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Abstract.This paper is the witness of coupling of recently developed Aboodh transform 

and differential transform method. This coupling is known as Aboodh differential transform 
method. The proposed method is tested on some linear and nonlinear problems for suitable 
analytical solution and the obtained results demonstrate reliability and efficiency of the 
proposed method. It is observed that the presented coupling is an alternative approach to 
overcome the demerit of complex calculation. This new method is more efficient and easy to 
handle such differential equations in comparison to other methods. The results reveal the 
complete reliability that this method is very efficient, simple and applications hence can be 
extended to other problems of diverse nature. 

Keywords: Analytical approximate solution, Aboodh Transform, Differential 
Transform Method, Nonlinear Differential Equations 

 
 
1. INTRODUCTION  

 
 
Nonlinear problems are widely used to describe complex physical phenomena in 

various fields of sciences, and engineering. They also cover the cases of the following types: 
surface waves in compressible fluids, hydro magnetic waves in cold plasma, acoustic waves 
in an harmonic crystal, etc. The wide applicability of these equations is the main reason why 
they have attracted so much attention from many mathematicians. However, such problems 
are usually very difficult to solve, either numerically or theoretically. Recently, both 
mathematicians and physicists have devoted considerable effort to the study of exact and 
approximate solutions of the nonlinear ordinary differential equations corresponding to the 
nonlinear problems. 

Recently, lot of attention is paid to finding appropriate solutions of NLPDEs. In the 
similar context, various techniques including Adomian’s decomposition method (ADM) [1-
2], Variational Iteration (VIM) [3-4], Homotopy Perturbation (HPM) [5-6], Homotopy 
Analysis (HAM) [7], F-Expansion [8], Exp-function [9], sine-cosine [10], differential 
transform method (DTM) [11-14], and reduced differential transform [10, 15-18] have been 
applied on wide range of linear and nonlinear problems of diversified physical nature. The 
differential transform method has been developed for solving the differential and integral 
equations. For example in [11] this method is used for solving a system of differential 
equations and in [9] for differential-algebraic equations. In [19-23] this method is applied to 
partial differential equations and in [24-26] to one-dimensional Volterra integral and 
integrodifferential equations. New integral transform “Aboodh transform” [25-34] is 
particularly useful for finding solutions for these problems. Aboodh transform is a useful 
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technique for solving linear Differential equations but this transform is totally incapable of 
handling nonlinear equations because of the difficulties that are caused by the nonlinear 
terms. This paper is using differential transforms method to decompose the nonlinear term, so 
that the solution can be obtained by iteration procedure.  

 
 

2. ABOODH TRANSFORM 
 
 
A new transform called the Aboodh transform defined for function of exponential 

order we consider functions in the set A, defined by: 
 

}|)(|,0,,:)({ 21
vtMetfkkMtfA               (1) 

 

For a given function in the set M  must be finite number, 21,kk may be finite or 
infinite.Aboodh transform which is defined by the integral equation 
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Let )(vk be Aboodh transform of )()]([),( vKtfAtf  then the some results of Aboodh 

transform are 
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3. DIFFERENTIAL TRANSFORMMETHOD 
 
 

Differential transform of the function )(xY  for the k-derivative is defined as follows 
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              (3) 

 
where )(xY  is original function and )(ky  is the transformed function. And the inverse 
differential transform of )(ky  is defined as 
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                          (4)  

 
The main theorems of the one – dimensional differential transform are: 
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Theorem 1: If ),()()( xzxyxw   then ).()()( kZkYkW   
 

Theorem 2: If ),()( xcyxw   then ).()( kcYkW   
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Theorem 5: If ),()()( xzxyxw   then .)()()(
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Theorem 6: If ,)( nxxw   then .
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Theorem 7: If  ,exp)( xxw   then .
!

)(
k

kW
k

  

 
Note that c is a constant and n is a nonnegative integer.  

 
 
4. ANALYSIS OF DIFFERENTIAL TRANSFORM OF NONLINEAR FUNCTION 
 
 

In this section, we will introduce a reliable and efficient algorithm to calculate the 
differential transform of nonlinear functions. 

 
Exponential nonlinearity: ayeyf )(  
 

From the definition of transform  
 

  )0()0(
0

)()0( aYay
x

xay eeeF                 (5) 
 

Taking a differential of ayeyf )(  with respect to x, we get 

 

dx
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yaf
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ydf ay )(
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               (6)  

 
Application of the differential transform to Eq. (6) gives 
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Replacing )1( k  by k gives  
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Then from Eq. (5) and (8), we obtain the recursive relation  
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5. NUMERICAL APPLICATIONS 
 
 

In this section we consider some nonlinear and linear problems in order to presents the 
effectiveness and applicability of proposed Aboodh differential transform transforms.  
 
Example 5.1 Consider the simple linear fifth order differential equation [30] 
 

),()(32)(5 xfxuxu               (10) 
 

subject to the conditions 
 

.16)0(,7)0(,4)0(,3)0(,1)0( ''''''  ivuuuuu                      (11)  
 

First applying Aboodh transform on both sides of Eq. (10), we get 
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)(vk is the Aboodh transform of u(x). 
The standard Aboodh transformation method defines the solution u(x)  by the series  
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Operating with Aboodh inverse on both sides of Eq. (12) gives 
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Substituting Eq. (13) into Eq. (14) we find: 
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Here,  
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The solution in a series form is given by 
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Example 5.2 Consider the simple second order differential equation 

 
,0" uu                (17) 

 
subject to the conditions 
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First applying Aboodh transform on both sides to find 
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)(vk is the Aboodh transform of u(x) ,  
 
 

The standard Aboodh transformation method defines the solution u(x)  by the series  
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The inverse of Aboodh transform implies that 
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Substituting Eq. (20) into Eq. (21) we find: 
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The solution in a series form is given by 
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864024012
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Example 5.3 Consider the nonlinear BVP of order five [31] 
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subject to the conditions 
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The constants t and w can be easily evaluated by using boundary conditions at x=1 
 

0157735.00304127.0  wandt  
 

By the value of t and w remaining initial conditions can be finding 
 

''' (0) 0.1824, (0) 0.378564.ivu u    
 

First applying Aboodh transform on both sides to find 
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)(vk is the Aboodh transform of u(x) ,  
Operating with Aboodh inverse on both sides of Eq. (26) gives  
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The recursive relation is given by: 
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The solution in a series form is given by 
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Example 5.4 Consider the nonlinear problem of order five [31] 
 

5 3( ) ( ( )) ,xu x e u x 0 1 ,x              (30) 

 
subject to the conditions 
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First applying Aboodh transform on both sides to find: 
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)(vk is the Aboodh transform of u(x) . 

Operating with Aboodh inverse on both sides of Eq. (32) gives  
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The solution in a series form is given by 
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Example 5.5 Consider the nonlinear problem of order Six [31] 
 

6 3( ) ( ( )) ,xu x e u x 0 1,x                          (35) 

 
subject to the conditions 
 

' '' '''1 1
(0) 1, (0) , (0) , (0) 14.69918030, (0) 102.1542319

2 4
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First applying Aboodh transform on both sides to find 
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)(vk is the Aboodh transform of u(x). 
Operating with Aboodh inverse on both sides of Eq. (37) gives 
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]]))().(([
1

[826788463.1)256426329.4()449863383.2(
82

)1( 3
6

1543
2

nunFA
v

Axxx
xx

nu 

                     (38)
 Here,  

1

0

(0) , 0

(0) 1, 0; ( ) 1
( 1) ( 1)

n

m

u n

u n F n m
u m F n m

n






      


 

 

]]))0().(0([
1

[826788463.1)256426329.4()449863383.2(
82

)1( 3
6

1543
2

uFA
v

Axxx
xx

u 

 
 

]]1[
1

[826788463.1)256426329.4()449863383.2(
82

)1(
6

1543
2

A
v

Axxx
xx

u   

720
826788463.1)256426329.4()449863383.2(

82

6
543

2 x
xxx

xx
  

 
Here,  
 

1,
720

826788463.1)256426329.4()449863383.2(
82

)1(
6

543
2

 n
x

xxx
xx

u

 

720
826788463.1)256426329.4()449863383.2(

82
)1(

6
543

2 x
xxx

xx
F   

]]))1().(1([
1

[826788463.1)256426329.4()449863383.2(
82

)2( 3
6

1543
2

uFA
v

Axxx
xx

u 

 



Application of Aboodh  …                                                                            Jamshad Ahmad and Jawaria Tariq 

 

www.josa.ro                                                                                                                                                   Mathematics Section  

16
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The solution in a series form is given by 
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6. CONCLUSION  

 
 
In this paper, the analytical solutions of nonlinear higher order initial value problems 

subject to the appropriate initial conditions which arise frequently in mathematical physics are 
obtained by using the powerful tool new Aboodh differential transform method. The coupling 
works fine and yields remarkable solutions for the considered linear and nonlinear initial 
value problems. 
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