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1. INTRODUCTION

Following the introduction of fuzzy sets by L. A. Zadeh [18], the fuzzy set theory has
been used for many applications in the domain of mathematics and elsewhere. The idea of
“Intuitionistic Fuzzy Set” was first published by K.T.Atanassov [1] as a generalization of the
notion of fuzzy set. The concept of I'-near-ring, a generalization of both the concepts nearing
and I'-ring was introduced by Satyanarayana [16]. Later, several authors such as Booth [4]
and Satyanarayana [15] studied the ideal theory of I'-near-rings. Later Jun et.al [8] considered
the fuzzification of left (resp. right) ideals of I'-near-rings. In this paper, we introduce the
notion an intuitionistic fuzzy bi-ideal in a I'-near-ring and some properties of such bi-ideals
are investigated. The homomorphic property of intuitionistic fuzzy bi-ideals is established.

2. PRELIMINARIES

In this section we include some elementary aspects that are necessary for this paper.

Definition 2.1[15] A non—empty set R with two binary operations “+” (addition) and
“.” (multiplication) is called a near-ring if it satisfies the following axioms:
(i) (R, +) is agroup,
(i) (R, .) is a semigroup,
(i) (x+y).z=x.z+y.z,forall x,y,z € R. Itis a right near-ring because it
satisfies the right distributive law.
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Definition 2.2[16] A I'-near-ring is a triple (M, +, T" ) where

(i) (M, +) is a group,

(i) " is a nonempty set of binary operators on M such that foreachoa € ', (M, +, o)
IS a near-ring,

(iii) xo(yBz) = (xay)pz forall x,y,z e Mand a, B € T.

Definition 2.3[16] A subset A of a I'-near-ring M is called a left (resp. right) ideal of M if
(1) (A, +) is a normal divisor of (M, +),
(i) ua(X+Vv) -uav € A(resp.xau € A)forallx e A,a eI andu,v e M.

Definition 2.4[17] Let M be I'-near-ring. A subgroup A of M is called a bi-ideal of M

if ATMI'A)N (AT'M) T'*A<A. where the operation “* “is defined by
Al'*B = {ay(a'+b)-aya)/a,a' e A,yel,beB}

Definition 2.5[17] Let M be I'-near-ring. A subgroup Q of M is called a quasi-ideal of M
if (QI'M) N(MI'Q)N (MIN*Q < Q.

Definition 2.6[8] Let M and N be I'-near-rings. A mapping f: M — N is said to be a
homomorphism if f(acb) = f(a)af(b) foralla,b € Mand a € I'.

Definition 2.7[8] A fuzzy set p in a I'-near-ring M is called a fuzzy left (resp.right) ideal of M
if

(i) u(x-y) = min{ u(x), p(y) },

(i) p(y + x-y ) > p(x), forall x,y € M,

(iii) p(ua(x + v) -uav) > p(x) (resp. p(xou) > u(x) ) forall x,u,v e Mand o € T.

Definition 2.9[1] Let X be a nonempty fixed set. An intuitionistic fuzzy set (IFS) A in X is
an object having the form A = { < X, ua(X) , va(x) >/ x € X }, where the functions
ua: X—[ 0, 1] and va: X — [ 0, 1] denote the degree of membership and degree of non
membership of each element x € X to the set A, respectively, and 0 < pa(X) +va(x) < 1.

Notation. For the sake of simplicity, we shall use the symbol A= <ua va > for the IFS
A ={< X, pa(x), va(x) > Ixe X}.

Definition 2.10[1] Let X be a non-empty set and let A= <pa va>and B=<pg vg> be
IFSs in X. Then

() AcBIiff pa < ppand va > vp.

2)A=Biff AcBand BcA.

(3)AC=< Va, A >.

4 ANB=( HAAWUB, VAV VB).

(S)AUBI(MA\/ UWB, Va /\VB).

(6) A = (},lA ,I_HA ), 0A = (l—VA, VA).

Definition 2.11 Let A be an IFS in a I'-near-ring M. For each pair <t,s> e [0, 1] with

t+s<1,theset Acts-={Xe X/pa(X)> tand va(x) < s }iscalled a <t, s> level subset
of A.
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Definition 2.12 Let A =< pa, va > be an intuitionistic fuzzy set in M and let te[0, 1]. Then
the sets U(ua;t)={XeM:ua(X)> t} and L(va; t)={xeM:va(x)<t} are called upper
level set and lower level set of A respectively.

3. INTUITIONISTIC FUZZY BI-IDEALS OF I''NEAR-RINGS

In what follows, M will denote a I'-near-ring unless otherwise specified.

Definition 3.1. An intuitionistic fuzzy ideal A= <IUA'VA> of M is called an intuitionistic
fuzzy bi-ideal of M if

(D) palx-y)={pax) A paly)}

(i) pa(y +x - y) = pa(x),

(iipa((xaypz) A (Xaly + z) - xaz)) >{ua(X) A pa(z)}orall x,y,z e M, a, p € T.

((V)va(x-y) ={va(¥) v va(y)},

(V) valy +x-y) = va(x),

(Vi)va((xayPz) v (Xo(y + z) - Xaz)) <{va(X) v va(z)Horall x,y,z € M, a, B €T.

Example 3.2. Let R be the set of all integers then R is a ring.
Take M =T"= R. Leta,b e M, a € T, suppose aab is the product of a, a, b € R.
Then M isa I —near-ring.
Define an IFS A =< pa, va > in R as follows.

HA(O) =1and },LA(il) = },LA(iz) = HA(i?’) =...=tand
va(0) =0and va@l) =  vA(*2) = va(3) =... =5,

wheret € [0,1),s € (0, 1]andt+s< 1.
By routine calculations,

Clearly A is an intuitionistic fuzzy bi-ideal of a I"-near-ring M.

Lemma 3.3. If B is a bi-ideal of M then for any 0 <t, s < 1, there exists an intuitionistic fuzzy
bi-ideal C = < uc, vc > of M such that C; s~ = B.

Proof: Let C — [0, 1] be a function defined by

t if x e B,

_ s ifyeB,
=1 o dfxeB

VB(X)= 1 ifyeB.

forall x e M and the pairs, t €[ 0, 1]. Then C. s> = B is an intuitionistic fuzzy bi-ideal of M
witht+s<1.

Now suppose that B is a bi-ideal of M. For all x, y € B, such that x - y € B, we have

Me(X - Y) = t={Hc(X) A He(Y)],
ve(X-y) <s = {vc(X) v ve(Y)},
He(Y + X -y) =t = pe(X),
ve(y +X-Y) <8 = ve(X),
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Also, forall x,y,z € B and a, B € T such that xaypz € B, we have

He((XayBz) A (Xa(y + 2) -xaz))) = t = {Hc(X) A He(2)},
ve((XayBz) v (Xaly + 2) -Xaz))) < s ={vc(X) v ve(2)}

Thus C« s is an intuitionistic fuzzy bi-ideal of M.

Lemma 3.4. Let B be a non-empty subset of M. Then B is a bi-ideal of M if and only if
the IFS B = <y, ¥ > is an intuitionistic fuzzy ideal of M.

Proof: Let x, y € B. From the hypothesis, x -y € B.

() Ifx,y €B, then yg(x) =1, %s(X)=0, ys(y)=1and ys(y)=0.In this case
xs(X-y) =12 {x8(X) A xs(¥)}.
xe(X-y)=0=<{%s(X) v xsy)}

(i) Ifxe B,y ¢ B, thenyg(x) =1, %s(X) =0, xs(y) =0,and %gs(y)=1. Thus,
xs(X-y) =02 {xa(X) A xs(¥)}-
xs(X-y)=1=<{%s(X) v xs(y)}

(iii)Iif x ¢ B,y € B, then yg(X) =0, ¥s(X) =1 and yg(y) =1and y%gs(y) =0. Thus,
xs(X-y) =02 {xa(X) A xs(¥)}-
xe(X-y)=1<{%s(X) Vv xs(y)}

(iv)If x ¢ B, y ¢ B, then xg(x) =0, ¥s(X) =1, xs(y) =0and yxs(y) =1. Thus,
x8(X - y) = 0= {xs(x) A xa(y)}-
xe(X-y) <1 ={%s(X) v xs((y)}

Thus (i) of Definition 3.1 holds good.

Let X, y € B. From the hypothesis,y + X -y € B.

() Ifx,y € B, then yg(x) =1, %xs(X) =0, xs(y) =1 %s(y) = 0. In this case
x(y +x-y) =12 yxs(X).
xs(y +X=y)=0< yg(X).

(i) Ifxe B,y ¢ B,thenyg(x) =1, xs(X) =0, xs(y) =0and yg(y)=1. Thus,
xs(y +X—y)=0=yxs(X).
xe(y +x-y)=1< ¥s(X).

(i) If x ¢ B,y €B, then xg(x) =0, ¥s(X) =1, xs(y) =1 and 5 (y)=0. Thus,
xs(Y +X-y)=0=ys(X).
xe(y +X-y)=1=< ys(X).

(iv)Ifx ¢ B, y ¢ B, then yg(X) =0, xs(X) =1, xs(y) =0and y%s(y)=1. Thus,

xe(Y + X -y) =0 =ys(X).
ey +X-y)<1= %s(X).
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Thus (ii) of Definition 3.1 holds good.
Letx,y,z € Band o, f € I'. From the hypothesis, xaypz, Xa(y + z) -xaz € B.

() Ifx,z€ B, thenys(X) =1, x8(X) =0, x8(z) =1 and yg(z) = 0. Thus,
xe(H((xaypz) A (xaly + 2) - xaz))) =1 = {xs(X) A xs(2)}-
xe(H((xaypz) v (xaly + 2) - xaz))) = 0 <{ xs(X) v x8(2)}-

(i) Ifx € B,z ¢ B, thenys(X) =1, %s(X)=0,ys(z) =0and yg(z)=1. Thus,
xs(H((xayBz) A (xa(y + z) - xaz))) = 0= {xs(X) A x8(2)}-
xe(H((xaypz) v (xaly + 2) - xaz))) = 1 <{ xs(X) v x8(2)}.

(iii)Ifx ¢ B,z € B, then yg(X) =0, %x5(X) =1, xs(z) =1 and yg(z) =0. Thus,
xs(H((xaypz) A (xaly + Z) - xaz))) = 0= {xs(X) A x8(2)}-
xs(H((xayBz) v (xaly +2) - xaz))) =1 <{ xs(X) v x8(2)}.

(iv)Ifx ¢ B,z ¢ B, then xg(X) =0, %s(X) =1, %s(z) =0and %gs(z) =1. Thus,
xs(H((xaypz) A (xaly +2) - xaz))) = 0= {xa(X) A xe(2)}.
xs(H((xayBz) v (xaly +2) - xaz))) <1={xs(X) v xs(2)}.

Thus (iii) of Definition 3.1 holds good.

Conversely, suppose that IFS B = < yg, %8 > is an intuitionistic fuzzy ideal of M.
Then by Lemma 3.3, yg IS two-valued, Hence B is a bi-ideal of M.
This completes the proof.

Theorem 3.5. If {Ai}ic is a family of intuitionistic fuzzy bi-ideals of M then NA; is an
intuitionistic fuzzy bi-ideals of M, where NA; = {Apai, Vvai},

Apai (X) = inf {pai () |1 € A, x € M} and Vvai(x) = sup {vai () |i € V, x € M}

Proof: Let X, y € M. Then we have

Apai(X - y) = inf {{pai(X) A LAY} [T € A, X,y € M}
= {{inf (ai(X)) A inf (uai(Y))} |1 € A, X,y € M}
= {{inf (Lai(X) |1 € A, xe M)} A{inf (LAi(Y) T € A,y € M)}}
= {ApAI(X) A Apai(Y)}-

Let x, y € M. Then we have

Apai(y + x-y) =inf{pai(¥) |i € A, x,y € M}
= Apai(X).

Letx,y,z&€Manda,p € T.

Apai((xayPz) A (Xo(y + 2) - xaz)) = inf{{uai(X) A Hai(2)} |1 € A, x,z € M}
= {{inf (Lai(¥)) A Inf (LAi(2)} |1 € A, X, 2 € M}
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= {{inf (Lai(X) [T € A, x € M)} A{inf (Lai [T € A,z € M)}}
= {AHAiI(X) A Apai(2)}-

Let X, y € M. Then we have

Vvai(X -y) =sup {{vai(X) vvai(Y)}|i € V, X,y € M}
= {{sup (vai(X)) vsup (vai(y))} i € V,x, y € M}

={{sup (vai(X) |1 € V,x € M)} v{sup (vai(y) | € V,y € M)}}
={Vvai(X) v Vvai(y)}.

Let X, y € M. Then we have

Vvai(y + X -y) =sup{vai(X) |1 € V, X,y € M}
= VV/_\i(X).

=Letx,y,z€Manda,p €.

Vvai((xayBz) v (xay + 2) - xaz)) = sup{{vai(X) v vai(2)} |1 € V, X,z € M}
= {{sup(vai() v SUp(vai(@)} | € V., x,Z € M}
= {{sup(vai() | € V,x € M)} v {sup(vai(2) | | € A, z € M)}}
= {Wai(X) v Wai(2)}-

Hence, NAj = {Apai, Vvai} is an intuitionistic fuzzy bi-ideal of M.

Theorem 3.6. If A is an intuitionistic fuzzy bi-ideal of M then A’ is also an
intuitionistic fuzzy bi-ideal of M.

Proof: Let x, y € M. We have

HA'(X-Y) =1 —pa(x-y)
, =1 = {ual) A pa(y)},

va(X-y)=1-va(x-y)
=1-{vaX) v va(y)}

Let X,y € M. We have

HA(Y +X-Y) =1 —pa(y +x-Y)
=1-pa(x)
:uA(X)!

VAY +X-Y)=1-valy +X-Y)
=1 _VA(X)

= VA,(X).

LetX,y,z€ Manda, p € I'. We have

WWW.josa.ro Mathematics Section



Study on intutionistic fuzzy bi-ideals ... D.Ezhilmaran and A. Dhandipani 621

Ha ((xayP2) A (Xaly +2) - xa2)) = 1 ~ pa((xayp2) A (Xaly + 2) Xaz))
— 1 { pa(¥) A HA@)}
— {1-pa() A 1 - pa(@)}
= {1A () A A @),

va ((xaypz) v (xoly + 2) - x0z)) = 1 — va((XayBz) v (xa(y + z) -Xaz))
=1- {VA(X) \Y VA(Z)}
= {1 B VA(X) V'1 - VA(Z)}
={va(X) vva (2)}.

Therefore, A’ is also an intuitionistic fuzzy bi-ideal of M.

Theorem 3.7. An intuitionistic fuzzy set A of M is an intuitionistic fuzzy bi-ideal of M if and

only if the level sets U(pa; t) = {x € M | u(x) >t} and
L(va; t)={xX € M : va(X) <t} are a bi-ideal of M when it is non-empty.

Proof: Let A be an intuitionistic fuzzy bi-ideal of M.
Then pa(X-y) = {pa(x) A pna(y)}-

XY € U(ua; )= pa(x) > t, paly) >t
HA(X-y) = {pa(X) A pa(y)} >t
Ha(X-y)=>t
> X-yE U(IJ.A, t)

pa(X -y) > {pa(X) A pa(y)}-
X, ¥ € L(va; )= va(X) <t, va(y) <t
va(X-y) <{va(X) v va(y)} <t
VA(X - Y) <t
=> X-y € L(va;l).

Let pa(y+ X -y) = pa(X).

X, ¥ € U(ua; )= pa(x) > t, pa(y) > t
pa(y +X-y) > pa(x) >t
Ha(y +x-y)>t
=>y+X-y € U(ua;t).

Let VA(y+ X - y) < VA(X).

X, ¥ € L(va; )= va(X) <t, va(y) <t
valy +X-y) < va(x) <t
valy +x-y) <t

> Yy+X-ye€L(va;l).
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Also, let

pa((xaypz) A (xaly +2) - xaz)) = {pa(X) A na(2)}-

XY, Z2€ U(uast), 0, B ET = palx) 2 t, paly) = t, pa(z) >t
na((XayBz) A (xaly + 2) - Xaz)) = {pua(X) A pa(z)} >t
Ha ((xayBz) A (Xa(y +2) - Xaz)) > t

= (Xaypz), (Xou(y + z) - Xaz) € U (ua; t).

Thus, U (ua; t) is a bi-ideal of M.

va((xayBz) v (Xa(y + 2) - xaz)) <{va(x) v va(2)}.

XY, ZELWva;t),a,BET = va(X)<t, va(y) <t,va(z) <t
va((Xaypz) v (Xoy + 2) - Xaz)) <{va(X) v va(2)} <t
va((Xaypz) v (xay + 2) - Xxaz)) <t

= (XayBz), (Xo(y + z) - Xaz) € L(va;t).
Thus, L(va ; t) is a bi-ideal of M.
Conversely, if U (ua;t) is a bi-ideal of M let t = {ua(X) A na(y)}. Then

X, Y €U (uart), =>x-y €U (uast)
= pa(X-y) =t
= pa(X-y) = {pa(X) A pa(y)}-

Also, X,y € U (ua; 1), y+Xx-y € U (ua; t)
= paly + X-y) = pa(x).
if L(va;t) is a bi-ideal of M let t={va(X) Vv va(y)}. Then
X, Y €Lvast),=>Xx-y €L(va;t)

= valX-y)<t

= valx-y) <{valx) v va(y)}-
Also, X,y € L(va;1),=>y+X-y € L(va;t)

= Va(y + X-y) < va(x).

Next, define t = {ua(X) A na(z)}. Then

X, ¥,z€ U (Wt), a,p e I'=(Xaypz), (Xa(y +2) - xaz) € U (ua;t)

= pa((xayBz) A (xaly +2z) - xaz)) > t

= pa((xaypz) A (xaly +z) - xaz)) = {n(x) A K(2)}-
Next, define t = {va(x) v va(z)}. Then
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XY, z€U(wt), a,p € I'=>xaypz), (Xo(y + z) - Xaz) € L(va;t)
= va((Xaypz) v (xa(y + z) - xaz)) <t
= va((xayBz) v (Xay + z) - xaz)) <{va(X) v va(2)}.

Consequently, A is an intuitionistic fuzzy bi-ideal of M.

Theorem 3.8. Let A be an intuitionistic fuzzy bi-ideal of M. If M is completely regular, then
ua(a) = pa(aaa), va(d) = va(aaa) for all a €M and a €T.

Proof: Straightforward.
Let f be mappings from a set X to Y, and A be intuitionistic fuzzy set on Y. Then the
preimage of p under f, denoted by f ~'(A), is defined by

' (ua(X) = palf (), F ' (va (X)) = va(f (X)) forall x € X.

Theorem 3.9. Let the pair of mappings f : M — N be a homomorphism of I"-near-rings.
If u is an intuitionistic fuzzy bi-ideal of N, then the preimage f ' (A) of A under f is an
intuitionistic fuzzy bi-ideal of M.

Proof: Let x, y € M. Then we have

F (a)(X - ) = pa(f (x - )
= ua(f(x) - f(y))
> {uaf () A pa(f ()}
={f 7 (mal) AT (A

FH(va)(x-y) = valf (x-¥))
=vaf(x) - f(y)
<{valf (x)) v va(f (y))}
={f " (va()) v (va())}-

Let X,y € M. Then we have

7 (pa)(y +X-y) = pa(f(y +x-y))
> ua(f (x))
= (na(x)).

T (va)y +x-y) = va(f (y + x-y))
<va(f(x)
=f ' (va(x)).

Letx,y,z€Manda,p €TI. Then:
f 7 (na)(xayBz) A (xauy + 2) - x02)) = pa(f (xayBz) A (xauy + 2) - X02)))
= pa((f(xaypz)) A (f(xa(y + z) - x0z)))

> pa(f () A pa(f (@)}
={f " (uaG) AT (ma@)}-
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Therefore f ™' () is an intuitionistic fuzzy bi-ideal of M .

f 7 (va)(xaypz) v (xaly + 2) - x2)) = va(f (xaypz) v (xay +2) - X02))
= va((f(xaypz)) v (f(xa(y + 2) - xaz)))
<{va(f () v va(f ()}
={f " (va 0) v (va@)}-

Therefore f ! (v,) is an intuitionistic fuzzy bi-ideal of M.
Therefore f ' (A) is an intuitionistic fuzzy bi-ideal of M.
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