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Abstract. In this research work, a computational method which is based on the
Variational Iteration Method (VIM) is used for the numerical solution of the coupled system
of nonlinear partial differential equations. Numerical examples are presented to show the
convergence and accuracy of the method.
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1. INTRODUCTION

The wide applicability of system of partial differential equations has made its study
attracted much attention in a variety of applied sciences. Researchers [1-10] have used
different numerical methods to solve forms of partial differential equations. These systems
were formally modeled to investigate wave propagation and to control the shallow water
waves [6-10].

Inokuti et al [3] proposed a Lagrange multiplier method to solve nonlinear problems in
quantum mechanics in 1978. He [4] later modified it into a variational iteration method to
solve a large class of linear and nonlinear differential equations.

In this work, the variational iteration method introduced by He [4] will be used to
solve coupled nonlinear partial differential equations numerically.

2. VARIATIONAL ITERATION METHOD

According to the variational iteration method [4], we consider the differential
equation:

L(u) +N(u) = g(t) (1)

where L is a linear operator, N is a nonlinear operator and g(t) is an inhomogeneous term.
A correction functional can be constructed as follows:

Osun State University, College of Science, Engineering and Technology, Faculty of Basic and Applied
Sciences, Department of Mathematical and Physical Sciences, Osogbo, Nigeria.
E-mail:olayiwola.oyedunsi@uniosun.edu.ng.

ISSN: 1844 — 9581 Mathematics Section



244 Variational iteration method ... Morufu Oyedunsi Olayiwola

Uea ® =0, © + [ LU, () + Nu, () - g(&)lds (2)

where A is a general Lagrangian multiplier which can be identified optimally via variational

theory. The second term on the right is called the correction and u~n is considered as a

restricted variation, i.e. ci]n =0.

3. APPLICATIONS

In this section, the VIM will be used to solve systems of nonlinear partial differential
equations.

Example 3.1. Consider the coupled system of nonlinear homogeneous partial differential
equations [1] of the form:

V, -V, —2WV, + (VW) =0
W, W, — 2WW, + (VW), =0 @)

Therefore, according VIM, the correction functional can be derived as follows:

_6Vn(x,§)_ 52\;n(x'5)_2v (%,£)2V, (x.£)
e M

Vo (X.1) =Vn(x,t)+J',11(X,§) oL o

_+§(v} (X, EW, (x,é)J

dg

oW, (x,&)  B2W, (x,&) A (x2) 0

t B —n ,f)—Wn(X,f)
Wy (6,8) =W, (68) + [ 2 (%,€) 0g ox? ox

0

+§(\ZH (W, (x,f)]

ds (@)

Where A(XS) and A&(X$) are general Lagrange multipliers, \}n(x,g) and Wn(x,f) denote

restricted variations i.e. 5V n(x,&)= W n(x,&)=0
Making the above correction functional stationary, then

t Vo(%8) _0Val4E) oy (0 510 ()
_ o¢ ox? T ox T
Vg (1) =V, (68) + [ 4, (x,€) ) ‘ ¢ (5)
Ve 0u)
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and

20,0 < W )

C s Fwixg)
W, (%, 1) =W, (x,t) +0 I Lg% B
0

_+§(\7n(x, EM, (¢ f>j

dz  (6)

therefore
2 (x&)=0
1+ /il(x,é)“f:t =0
2 (x,£)=0
1+ 2, (%,&)|, =0

(7)

The Lagrange multipliers can be identified as:

A(%E)=A(x&)=-1 (8)

Substituting equation (8) into equation (4) results in the following iteration formula.

N, (x.8) Y, (%) g
. . TR —2vn(x,§)&vn (x,¢)
Vot (1) =V, (6 t) - | ; dé
+&(Vn(x1§)wn(x1é:))
t oW, (x,&) W, (x¢) ow (x,.f)iw (x.£)
W, (xt) =W,(xt)-[ | % ox ox de

0 0
+&(Vn (X7 ‘f)Wn (X7 ‘f))

9)

with the initial conditions Vo (X,0) =Wy (x,0) =sinX . The following terms can be obtained

V, (X,t)=cosXx—tcosXx
(x) )

W, (X,t) = cosx —tcosx

2

V,(x.t)= €05 X —1COS X +—COS X = cosx(1-t +)t—
2 2

. (11)

2

2
t 2
Wz(x,t):cosx—tcosx+3cosx:cosx(l—t+) 5
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t*
V,(x,t)=cosx(1-t +)§—§+...)
t; t.3 (12)
W, (x,t) =cosx(1—-t +)5—a+...)
Hence, in a closed form, the exact solutions of the coupled systems are given by
V(x,t)=e"sinx
(13)

W (x,t)=e"sinx

Example 3.2. Consider the system of homogenous and inhomogeneous nonlinear partial
differential equations of the form:

U,+UV, =2
(14)
V,+U\V, =0
with initial conditions
U (x,0) =x,V (x,0) = x (15)
According to VIM, the iteration formula for equations (14) is
t
U, (x,&) AU, (x,&) Vv, (x. &)
U...(x,t)=U_(x,t)+ | 4,(X, f +—7 f -21d
pa (1) =U, (x,1) j A é)[ o > p ¢
(16)
t
Vo (X, &) U, (x &) aV,(x &)
Vg (X 0) =V, (1) + | 4, (X, 1 +—= fn d
n1 (X, 1) =V, (X,1) j . 5){ T L S |de
where
A(x,8) = 4,(x§) = -1 (17)
The following terms can be obtained from equations (16)
U (xt)=x+t (18)
V,(x,1) =x—t
U,(x,t)=x+t
2 (19)
V,(x,t)=x—t
Therefore, the exact solutions are :
U(x,t)=x+t
V(x,t)=x-t (20)

WWW.josa.ro Mathematics Section



Variational iteration method ... Morufu Oyedunsi Olayiwola 247
Example 3.3. Consider the inhomogeneous system of partial differential equations.
U,+2vU, -U =2
t + X (21)
V, -3UV, +V =3
with initial conditions U (x,0) =¢*, V(x,0)=¢™
The correction functional of equation (21) is:
S S
Ui t) =U,(x, t)+wx f){ (é ), (1,0 2nl02) ( ), x)-2|dz
(22)

Vy.a(0) = v<xt>+jﬂz(x§){ (f) U, (x,)° ( P8 v, ) 3}15

Making the above correction functional stationary, then, the stationary conditions

become:
(x £)=0
1+ A4 (%)
2, (x.$)=0
1+ 4, (%, &)|,. =0
which gives:

A(%&)=A(x¢)=-

This gives the iteration formula as follows:

U, (x 0 =U, (x.0) - I[ ;5) e, ) G g - 2}d5
V(%) =V, (x,0) - j[ ;é) U, (5 2o lk) ( 5) V(%8 - 3}19&

Therefore, the following successive terms were obtained.

U (x,0) =¢*
V(x,0)=e7"

(23)

(24)

(25)

(26)
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U, (x,t)=e" +e*t=e*(1+t)

N - (27)
V,(xt)=e —e"t=e"(1-t)

X4 2
U,(x,t)=e" +e*t+

i +noise terms

—Xt2 (28)
+noise terms

_a X _aX €
V,(x,t)=e" —e"t+ i

By cancelling the noise terms between U,,U ,... and between V,,V,,..., the exact
solution

U(x,t) =e*"

vV (X, t) — e—(X+t) (29)

can be obtained.
CONCLUSION

In this paper, the variational iteration method has been used to solve coupled system
of nonlinear partial differential equations, homogeneous, inhomogeneous and both directly
without any restrictive assumptions or linearization.

This method is very effective and accelerate the convergent of solution to exact for the
examples presented. The method also can be applied to system that comprises of more than
two linear and nonlinear partial differential equations of higher order.
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