric function defined by

a, b;

e el o @nb)y X"

2F1[a,b,C,X]2F1|: X:l— Z(nTnnn—l, (13)
c: n=0

Where ¢ is neither zero nor a negative integer, for convergence |x|<1;x=1 and ®(c-a-b)>0,

x=-1and R(c-a-b)>-1; and (a), isthe Pochhammer symbol defined by

F(a+n) (0!) n :i (aeC;ne NO)' (14)

(@)g =1, (), =a(a+1)--(a+n-1) = (@) () o)
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Following Saigo [3], for p being real, the function x*~ has integral formula

| @B

X, 0

Al T(B-p+I(n-p+1) -p1 . L g
{Xp }- Tp+ D@t frn—pil) XPTPE (p >0 p <min(R(B), R(1)) +1). (1.5)

The hypergeometric function of two variable due to Srivastava and Karlson [6] is
defined as:

H(a )Hs]‘[(b )rl‘[(c )s
F_piq;k{(ap)ibq);(ck) , } Z T j_l - ry_sl (1.6)
M0 (@)1 (Bm)i (7n); o

= OH(“J)HSH(ﬂ )rH()/J)s

where, for convergence
(i) p+g<l+m+1, p+k<l+n+l, |x < and |y|<w or

(i) p+g=l+m+1, p+k=1+n+1

o
X (p-1) +|Y| (@) <1, if p>1,

max.{[x,|y| }<1, if p<L.

We also have
a_x (@)
(1-%) a—é o, (1.7)
and the beta integral is defined by
1 p- - T(p)I'(q)
B(p,q) = | xPF(1-x) 9  dx = 2 1.8
(P = [P =0T =T S (18)

where %(p)>0 and %R(q)>0.

Recently Singh and Singh [5], established certain theorems for the Saigo operator of
fractional integration of first kind. In the present paper, we propose to add one more
dimension to this study by introducing certain theorems for the Saigo operator of fractional
integration of second kind. The theorems established in this paper are believed to be a new
contribution in the theory of fractional calculus.

2. MAIN RESULTS

In this section, using different kind of representations for Gauss hypergeometric
function ,F (), we shall evaluate the following generalized fractional integrals. The main

theorems are as under:
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Theorem-1 If |x <1 and the familiar Gaussian hypergeometric function defined by
equation (1.3), then we have

a,b o o-a-p-n;

a, b;
Ia,ﬂ,r] XG—]. 2F1 X _XO'—ﬁ—l F(ﬁ_o-+1)r(77_o-+1) 4F3
X c rl-o)r(p+a+pf-o+1)

x} (2.1)

C,o—pf,0-1n;
where ¢ >0 and o < min.(R(B), R(7)) +1.

Proof: On multiplying equation (1.3) by x°, and operating the generalized fractional
integral operator 12£7() to both the sides, the left-hand side, say L of equation (2.1) yields
to

€)n n!

a, b;
’ ’ 0 n
L= ZF{ ] .ﬁ{zﬂ_} 22)
c: n=0

On interchanging the order of integration and summation, which is valid under
conditions given with (1.1)-(1.3), we obtain

- Z(a) 1O g fyoon-t) 2.3)

(€)pn!

On using the formula (1.5), the above equation leads to

L= Z(a) nn T(B-o-n+hI(p-o-n+l) xo+tn=A-1 (2.4)
©)yn! T(-o—n+1)(a+f+n—oc—-n+1) ’ '

which on further simplifications reduces to the right-hand side of the theorem-1, given by
(2.2).

Theorem-2. If |x <1, ®(c)>%R(b)>0 and ([2, p.47, Theorem 16])

a, b;
__ I b 1 b1
ZF{ i} x] m (1-1)°7(1-tx)dt, (2.5)

then the following result holds

a, b; a,b, oc,0-a-p-n,
(@B lyol |l = yo-p1_TB-0o+Dl(n-o+1)
X, 0 21 473
c rl-o)'(n+a+p-o+l)

x], (2.6)

Cv G_ﬂv 0-_771

where ¢ is neither zero nor negative integer, ¢ >0 and o < min.(R(B), R(77)) +1.
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Proof: On making use of relation (2.5), the left-hand side, say L of equation (2.6)
yields to
_yapnlo1 T L PN
L=1g% {x TOre_b) Ot (1-1) (1-tx)"dt (2.7)

On using the binomial series (1.7) and than interchanging the order of integrations and
summation, which is valid under conditions given with (2.6), we obtain

L= i (?n)nl'l r(b)rr((cc)_b) J.Ol tb+mfl (1_t)cfbfldt |£{"£"7 {X0'+mfl} (28)
m=0 )

On making use of (1.8) and fractional integral formula (1.5), the above equation
reduces to the right-hand side of the theorem-2, which is same as theorem-1.

Theorem-3. If |x <1 and we have [1, p.278, eqn.(8.13)]

40 a, b; @ () a+nb+n;
a
W ZFl X =#2Fl X |, (29)
c; n c+n;
then the following result holds
a, b;
a.pB o-1 dn _ F(ﬂ—a+1)F(77—a+l)
I)(Vooyn X _2F1 X -
’ dx" rl-o)(n+a+p-o+1l)
a+nb+no,oc-a-4-n;
wxot @nOh o x|, (2.10)
©)n c+no-pB,0-1n;
where ¢ and c+n is neither zero nor a negative integer, n=12,---, o>0 and

o < min.(R(B), R(p))+1.

Proof: Operating both sides of (2.9) by the fractional integral operator 1247x°, then
we obtain

n a, n; b a+nb+n;
1@ lxet x|l = @n 0O Lelmixet o X (2.11)
dx" c (©)n

c+n;

On making use of theorem-1 in the right-hand side of above equation, we get the
required result (2.10).
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Theorem-4. If |x <1 and due to [2, p.60, eqn.(5)] we have
a, b; c—a,c—b;
2Fp x[=(1-x)2P R x|, (2.12)
c; ok

then

a, b;
|;r’é0ﬁ,i7 xo1 o F x |l = xo-p-1 [(B-c+1)[(n-oc+1)
c rl-o)r(n+a+p-o+1)

21;2
xFao1

o,o0—a—-pf-n: a+b-c;, c—a,c-b;
XX (2.13)

o-p, o-n - C
where ¢ >0 and o < min.(R(B), R(7)) +1.

Proof: In view of the transformation (2.12), the left-hand side of (2.13), say L yields
o

c—a,c—b;
L=12L7 %o (1-x) 2P, Fy X (2.14)
c,

Using (1.7) and expansion formula for Gauss hypergeometric function in the right-
hand side of the above equation, we obtain

©)q m In!

L= |z'£"7{xal i (@+b-c)p(c-a),(c-h), Xm+n} (215)

m,n=0

On interchanging the order of integration and summations, which is valid under
conditions given with (1.1)-(1.3) and (1.6), and than using the formula (1.5), the above
equation leads to

s i (@+b—c), (c-a),(c—b), x™" I'(f-oc-m-n+DI(n—c-m-n+1) (2.16)

m,n=0 (©)n min! T'(—-c—-m-n+1)I'(a+B+n—c-m-n+1)

which, in view of the definition (1.6) further reduces to right-hand side of (2.13).

Theorem-5. If |x <1, ‘ﬁ <1 and we have [2, p.60, eqn.(4)]

ISSN: 1844 — 9581 Mathematics Section



206 Saigo fractional integral operator of ... Daya Lal Suthar, Biniyam Shimelis

a,b; a,c—b;
JF, x|=(@1-%",F % (2.17)

rl-o)r(np+a+p-oc+1) 20:1

a, b; o,0—-a-f-n,a.—,c-b;
1280 %o, (| =yop1 TB-0+)l(n-0+l) 301 —x|
¢ o-po-n = C;

where ¢ >0 and o < min.(R(B), R(;)) +1.

Proof: In view of the transformation (2.17), the left-hand side of (2.18), say L yields
o

a,c—b;
L=12871x711-0)"2 LR % (2.19)

On making use of (1.7) and expansion formula for Gauss hypergeometric function in
the right-hand side of the above equation, we obtain

L= |>f(11£'77 {Xa—l i (a+n)n@np(c-b), xmn } (220)

’ im0 ©)n m!n!
Applying the formula (a),(a+n),, =(a),,m and changing the order of integration and

summations, which is permissible under the conditions given with theorem, and than using
the formula (1.5), the above equation leads to

| = yo-h1 i (@) men(€=b)y x™"  T(B-c-m-n+1)I(n-o-m-n+1) (2.21)
©)n min! T(~o-m-n+D)[(a+p+7-c-m-n+1) '

m,n=0

which, on further simplifications arrive at right-hand side of (2.18).

<1 and we have

a, b; c—-a,b;
2F1|: X:l = (1— X)ib 2F1|: _—X], (222)
c;

Theorem-6. If [x <1, ‘L
1-x

then
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20,1 X=X
rl-o)rn+a+p-o+1) '

; o,0—-a-p-nb:-c-a;
— yo-p-1
o-po-n - C;

a, b
|z£,q NCS ! 2':1{ « [(f-o+)I['(n-o+1) F30:1
c

(2.23)

where ¢ >0 and o < min.(R(B), R()) +1.

Proof: On interchanging a and b in the theorem-5, one can easily prove the theorem-
6. For sake of brevity we omite the proof of the theorem-6.

Theorem-7. If |x <1 and we have

a, b; L a, b; a+1l-1,b+1-c;
= F( _C) 2|:1 x| + F(C_l) Xl—c ,F
.. I'a+1l-c)'(b+1-c) .- I'(a)'(b) 9’ e

x| (2.24)

then

a,b;
Ig&)ﬁ,n Xa—l G ¥ |L= Xo-—ﬂ—l F(l—C)
' c I'@+1-c)I'(b+1-c)

a,boc,oc—a-p-n;

r(p-oc+)rr(n-o+1) X

rA-o)(n+a+pf-o+1) * 3

c,o-p,0-n;

a,b,o-c+l,o0-c—a-pf-n—-c+1;
F3 X (225)

c,o-p-c+l,o-n—-c+1;

ocp L(f-oc+c)[(n—0c+C) ,
Ic-o)'(n+a+p—-o+c)

+X

where equation (2.24) represents hypergeometric function of second kind [1, p. 285, eqn
(28)], o >0 and o <min.(R(B), R(")) +1.

Proof: Operating both sides of (2.24) by the fractional integral operator 12/7x°,
and then on making use of theorem-1, one can easily prove the theorem-7.

3. CONCLUDING REMARKS

The fractional integral operator with Gaussian hypergeometric function in the kernel
defined by (1.1) includes important and useful fractional integral operators like Weyl
fractional integral operator and Kober fractional integral operator. The results given by
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theorems 1 to 7 can be applied to yield the corresponding results for the aformentioned
integral operator.
Thus if we put g =0 in (1.1) and noting the relationship

1207 £ (x) = KET £ (x),

where Kg7() denotes the Kober fractional integral operator, we can easily deduce the
corresponding results from theorems 1 to 7.
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