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Abstract.This paper deals with the evaluation of the fractional integrals involving
Saigo- Maeda operators of the product of the general class of polynomials and the H-function
containing the factor x*(x*+c*)™ in its argument. Some interesting special cases are

derived. The results given by Saigo and Raina [6] and Chaurasia and Gupta [2] follow as
special cases of the results proved in this paper.

Keywords: Fractional calculus, H-function, Appell function F3, Saigo-Maeda
operators, generalized hypergeometric function.

1. INTRODUCTION

Let «,a, B, B,y Candx >0, then the generalized fractional calculus operators
involving Appell function F; are defined by Saigo and Maeda [5] by means of the following
equations:

X—a

(If‘“r'ﬁ’ﬂ"yf)(x) _ o )X (X_t)y—lt—a' F(a,a' B, B 7 1—'[/X, 1—X/t)f(t)dt, R(y)>0 (1.2
V)%

—q' ®

J‘(t—x)f”‘lt‘“ Fy(a,a' B, Biy; 1-x/t, 1-t/x)f (t)dt, R(y)>0 (1.2)
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The general class of polynomials is defined by Srivastava [8, p.1, Eq. (1)] in the
following manner:
T (—w) s

Sulxl=2

s=0

Ao x® w=0,1,2, ... (1.3)

s!

where u is an arbitrary positive integer and the coefficients A, ; (w, s > 0) are arbitrary

constants, real or complex.
The following is the series representation of the H-function as given in [4].
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2&) = 5 =2 (1.5)
[] ra-b;+B;&) [ ra; -A;9
j=M+1 j=N+1

and which exists for x=0 if x"> 0 and for 0<|z| < g " if x4 =0where

L Q P P e s
p=> Bj—z A; and ﬂzH (Aj)‘H (Bj) ™

I I =1 =1

This result is due to Braaksma [1].A detailed account of the H-function is available
from the monograph written by Mathai and Saxena [4]. For our purpose, we recall the
generaliged hypergeometric series defined by [4].

Ay eeey Oy, * (a )n...(a )n 7"
qu{ﬁi,...,ﬁz; Z}:Z_g(p}l)n...(ﬂ:)n ni = pFqlag...api By Byi2)s (1.6)

where (1), is the Pochhammer symbol defined (for 1 <C) by

) (n=0) _T(2+n)
(A)n ‘{/1(1+1)...(/1+n—1) (neN={123..}) T4 (A e Q\Zo) (1.7)

and zo denotes the set of nonpositive integers. We now establish

Lemma 1: If ®(y)>0, 2>0,k=1, 2,3, ..., cis a positive number and p is a
complex number, then there holds the relation

FA+)T(A-a'+f'+)T(A-a-a' -B+y+])
T(A+p+0)T(A-a-a'+y+)T(A-a' - f+y+1)
o, AK,A+1), A(K, A+ B —a'+1), A(K,A+y+1-a—-a' - pB);

aad ppy

o T (et )T = X e

k
_ z_k (1.8)

A(K,A+ ' +1), A(K,A+y+l-a—-a'), A(K,A+y+1-a' - p);

X a1 Fa

where R () >0, R(A-a')+min{-R(a'),-R(B), R(y-a-p)} ,A(k,a) represent the
sequence of parameters
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a a+l a+k-1
k 1 k 3y "t k 1

and ,, , F5 (-) is the generalized hypergeometric function, defined in [4].

Proof:To prove lemma 1, we first operate the fractional integral operator (1.1) with f(t)
= t* (t"+ ¢*) and express Appell Function F, and (t“+ c¥)™ in terms of their
equivalent series by means of the formula

c

. 9
(t+ ck)? =c #)g [—%J (1.9
oo a!

On interchange the order of integration and summation, which is permissible due to
the absolute convergence, is evaluated the inner integral by means of the formula given by
Saxena, Ram and Kalla [7].

j 5 (x=t)"T Fy (@, ', B, By 1-t/x 1-x/t) dt
0

s+a',s+p', s+y—a-p
s+a'+p, s+y—a,s+y—-p

=T () x7*? r{ (1.10)

where %(y) >0, %(s) > max {-K(a'), - KB, R(a+p-y)}, the result (1.8) follows. When
a'=0, (1.8) reduces to the result given in [2, p. 334, Eq. (1.6)].

Lemma2: If w()>0, 2>0,k=1,2,3,...,c isa positive number and p is a complex
number, then we have

aa, B By

| [x* (X +c*)” ])(x) = X e

IMa+a'-y-A)T(a+p'-y-2)T(-p-1)
IM(a+a'+p'-y-A)T(-A) T(a-F-41)
o, A(K,A-a-a' - p'+y+1), A(k,A+1), A(k,A—a-F+1);

*3k+1 Fak - — (1.11)
A(K, l—a—a'+y+1), A(k,A-a-8"+y+1), A(k,A+B+1);

where () >0, R(y+i-ko)+min{-R(a'), -R(B'), R(y-a—-L)}+1 >0

Proof: To establish lemma 2, we take f(t) = t* (t* + c*)™ in equation (1.2) and write series
expansions for the Appell function and (t*+c*)™, then interchanging the order of

integration and summation, which is permissible due to the absolute convergence and
evaluating the inner integral by means of the formula given by Saxena, Ram and Kalla [7].

T e =) Ry (@ @, B, By L-x/t L-t/x) dt

1+a'—y-s,1+p' -y-s,1-a- -5

(1.12)
l-s+a'+p' -y, 1l-s—a, 1-s-p

— F(}/) X}/+Sll—~|:
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where R(y) >0, R(E)<1+min{R(a'-»), RB'-»), -R(a+p)}and using the well known

relation («) _, =%, the desired result (1.11) is obtained.For «'=0, (1.11) yields
~a),

the result given in [2].

2. FRACTIONAL INTEGRAL FORMULAS

IF5() = ¢ (5 )7 88 [y (55 )1 HEY a0t (1 )| ) )
' (bg. BQ)
we obtain :
[w/iu] M = W) A X(é)XTfafa’er Zg ys
a.a'\p.p — us "w,s
o lzerrre)g =3 3 3 8 :
s=0 h=l v=0 st vl B, ¢
T+ T (T-a'-p+1) T(T-a-a' - B+y+1)
T+ +)T(T-a-a'+y+1) I(T-a' -p+y+1)
p+ns+r&, A(K, T+1), A(K T+ +1-a'), AKT+y+l-a-a'-p);
k
* 3aFa X 2.2)

c
ACK, T+p8'+1), A(K,T+y+l-a-a'), AK,T+y+1-a'-p);

where

Q
T=2+ms+hé and R = kp+kns+kré&; T'= ZA - ZA +ZB >'B; >0

j=N+1 j=M+1

. . b
The result (2.2) is valid for %(y) >0, 1+5R(/1—a'+ms+hB—J) + min {-R("), -RB), -

I oacjem
Ry-a-pY >0,]agz|< T'z/2, T'> 0, Cis a positive number and p,m, n, h, r are
complex numbers, k =1, 2, 3, ..., uis an arbitrary positive integer and the coefficients A,
(w, s > 0) are arbitrary constants, real or complex.
, , [W/U] M 00 — A X Zé: S ,
(“) (I f"a'ﬁ'ﬁ’yf)(X) — Z Z Z ) w,s (5) y XT—a—a+}’

s=0 h=1 =0 stol By c
Ia+a'—y-T)T(a+p' —y-T) T(-5-T)
T(a+a' +f—y-T)T(-T) T(a-B-T)
p+ns+ré, Ak, T-a-a'-f'+y+1), A (k, T+1), A (k, T-a+8+D);

(2.3)

X gaaFa

Ak, T-a-a"+y+1), Ak, T-a-F'+y7+1), A (k, T+ £+1);
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where ¢ is a positive number and p,m, n, h, r are complex numbers, k = 1, 2, 3, ...;

-1
R@y) >0, R(y+A-a-kp)+min{-R ('), -R(B'), R(y—a-pB)+ms+(h—kr) max {ak }<0,
1<j<N ]
largz| < T’ #/2,7'> 0. U is an arbitrary positive integer and the coefficients A, (w, s >0)

are arbitrary constants, real or complex.
The proof of the results (2.2) and (2.3) can be developed on similar lines to that
followed for the results (1.6) and (1.9).

3. INTERESTING SPECIAL CASES

(1) Ifweput o' =0in(2.2) and use the identity
(1g" 2 7heym = (1577 1) ()
where the right hand sides represents the Saigo operators, we find that

[w/u] M

0 _1\Y (_ 14 S
(l&_ﬁ'yf)(X) _ Z Z( 1) ( W)us AW,s X(‘f) z y XT—/B

R
s=0 h=l 0v=0 stvl By ¢

p+ns+ré, Ak, T+1), AKT+r+1-8);
T(T+1) T (T+7-8+1) XX
T (T-4+1) T (T+a+n+1) 2t Pk s (31)

Ak, T+1-58), AK,T+a+n+1);

which holds under the same conditions as given with (2.2) for «' = 0. Next if we put ' = 0in
(2.3) and use the identity

(1 ath, 0. -n, ' a f)(x) = ( | @A f)(x),

we arrive at

1ty -5 5 E s Aus QXY T(HT) T0-T)
) S =& 51y 1B, et I'(-T) T(a+B+7-T)
p+ns+ré, A(k, T+1),A(KT-a-p-n+1);

x kP ax - X (3.2)

Ak, T—-n+1), A(K,T-+1);

which holds under the same conditions as given with (2.3) for «'= 0, (3.1) and (3.2) are
recently given by Chaurasia and Gupta [2].

(m Ifweseth=r=0,(2.2) and (2.3) yield
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(Vo7 I (K +e) 2 IS Ly x™ (X +¢) " 1) ()

B X/l—a—a’+y [w/u] (_W)us Aw,s yS (ijs
ckr & s! ck”
F(A+ms+1) T(A+ms —a'+p8'+1) T(A+ms —a—a'—f+y+1)
Fr(A+ms+8'+1) T(A+ms —a—-a'+y+1) T(A+ms —a'—pf+y+1)
p+ns, A(k, A+ms+1), A(k,A+ms+ g'—a'), A(K,A+ms+y+1-a—-a'-f);

Xk
Ck

X gi41F3k

A(k,A+ms+ B +1), A(k,A+ms+y+1l-a-a'), A(k,A+ms+y+1-a' - f);

and

(Ifz,a’,ﬁ,ﬁ’"}’ [X* (X“+c*) 7T SUT yx™ (X +Ck)_n])(x)
~ Xﬂ_a—a’+7 [w/u] (_W)us AW,s yS [Xsz

ckr & sl ck”
XF(a+a'—y—/1—mS) I'a+p —y—A-ms) T'(-B-1-ms)
Na+a'+p'—-y—A-ms) I'(-A-ms) T'(a—pF—-A1-ms)

p+ns, Ak, A+ms+1), A(k, L+ms—a—-a'- ' +y+1), A(k, A+ms—a + f+1);

X ga1Fa -—

Ak, A+ms—a-a'+y+1), A(K,A+ms—a—f'+y+1), A(k,A+ms+ S +1);

(3.3)

(3.4)

When p=«a’' =0 , Lemma 1 and 2 are reducing to the results given by Saigo and Raina

[6]. Finally it may be remarked here that the formulas established in this paper may be useful
in obtaining the results for various classical orthogonal polynomials and special functions of

one variable.
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