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Abstract. The decomposition of annihilator polynomials for linear maps or for the 

matrices of product of two coprime polynomials gives a decomposition of the spectrum as a 
direct sum of two subspaces with annihilator polynomials of smaller degree. 
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1. INTRODUCTION  
 
 

Let V  be a vector space over a field K  and let VVT →:  be  a linear map for which 
there is an annihilator polynomial ][XKP∈ , i.e. 0)( =TP . If the annihilator polynomial P  
is irreductible then there are two coprime, non-constant polynomials such that 21 PPP = . 
We give some relations in which the null spaces ( )( ) ( )( )TPTP 21 ker,ker  and the numbers

( )( )TP1rank , ( )( )TP2rank   appear. 
 
 

2. COMPLEMENTARY SUBSPACES  ( )( ) ( )( )TPANDTP 21 kerker  
 
 
Theorem 2.1 If V  is a vector space over the field K  with  VVT →:  an endomorphism and  

[ ]XKPP ∈21,  two coprime polynomials then the following statements are equivalent: 
a) ( ) ( ) 021 =TPTP   or ( )( ) 021 =⋅ TPP   
b) ( )( ) ( )( )TPTPV 21 kerker ⊕= . 

 
Proof: Since the polynomials are coprime there are two polynomials [ ]XKQQ ∈21,   so that  
 

12211 =+ QPQP  (1) 
 

a)→b): In the hypothesis ( ) ( ) 021 =TPTP  . We show that any vector Vx∈  can be 
decomposed uniquely as 21 xxx +=  with ( )( )TPx 11 ker∈  and ( )( )TPx 22 ker∈ . Since  
( )( ) ( ) ( ) ( ) ( )TPTQTQTPTQP  ==⋅ ,  from (1) we obtain ( ) ( ) ( ) ( ) ITQTPTQTP =+ 2211  , 
where VVI →:  is the identity map ( ) VxxxI ∈= , .We select ( ) ( )( )xTQTPx 221 =  and 

                                                 
 
1 Technical University of Cluj-Napoca, Department of Mathematics, Postal Code, Cluj-Napoca, Romania.  
E-mail: Vasile.Pop@math.utcluj.ro.  

mailto:Vasile.Pop@math.utcluj.ro


The decomposition of some …                                                                                                             Vasile Pop 
 

www.josa.ro                                                                                                                                                   Mathematics Section  

648 

( ) ( )( )xTQTPx 112 =  and we have ( )( ) ( ) ( )( ) ( )( )( ) 022111 == xTQTPTPxTP  , hence 
( )( )TPx 11 ker∈  and ( )( ) ( ) ( )( ) ( )( )( ) 011222 == xTQTPTPxTP   so that ( )( )TPx 22 ker∈ . 

Moreover, if  
 

( )( ) ( )( )TPTPy 21 kerker ∩∈    then  ( )( ) 01 =yTP , ( )( ) 02 =yTP   
 

and  
 

( )( )( ) ( ) ( )( )( ) ( ) ( )( )( ) 022112211 =+=+= yTPTQyTPTQyTQPQPy   
 

hence  
 

( )( ) ( )( ) { }0kerker 21 =∩ TPTP  and then ( )( ) ( )( )TPTPV 21 kerker ⊕= . 
 
b)→ a): Any vector Vx∈  can be written uniquely as 21 xxx +=  with ( ))(ker 11 TPx ∈ , 

( ))(ker 22 TPx ∈ . We have,  
 

( ) ( )( ) ( ) ( )( ) ( ) ( )( )
( ) ( )( )( ) ( ) ( )( )( ) ( )( ) ( )( ) 000 12221112

22111221

=+=+=
=+=

TPTPxTPTPxTPTP
xTPTPxTPTPxTPTP 

 

 
hence ( ) ( ) .021 =TPTP   
 
Corollary 2.1 The linear map VVT →:  is a linear projection on vector space V  if and only 
if ( ) ( )TITV −⊕= kerker . 
 
Proof: The map T  is a linear projection if and only if the polynomial ( ) 2xxxP −=  is the 
annihilator polynomial for .T  We consider the polynomials ( ) xxP =1 , ( ) xxP −= 12 which are 
coprime and ( ) ( ) ( )xPxPxP 21 ⋅= .  

We have ( ) ( )( ) ( ) ( ) 000 2121 =⇔=⋅⇔= TPTPTPPTP   and by Theorem 2.1 this is 
equivalent to ( )( ) ( )( ) ( ) ( ).kerkerkerker 21 TITTPTPV −⊕=⊕=  
 
Corollary 2.2 If V is a vector space over the field K of characteristic different than 2 then 
the linear map VVS →:  is a symmetry if and only if ( ) ( ).kerker SISIV +⊕−=  
 
Proof: The map S  is a symmetry if and only if the polynomial ( ) 21 xxP −=  is the annihilator 
polynomial of ( )( )0=SPS . We consider the polynomials ( ) xxP −= 11  and ( ) xxP += 12 , 
which in the ring [ ]XK  are coprime if the characteristic of the field K  is different than 2. We 
have ( ) ( ) ( )xPxPxP 21=  so that ( ) ( ) ( )SPSPSP 210 ==  and by Theorem 2.1 this is equivalent 
with ( )( ) ( )( ) ( ) ( ).kerkerkerker 21 SISISPSPV +⊕−=⊕=  
 
 
 
 
 
 



The decomposition of some …                                                                                                             Vasile Pop 

ISSN: 1844 – 9581                                                                                                                                         Mathematics Section 

649 

3. THE SUM OF THE RANKS ( )( ) ( )( )TPTP 21 rankrank +  
 
 
Theorem 3.1 Let V be a vector space of finite dimension over the field K , VVT →:  an 
endomorphism and [ ]XKPP ∈21,  two coprime polynomials. The following statements are 
equivalent: 
a) ( ) ( ) 021 =TPTP   
b) ( )( ) ( )( ) ( ).dimrankrank 21 VTPTP =+  
 
Proof:  a)→b): By Theorem 2.1 it follows: 
 

( )( ) ( )( ) ( ) ( )( ) ( ) ( )( )TPVTPVTPTPV 2121 rankdimrankdimkerker −+−=⊕= , 
 

which implies that ( )( ) ( )( ) ( ).dimrankrank 21 VTPTP =+  
 
b)→ a): From the rank-nullity theorem (see [1]) it follows that  
 

( ) ( )( )( ) ( )( )( )TPTPV 21 kerdimkerdimdim += . 
 

On the other hand,  ( )( ) ( )( ) { }0kerker 21 =∩ TPTP ; since ( )( ) ( )( ) 021 == yTPyTP  it follows 
that ( )( )( ) ( )( )( ) 02211 =+= yTPQyTPQy  hence ( )( ) ( )( )TPTPV 21 kerker ⊕=  and by Theorem 
2.1 we have that ( ) ( ) 021 =TPTP  .  
 
Corollary 3.2 [6]  The linear map VVT →:  is a projection of the vector space V  if and 
only if ( ) ( ) ( ).dimrankrank VTIT =−+  
 
Corollary 3.2 [5] If the field K  has the characteristic different than 2 then the linear map 

VVS →:  is a symmetry if and only if ( ) ( ) ( ).dimrankrank VSISI =++−  
 
 
4. THE DECOMPOSITION OF ANNIHILATORS POLYNOMIALS FOR MATRICES 
 
 
Theorem 4.1 If ( )KA nM∈  is a matrix and [ ]XKPP ∈21,  are two coprime polynomials the 
following statements are equivalent: 
a) ( ) ( ) 021 =⋅ APAP  
b) ( )( ) ( )( ) nAPAP =+ 21 rankrank . 
 
Proof: We consider the linear map nn KKT →: , ( ) AXXT = , where  
 

[ ] nt
n KxxxX ∈= 21  

 
and we have ( )( ) ( )XAPXTP 11 = , ( )( ) ( )XAPXTP 22 = , ( )( ) ( )( )APTP 11 rankrank = , 

( )( ) ( )( )APTP 22 rankrank =  and then Theorem 4.1 is a consequence of Theorem 3.1. 
 



The decomposition of some …                                                                                                             Vasile Pop 
 

www.josa.ro                                                                                                                                                   Mathematics Section  

650 

Corollary 4.1 [2, 5] The matrix ( )KA nM∈  is an idempotent matrix ( )AA =2  if and only if 
( ) ( ) .rankrank nAIA n =−+  

 
Corollary 4.2 [2, 4] If the field K  has 2)char( ≠K then the matrix ( )KA nM∈  is an 
involutory matrix ( )nIA =2  if and only if ( ) ( ) .rankrank nAIAI nn =++−  
 

We mention that a recent book which contains a novel presentation of idempotent and 
involutory matrices of order two as well as properties and applications of symmetries and 
projections is [3]. 
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