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Abstract. In this paper, comparison results of linear differential equations with fuzzy
boundary conditions are examined. It is solved the problem of Liu [17] by using the solution
method of Gasilov et al’s [12]. Here, the solution is same as the solutions (1,1) and (2,2) of
Liu for the case of positive constant coefficient and the solution is same as the solutions (1,2)
and (2,1) of Liu for the case of negative constant coefficient. If the boundary values are
symmetric triangular fuzzy numbers, the value of the solution at any time is a symmetric
triangular fuzzy number. Several examples are solved about the worked problems.

Keywords: Fuzzy boundary value problems; Boundary value problems; Second order
fuzzy differential equations

1. INTRODUCTION

There are several approaches to studying fuzzy differential equations [1, 6, 9, 13, 16,
18]. The first approach was the use of Hukuhara derivative. This approach has a drawback:
the solution becomes fuzzier as time goes by [3, 10]. Also, Bede [4] proved that a large class
of fuzzy boundary value problems have not a solution under the Hukuhara derivative concept.
The strongly generalized derivative was introduced [2] and studied in [3, 5, 8, 14, 19].
Recently, Khastan and Nieto [15] have found solutions for a large enough class of fuzzy
boundary value problems with the strongly generalized derivative.

The second approach generate the fuzzy solution from the crips solution. This approach
can be three ways. The first way is the extension principle, where firstly, the initial value is
taken a real constant and crips problem is solved. Then, the real constant in the solution is
replaced with the initial fuzzy value [6, 7]. The second way is the concept of differential
inclusion, where by taking an a-cut of initial value, the differential equation is converted to a
differential inclusion and the solution is accepted as the a-cut of fuzzy solution [13]. In the
third way, fuzzy solution is considered to be a set of crips problems [11].

In this paper, a investigation is made on comparison results of linear differential
equations with fuzzy boundary conditions. It is solved the problem of Liu [17] by using the
solution method of Gasilov et al’s [12].
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2. PRELIMINARIES

2.1. DEFINITION
A fuzzy number is a function u: R — [0,1] satisfying the following properties:
i) u is normal,
i) u is convex fuzzy set,
iii) u is upper semi-continuous on R,
iv) cl{xeR|u(x) > 0} is compact where cl denotes the closure of a subset [14].
Let Ry denote the space of fuzzy numbers.
2.2. DEFINITION
Let ue Rg. The a-level set of u, denoted [u]*,0<a <1, is
[u]* = {xeR|u(x) = a}.
If =0, the support of u is defined
[u]® = cl{xeR|u(x) > 0}.

The notation, [u]” :[ga,aa] denotes explicitly the o-level set of u. We refer to

u and u as the lower and upper branches of u, respectively [15].
The following remark shows when [u_,u.] is a valid o -level set.

2.3. REMARK

The sufficient and necessary conditions for [gu,ﬁa] to define the parametric form of a

fuzzy number as follows:
i) u, is bounded monotonic increasing (nondecreasing) left-continuous function on

(0,1] and right-continuous for oo =0,

ii) u., is bounded monotonic decreasing (nonincreasing) left-continuous function on
(0,1] and right-continuous for oo =0,

iii) u, <u., 0<a <1 [14].

2.4. DEFINITION

If A is a symmetric triangular numbers with supports [g, E], the level sets of [A]% is

[A]* = [a + (E;_g) a,a— (EZ;Q) a] [17].
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3. SECOND ORDER FUZZY LINEAR DIFFERENTIAL EQUATIONS

Consider the fuzzy boundary value problem
x"(t) + a,(O)x" + a,()x = f(t) (3.2)
x(0) = A, x(T) =B, (3.2)
where A and B are fuzzy numbers, A=a.,-+a, B=b,+b, a, and b denote the
crips parts of A and B; a and b denote the uncertain parts. The problem is splited to following

two problems:
1) Associated crips problem:

x"(t) + a;(O)x" + a,(t)x = f(b), (3.3)
x(0) = agr, x(T) = bey. (3.4)

2) Homogeneous problem with fuzzy boundary values:
x"(t) +a,(t)x" +a,(t)x =0, (3.5
x(0) =a, x(T)=bh. (3.6)

The solution of the problem (3.1)-(3.2) is of the form

x(t) = xcr () + xyn (1),

where x.,.(t) is the solution of the non-homogeneous crips problem (3.3)-(3.4) and x,,,,(t) is
the solution of the homogeneous problem (3.5)-(3.6). Let be x;(t) and x,(t) linear

independent solutions of the differential equations (3.5),

x1(0)  x,(0)
x1(£)  x(£)]’

S0 = ® u®], M=|
W) = s(OM™" = [wi (), wo(D)].
Then, the solution of the fuzzy boundary problem (3.1)-(3.2) is

x(t) = 2 (8) + wy(Da + wy(O)b [ 12].

A. THE CASE OF POSITIVE CONSTANT COEFFICIENTS
Consider the fuzzy boundary value problem
x"(t) = Ax(t) (3.7)

x(0) =4, x(¢) =B (3.8)
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where, 4 > 0. Boundary conditions 4 = (g, azﬂﬁ) and B = (Q, %,E) are symmetric
triangular fuzzy numbers, the a -level sets of [A]* and [B]* are

1= o+ (52 e~ (53)e]
= o+ (B2)ai- (52)d]

respectively.
1) Crips problem:

x"(t) = Ax(¢), (3.9)
x(0) =28, x(£)="L (3.10)
The solution of the differential equation (3.9) is
X (£) = creVt 4 ce VAt

Using the boundary conditions (3.10)

xcr(o) =0 + C =

and from this

CRL e ()

VI _o—ar ' 2T T Wi e

C1=

are obtained. Then the solution of the boundary value problem (3.9)-(3.10) is obtained as

b+b ata\ i a+a\ Ji7_(b+b
=BT ERTE g

0= (e ) ) o) (E2)

2) The problem with fuzzy boundary values:

x"(t) = Ax(b), (3.11)

x(0) = (£%,0,%22 )x({’)—( b o,b=

T,O,T> (3.12)

IU‘
|
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x.(t) = eVt x,(t) = eVt are linear independent solutions for the differential equation
(3.11). Then,

_[vat ,—va _[1 1
s(t)—[e t e t],M—[e\m, e“m’]'

W) =s(t)M1

Since
M_l _ 1 _e—\/zf 1
T eVAt_e-Vae eVt -1 !
1 —Vae
— = A VAt VAt |—e 1
e = VAL _ o~V [e € ] [ oVt 1]
R — VA(t—2 —VA(t-¢ V2 -2
W (t) e‘/ﬂ—e“/ﬂ[_e (t=0) 4 o=VAt—0) VAt _ ,—Vat]

is obtained, where

_ 1 _ VAt-9) —VA(t-?)
w; (t) _e\m—e—\/ﬂ( e +e ),

— 1 (Nt _ VAt
w,(t) = g TR (e e )

Then, the solution of the fuzzy boundary value problem (3.11)-(3.12) is
Xyn () = —em,_le_m, {(—e‘a(t‘*’) + e‘ﬁ(t“’)) (ﬂzi 0%) + (e‘ﬂt - e“/zt) (%, O,% )}
Since the solution of the fuzzy boundary value problem (3.7)-(3.8)
x(t) = xr () + 2,5, (1),
we have
1 _ _ _ at+ta — _ b+b —
x(t) = m{(_eﬁ(t 0 4 o—VAt f)) (Q’T’a) + (eﬁt e \/it) (Q,—,b)}.

Then, the a-cut of the solution x(t) is obtained as

[x(O]% = [x,(6), % (D],

1 a—a a—a
a—_ = ) VA0 4 VA0 ay _ a
[x(t)] e‘m’—e“m’{( e +e )Ig-i-( > >a,a ( > >al

(e o) o (B2) T (52} 619
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3.1 PROPOSITION

If (b—b) - (a@—a)eV* >0, the solution [x(£)]* = [x4(t), % (t)] of (3.7)-(3.8)
is a valid a-level set.

Proof. Using w;(t) > 0, w,(t) > 0 and fuzzy arithmetic, we have

[x(£)]* = eﬁTle-W I( eVAt—0) 4 e-ﬁ(t—{’)) <g N (a ; a a)
+ (eﬁt _ e-ﬁt) (g + ( b ; Q) a) , (_eﬁ(t—f) n e—ﬁ(t_e)) (E B (E ; 2) a)
(e =) (5- (52) )]}
Then,
xq(8) = m{(—eﬁ“—@ 4 e~ VA- f) < <

(=) (o4 ()
70 = (e 4 i) ( (5:9))

+(ee =) (b ()
0xa(D) ) 0%alt)

- 0, e S 0 and x,(t) —x,(t) =0, [x(t)]* is a valid a-level set. Then, it must

If
be

[ (- (e (o7 ()20

From this,

et fer @ ((B-b) - (a-a@)e™™)+((@-a)e™ - (b-b))}z 0

Let be
£©) = e ((b-b) - (a-a)e™™) +((@-a)e’™ - (5-1)),
f(0)=(a—g)(e ‘*/_’?)>0

') = 2\/1((5—2) — (E—g)e“/’_“’>e2‘/’_‘t >0,
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(5-b) - (a-a)e >0

Then, if (b—b)—(a—a)e™ >0, [x()]* = [x,(£), X, ()] is a valid a-level
set.

3.2 PROPOSITION

For any ¢ € [0, ], the solution [x(£)]* = [x4(t), X, ()] of (3.7)-(3.8) is a symmetric
triangle fuzzy number.

Proof. Since

110 = (o0 ) E8) (o0 ) (22)) 5,00

and

0 () — 2a(0) = ﬁ{(—eﬁ““’) + emVIE0) << “ 9) (1- a)>

e

+ (et — i) <( 2 a- a))} = Xo(t) = Ti(0),

the solution [x(£)]* = [x,(£), X, (t)] of (3.7)-(3.8) is a symmetric triangle fuzzy number.

3.3 EXAMPLE
Consider the fuzzy boundary value problem
x"(t) = x(t) ,tE€ (0,37”) (3.14)
x(0) = (1.3,2), x(¥)=(32.4) (3.15)

where [(1.2,2)]" = [1+2a2-1d], [(3.2.4)] = [3+1a4-1d]
1)Crips problem:
x"(t) = x(t) (3.16)

x(0) =3 «x (3—”) =1 (3.17)

2’ 2 2
The solution of the differential equation (3.16) is

Xor(t) = cret + et

Using the boundary conditions (3.17), we have

7 372 302 -1
c 2 2 C, = 2 2
1— 3@ 3m s 27 3m 31

e2—-e 2 ez2—-e 2
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Then, the solution of the boundary value problem (3.16)-(3.17) is

772° €275 ¢
cr(t) = n: 3ne + =57 3w € s
ez —-e 2 e2 —e 2
31T 31
Xer(t) = —{ (et —e t) +3 (eT_t - et_7)}.
e2 —e 2 2

3) The problem with fuzzy boundary values:

x"(t) = x(t), (3.18)
0= (- £02). ()= (-102) 319

x,(t) = et, x,(t) = et are linear independent solutions for the differential equation (3.18).
Then

s(t) =[et e ], M= [;Tn _13n]

e 2z
and
W) =s(t)M™ L.
Since
3T
— 1 —_
M= 3T 311[ egnz 1],
ez-e 2L g7 —1
we have
3T
1 —t1]l—e 2z 1
W) = 37 3_n[et e t][ 3m ]'
ez-e 2 ez -1
W) = L Sn[— T et ef—et)
e
where
1 L 1 -
wi(t) = == _3_,,(—e 2 tez ): wy(t) = zm—z= (e’ —e™H).
e2—e 2 e2—e 2

Then, the solution of the fuzzy boundary value problem (3.18)-(3.19) is

= g (51 - F) (- B02) r o010}

e2—e 2

Since
x(t) = xcr(t) + xun(t)r

the solution of the fuzzy boundary value problem (3.14)-(3.15) is
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x(t) = 5= ! = {(e%_t - et_%) (1,%, 2) + (et —e™) (3,%,4)}.

e2—e 2

Then, the a-level set [x(£)]% = [x,(t), %, (t)] of the soluton x(¢) is

m_,

[x(t)]* = ﬁ{(e 2 et_37n) [1 + %a,Z - %a] + (et —e™) [3 + %a,4 - %a]}.

e2 —e 2

Using wy(t) > 0, w,(t) > 0 and fuzzy arithmetic, we have

[x(D)]* = ﬁ{[(e%ﬂ_t - et_37n> (1 + %a) + (et —e™t) (3 + %a>,
(7 —e ) (2-3a) + (™ — o) (4~ Ja)]}
Then,
Xq(t) 3n_1 = {(e7_t - et_37n) (1 + %a) + (et —e™t) (3 + %a)}
Xq(t) = == ! = {(e%n_t — et_37n) (2 — %a) + (e‘m — e“m) (4 — %a)}

31

According to the proposition 3.1, since 1 > ez, the solution [x(£)]* = [x,(t), X (1)]
of the fuzzy boundary value problem (3.14)-(3.15) is a valid a-level set and the solution is a
symmetric triangle fuzzy number.

B. THE CASE OF NEGATIVE CONSTANT COEFFICIENTS
Consider the fuzzy boundary value problem
x"(t) = —Ax(t) (3.20)
x(0)=A, x®¥)=B (3.21)

ata

where, 4 > 0. Boundary conditions 4 = (g, T,E) and B = (Q, bTJ“Q,b) are symmetric
triangular fuzzy numbers, the a -level sets of [A]* and [B]* are

1 = o+ (52) e (59) ]

2

817 = [+ (58) @B - (%) o]

2

respectively.
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1) Crips problem:

X"(t) = —Ax(t), (3.22)

a+a

x(0) =52, x(p) =22, (3:23)
The solution of the differential equation is
X (t) = clcos(ﬁt) + czsin(ﬁt).

Using the boundary conditions (3.23)

a+a

xcr(o) =G = 2

X (£) = %cos(ﬁ#) + czsin(ﬁf) = EZLQ :

(# )—(?)cos(\/ﬂ’)
sin(vVa¢e)

C2 =
are obtained. Then, the solution of the boundary value problem (3.22)-(3.23) is

btb ) (?)cos(ﬁt’)
sin(vVae)

X (t) = ( )cos(\/_t) +( sm(\/_t) ? i — n€EN

= (%£2) (cos(Vir) - LE0AD) o (222) (zzz&ﬁz%) -

2) The problem with fuzzy boundary values:
x"(t) = —Ax(t) (3.24)
a-a ., a-a b-b
x(0) =(‘7,O,T‘),x(£)=(— 07> (3.25)

x;(£) = cos(VAt), x,(t) = sin(VAt) are linear independent solutions for the differential
equation (3.24). Then,

s(t) = [cos(VAt) sin(VAt)], M= [cos({/}l’) sin(bif)]
and

W) =s(t)M™1.
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Since

1 0
M™1= !_ cos(Vt) 1 ],
sin(Va¢) = sin(Vae)

0
W(t) = [cos(VAt) sm(\/_t)][ COS(‘/_f) 1 ]
sin(vVae) sin(vVae)

= [eostt - 2202030 sl

sin(\/ﬂ’) sin(ﬁ#)

_ [sin (\/Z({’ — t)) sin(ﬁt)
sin(\/ﬂ’) sin(\/z{’)

is obtained, where
sin \/I(i’—t) sin(vV4
w1 () = sgn(ﬁf) )’ wa(t) = sinéx/;g'

Thus,
sin(VA(¢-t)) [ a a- sin(VAt) ( b-b . b-b
w® = (55050 ) + I (05 )
Since
x(t) = xcr(t) + xun(t);
we have

<0 = 0 7) (2 7)

The a-cut of the solution x(t) is
[x(0)]* = [x,(£), X (1)]

[x(O]* = %[@ + (2) a,a— (_2;) “] + ZE“&Z% [Q T (Ez;g) @b~ (Ez;g) “]-
(3.26)

3.4 PROPOSITION

€ [0,7], the solution [x(£)]* = [x,(t),x,(t)] of (3.20)-(3.21) is no longer a valid
a-level set as

(a-a)cos(s7)-(5-b)
t= \/_COt ' ( (a-a)sin(vae) )
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Proof. For t € [0, 7], using w;(t) > 0, w,(t) > 0 and fuzzy arithmetic, we have

o - LR o () 200 (52))

sin(VA¢) 2 sin(VA¢)
i - (59 )+ 23 (5 - (53) )]

Using

sin (\/7({’ - t)) = cos(Vat)sin(VA¢) — sin(vAt)cos(V2e),
x(t) = (g + (E;—Q) a) cos(Vat) + esin(Vat),

X (t) = (E — (%) a) cos(Vat) + csin(Vat)

is obtained, where

[(er(5)e)-(a(5)eeostimn)] _ _ [(B=(*)e){a-(5F)a)eostan)]

£:

sin(VA¢) ' sin(VAe)
If a%"‘oft) >0, af“oft) < 0 and x,(t) — x4 (t) = 0, [x(t)]* is a valid a-level set. Then,
it must be
(@— a)cos(Vat) + (E—Q)—S(iiz\%);;s(\/ﬂ) sin(vVat) = 0.
From this,

(a-a)cos(v2¢)~(5-b)
cot(\/It) = sin(Vif)(@-a)

and since t € [0, ]

t < cot-1 ((5—9)608(\/1#)—(5—2))

sin(vae)(a-a)

is obtained. Then, the solution [x(£)]% = [x,(t), X, (t)] of (3.20)-(3.21) is no longer a valid
a-level set as

¢ >%Cot—1<(5—9)COS(\/7€)—(5—2)>.

(a-a)sin(vae)
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3.5 PROPOSITION

For any te€[0,¢], the solution [x(£)]* = [x,(t), % (t)] of (3.20)-(3.21) is a

symmetric triangle fuzzy number.
Proof. Since
sin (\/7({’ - t)) = cos(Vat)sin(VA¢) — sin(vVAt)cos(V2e),
x.(t) = (g + (Hz;g) a) cos(VAt) + esin(VAt),

X, () = (E - (a—a) a) cos(VAt) + csin(VAt)

BN
is obtained, where

[(e+(52)e)-(a(5)eeostmn)] - _ [(B~(*5)e)(a-(55)a)eosian)]

sin(Vae) ’ sin(Va?)

£=

Then,

X (®) = (Z2) cos(Vi) + [(%55)-(%52)eos(var)]

sin(\ﬁt) =x,(t)

sin(Vae)
and
b-b a-a
-a =2)~( 5 eos(va0)|
() —x,(t) =(1—-a) (%) cos(ﬂt) + K ) s(in(\/g{’) ( M)] sm(ﬁt)
= X (t) — X1 (8).

The solution [x(£)]* = [x, (), x,(t)] of (3.20)-(3.21) is a symmetric triangle fuzzy
number.
3.6 EXAMPLE

Consider the fuzzy boundary value problem

X"(t) = —x(t) ,te€ (o, g)

«©=(122), x()=(19)

1) Crips problem:
x"'(t) = —x(t)

=3 +(9)-

2

(3.27)

(3.28)

(3.29)

(3.30)
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The solution of the differential equation (3.29) is
Xer(t) = cicos(t) + cysin(t) .

Using the boundary values (3.30), we have

3 s 7
xcr(0)=cl=5 ) xcr(5)=cz=z-

Then, the solution of the boundary value problem (3.29)-(3.30) is
3 7 .
X () = Ecos(t) + Esm(t).
2) The problem with fuzzy boundary values:
x"(t) = —x(t) (3.31)
= (- £.02),x(2) = (-1.0) 622

x1(t) = cos(t), x,(t) = sin(t) are linear independent solutions for the differential equation
(3.31). Then,

s(t) = [cos(t) sin(t)], M = [1 0]

0 1
and

W) =s@t)M1
W = lcos® sn®1[;
W(t) = [cos(t) sin(t)]
are obtained, where
wy(t) = cos(t), wy(t) = sin(t).
Then, the solution of the fuzzy boundary value problem (3.31)-(3.32) is
Xun(t) = cos(®) (- 3,0,5 ) + sin(t) (=3,0,3 ).

Since
x(t) = xcr(t) + xun(t)r

the solution of the fuzzy boundary value problem (3.27)-(3.28) is

x(t) = cos(t) (1,%, 2) + sin(t) (3,%, 4).
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Then, the a-level set [x(t)]* = [x,(t), X ()] of the soluton x(t) is
[x(t)]* = cos(t) [1 + %a, 2 — %a] + sin(t) [3 + %a, 4 — %a].
Using wy(t) >0, w,(t) >0 fort € (0, %) and fuzzy arithmetic, we have

[x()]* = [cos(t) (1 + %a) + sin(t) (3 + %a) ,cos(t) (2 — %a) + sin(t) (4 + %a)].

Then,
X (t) = cos(t) (1 + %a) + sin(t) (3 + %a),

x,(t) = cos(t) (2 — %a) + sin(t) (4 + %a).

According to the proposition 3.4, when t > cot™(—1), the solution [x(t)]% =
[ga(t),fa(t)] of the fuzzy boundary value problem (3.27)-(3.28) is not a valid a-level set.
Also, the solution is a symmetric triangle fuzzy number.

4. CONCLUSIONS

In this paper, it is solved the problem of Liu [17] by using the solution method of
Gasilov et al’s [12]. Here, the solution is same as the solutions (1,1) and (2,2) of Liu for the
case of positive constant coefficient and the solution is same as the solutions (1,2) and (2,1) of
Liu for the case of negative constant coefficient. In Gasilov et al’s paper [12], the a-cuts of
the solution x(t) defined in the form

[x(O)]* = [&x(t): Ea(t)] = Xcr(t) + xun,a(t)

is not a valid a-level set, where x,,, o (t) = (1 — @) [, (£), Xy (£)]. This, it can be see on the
examples in the paper [12].
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