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Abstract.This paper deals with the evaluation of the fractional integrals involving 

Saigo- Maeda operators of the product of the general class of polynomials and the H-function 
containing the factor ( )k kx x cλ ρ−+  in its argument. Some interesting special cases are 
derived. The results given by Saigo and Raina [6] and Chaurasia and Gupta [2] follow as 
special cases of the results proved in this paper. 
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1. INTRODUCTION  
 
 

Let ∈′′ γββαα ,,,, ℂand 0>x , then the generalized fractional calculus operators 
involving Appell function 3F  are defined by Saigo and Maeda [5] by means of the following 
equations: 
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 The general class of polynomials is defined by Srivastava [8, p.1, Eq. (1)] in the 
following manner: 
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where u is an arbitrary positive integer and the coefficients swA ,  (w, s ≥  0) are arbitrary 
constants, real or complex. 
 The following is the series representation of the H-function as given in [4]. 
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and which exists for 0≠x  if 0* >µ  and for 10 −<< βz  if  0* =µ where    
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This result is due to Braaksma [1].A detailed account of the H-function is available 

from the monograph written by Mathai and Saxena [4]. For our purpose, we recall the 
generaliged hypergeometric series defined by [4]. 
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where n)(λ  is the Pochhammer symbol defined (for ∈λ ℂ) by 
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and ℤ0 denotes the set of nonpositive integers. We now establish 
 
 Lemma 1: If  )(γℜ > 0, 0>λ , k = 1, 2, 3, …, c is a positive number and  ρ  is a 
complex number, then there holds the relation 
 
( )

)1()1()1(
)1()1()1()(])([

,,,,

0 ++−′−Γ++′−−Γ+′+Γ
++−′−−Γ+′+′−Γ+Γ

=+ −+′−−−
+

′′

γβαλγααλβλ
γβααλβαλλργααλρλγββαα kkk cxxcxxI  

3 1 3

, ( , 1), ( , 1), ( , 1 );

( , 1), ( , 1 ), ( , 1 );

k

k k k

k k k
xF
c

k k k

ρ λ λ β α λ γ α α β

λ β λ γ α α λ γ α β

+

′ ′ ′∆ + ∆ + − + ∆ + + − − − 
 
 × −
 
 ′ ′ ′∆ + + ∆ + + − − ∆ + + − − 

            (1.8)  

 
where })(,)(,)({min)(,0)( βαγβααλγ −−ℜ′ℜ−′ℜ−+′−ℜ>ℜ , ),( αk∆  represent the  
sequence  of  parameters 
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and )(313 ⋅+ kk F  is the generalized hypergeometric function, defined in [4].  
 
Proof:To  prove  lemma  1, we first operate the fractional  integral  operator  (1.1)  with   f (t) 
= ρλ −+ )( kk ctt  and express Appell Function 3F  and ρ−+ )( kk ct  in terms of their 
equivalent series by means of the formula  
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 On interchange the order of integration and summation, which is permissible due to 
the absolute convergence, is evaluated the inner integral by means of the formula given by 
Saxena, Ram and Kalla [7].  
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where ,0)( >ℜ γ >ℜ )(s max {- )(α ′ℜ , - )(β ′ℜ , )( γβα −+ℜ }, the result (1.8) follows. When 

0=′α , (1.8) reduces to the result given in [2, p. 334, Eq. (1.6)]. 
 
Lemma 2:  If  )(γℜ > 0, λ > 0, k = 1, 2, 3, … , c  is a positive number and ρ  is a complex 
number, then we have 
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where 01})(,)(,)({min)(,0)( >+−−ℜ′ℜ−′ℜ−+−+ℜ>ℜ βαγβαρλγγ k  
 
Proof: To  establish lemma 2, we take ρλ −+= )()( kk ctttf   in equation (1.2) and write series 
expansions for the Appell function and ρ−+ )( kk ct , then interchanging the order of 
integration and summation, which is permissible due to  the absolute convergence and 
evaluating the inner integral by means of the formula given by Saxena, Ram and Kalla [7].   
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where 0)( >ℜ γ ,   )(ρℜ < 1 + min { )( γα −′ℜ , )( γβ −′ℜ ,  - )( βα +ℜ }and using the well known 

relation  
n

n

n )1(
)1(

)(
α

α
−
−

=− ,   the  desired  result  (1.11)  is obtained.For 0=′α , (1.11) yields 

the result given in [2]. 
 
 
2. FRACTIONAL INTEGRAL FORMULAS  
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(w, s ≥  0) are arbitrary constants, real or complex. 
 

 

)()()(
)()()(

TTT
TTT

−−Γ−Γ−−′+′+Γ
−−Γ−−′+Γ−−′+Γ

×
βαγβαα

βγβαγαα  





















++∆++′−−∆++′−−∆

−

++−∆+∆++′−′−−∆++

× +

;)1,(,)1,(),1,(

;)1,(),1,(),1,(,

313

βγβαγαα

βαγβααξρ

TkTkTk
c
x

TkTkTkrns

F k

k

kk

              

(2.3) 

 

( ) ∑ ∑ ∑
= =

∞

=

+′−−′′
−

−−
=

]/[

0 1 0

,,,,,

!!

)()()1(
)()(

uw

s

M

h

T
R

h

s
swsu x

cBs

yzxAw
xfIII

υ

γαα
ξυ

γββαα

υ

ξ



Fractional integral formulas for …                                                                     Sweta Agarwal and Anita Alaria 

ISSN: 1844 – 9581                                                                                                                                         Mathematics Section 

629 

where c is a positive number and ,ρ m, n, h, r are complex numbers, k = 1, 2, 3, …;   
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are arbitrary constants, real or complex. 
 The proof of the results (2.2) and (2.3) can be developed on similar lines to that 
followed for the results (1.6) and (1.9). 
 
 
3.   INTERESTING SPECIAL CASES  
 
 
( I )  If we put  α ′  = 0 in (2.2) and use the identity  
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where the right hand sides represents the Saigo operators, we find that 
 

( ) ∑ ∑ ∑
= =

∞

=

−
+

−−
=

]/[

0 1 0

,,,
0 !!

)()()1(
)(

uw

s

M

h

T
R

h

s
swsu x

cBs

yzxAw
xfI

υ

β
ξυ

γβα

υ

ξ
 

)1()1(
)1()1(
+++Γ+−Γ

+−+Γ+Γ
×

ηαβ
βη

TT
TT





















+++∆−+∆

−

−++∆+∆++

+

;)1,(),1,(

;)1,(),1,(,

212

ηαβ

βηξρ

TkTk
c
x

TkTkrns

F k

k

kk

       

(3.1) 

 
which holds under the same conditions as given with (2.2) for α ′  = 0. Next if we put α ′  = 0 in 
(2.3) and use the identity                                 
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which holds under the same conditions as given with (2.3) for α ′= 0, (3.1) and (3.2) are 
recently given by Chaurasia and Gupta [2]. 
 
(II)    If we set h = r = 0, (2.2) and (2.3) yield 
 



Fractional integral formulas for …                                                                     Sweta Agarwal and Anita Alaria 
 

www.josa.ro                                                                                                                                                   Mathematics Section  

630 

( ), , , ,
0

[ / ]
,

0

[ ( ) ] [ ( ) ] ( )

( )
!

k k u m k k n
w

ss mw u
u s w s

k k n
s

I x x c S y x x c x

w A yx x
c s c

α α β β γ λ ρ

λ α α γ

ρ

′ ′ − −
+

′− − +

=

+ +

−  
=  

 
∑

 

)1()1()1(
)1()1()1(
++−′−+Γ++′−−+Γ+′++Γ

++−′−−+Γ+′+′−+Γ++Γ
×

γβαλγααλβλ
γβααλβαλλ

msmsms
msmsms  





















−′−+++∆′−−+++∆+′++∆

−

−′−−+++∆′−′++∆++∆+

× +

;)1,(,)1,(),1,(

;)1,(),,(),1,(,

313

βαγλααγλβλ

βααγλαβλλρ

mskmskmsk
c
x

mskmskmskns

F k

k

kk

              

(3.3) 

 
and 
 
 

( ), , , ,

[ / ]
,

0

[ ( ) ] [ ( ) ] ( )

( )
!

k k u m k k n
w

ss mw u
u s w s

k k n
s

I x x c S y x x c x

w A yx x
c s c

α α β β γ λ ρ

λ α α γ

ρ

′ ′ − −
−

′− − +

=

+ +

−  
=  

 
∑

 

)()()(
)()()(

msmsms
msmsms

−−−Γ−−Γ−−−′+′+Γ
−−−Γ−−−′+Γ−−−′+Γ

×
λβαλλγβαα
λβλγβαλγαα  





















+++∆++′−−+∆++′−−+∆

−

++−+∆++′−′−−+∆++∆+

× +

;)1,(,)1,(),1,(

;)1,(),1,(),1,(,

313

βλγβαλγααλ

βαλγβααλλρ

mskmskmsk
c
x

mskmskmskns

F k

k

kk

                 

(3.4) 

 
 When 0=′= αρ , Lemma 1 and 2 are reducing to the results given by Saigo and Raina 
[6]. Finally it may be remarked here that the formulas established in this paper may be useful 
in obtaining the results for various classical orthogonal polynomials and special functions of 
one variable. 
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