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Abstract. This paper is mainly connected with the theory of generating functions for
some Laguerre type d-orthogonal polynomials. In this study, we present some theorems giving
multilateral and multilinear generating functions for the Laguerre type d-orthogonal
polynomials. We also give their sepecial cases.
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1. INTRODUCTION

A natural generalization of an arbitrary number of p numerator and g denominator
parameters (p,qe N, = {O}U N) is called and denoted by the generalized hypergeometric
series | F, defined by

Ay @y = (), (@), 2"

F — 24/ rpin &

P q|:ﬂ11---vﬂq; Zj| ; (ﬂl)n (ﬂq)n n!
= qu (al,...,ap;ﬂl,...,ﬂq;z).

Here (4), denotes the Pochhammer symbol defined (in terms of gamma function) by

(z)vz% (1eC\Z;)
_ 1, if v=0; 1eC\{0}
A4 +D..(A+n-1), ifv=neN; 1eC

and Z, denotes the set of nonpositive integers and TI'(4) is the familiar Gamma function.
Thus, if a numerator paramater is a negative integer or 0, the | F,series terminates led to a
generalized hypergeometric polynomial of type

p+l Fq (—n, (ap); (aq +1); X) — Zn: (_n)m(ai)m-..(ap)m ﬁ

= (a+1),.. (g +1),, ml’

(1.1)
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where «a; #-1-2,..; j=1..q.
Taking p=0 and g=d in (1.1), Ben Cheikh at al. obtained the Laguerre type d-

orthogonal polynomials as follows [4]
|r§au)(x) =, Fy (=n; (e +1);%),

where @, =(a,,,,...a;) and their generating function relation is generated by

- (ﬂ“)n ay n_ ) . _—xt
;WI'E (0t = (1-t) ", F, (/1,(% +1)'Ej

(AeC and [t|<1).

(1.2)

In (1.2) taking d =1 , the generating function (1.2) reduces classical generating
function for Laguerre polynomials

oyt (1 y-atavn| X0
;Ln(x)t =(1-1) exp(l_t].

In [1], another generating function for Laguerre type d -orthogonal polynomials
given by

S (0 = oF, (i, +1);—x). 13

They have

196 (x) = (azll) z (¢t d),
dn

where @, (a)=(%2-1,..,%%-1), a>-1 and

! 1
Z;"(dxd,d):(“;—l)dn 1Fd(_n;aT+1,...,a;d;x], n>0. (1.4)

If we choose d=1 in (1.4), these polynomials reduce Laguerre polynomials as

follows:
1
m F(—na+1x) = L (x).

Z:(x1)= "

On the other hand, Varma at al. [9] investigated d-orthogonality for the another kind
of Laguerre type d-orthogonal polynomials which are generated by

o0

P (x; d)tn—n! = (@-) " Mexp{x[1--1)* ]}, (1.5)

n=0
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where |t| <1.In (1.5) taking d =1, these polynomials reduce Laguerre polynomials.

This paper mainly concerns is to obtain theorems giving generating function relations
for all of Laguerre type d-orthogonal polynomials and discuss their special cases.

2. GENERATING FUNCTIONS

Theorem 2.1. We have the following generating function for the Laguerre type d-orthogonal
polynomials defined by (1.4):

ni () z (¢ d)r" = @) * [ “;1,...,“;‘1;1_1(3, 2.1)

a+l

dn

where 1eC and |t|<1.

Proof. Let T denote the first member of assertion (2.1). Using (1.4), we have

a+l  a+d AU
T= Z(z)an( SR ’Xjﬁ

R OGN S
_nz_f;m_o(“d”)m...(“d“’)m m!n!
vy (A(=D" X"t
n:oé(“gl)m...(a+d) (n—m)!n!
- (D D" ()" 1"
n:Omzo(agl)m...(%ﬂ)m m! n!
(WD () & (A+m),

S @ (7
“H,- ),

d Jm '\ d

a+l a+d —xt
o (5 2

which completes the proof.

Theorem 2.2. Following generating function for Laguerre type d-orthogonal polynomials in
(1.4) holds true:

- a 5 tn ot _a_‘f‘l a+d
>z (c,d) a+1)dn_e0|:l(, e j It <.

>
I
o
—~

Proof. Let T denote the first member of assertion (2.2). We have
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which completes the proof.

Theorem 2.3. Following generating function for the Laguerre type d-orthogonal polynomials
defined by (1.5) holds true:

YR ) =10 ep{x(a- -0 R {(1_Xt)d :d}.

Proof. Replacing t by t+v in (1.5), we have
ZP‘“)(X dy L _(1—t—v)’(l*”‘)"exp{x[lJr(l—t—v)‘d ]}

n=0

ZP(“)(X d)n,Z( j £y

— (1 _tyWra)d (q _ y \(Ira)d -

=(1-1) (1-1%) exp{x(l = ))}exp{ )(1 (l%)d
m+n o

3" e i,

n=0m=0

)

= (1—t) exp{x(l )}i P(“)(( g Jd)vﬁmg

m=0

SR (ad) G = (1-t) " expx(1-(1-1)* ) P ( — ;d),
n=0
which completes the proof.

Lemma 2.4. Laguerre type d-orthogonal polynomials P!* (x;d) have the following addition
formula

P4 (x 1 y:d) = Z(Ej P (G d)RY (y;d).
k=0

Proof. Using (1.5), we get
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n

ZP‘“*ﬂ*l)(XJr y; d)—

= (1—t) asn) exp{(x+y)[1—(1—t)’d]}
= (1—t) @ exp{x(l— 1-t)™ )} (1—t) A)e exp{y(l— 1-t)™ )}

0

:ZP(“’(X d)—ZP(’”(y d)

+k

8

o0

:Z:(‘;ZO (a)(x d)p(ﬂ)(y d) n|k|

8

n " tn
R CRL A et

and equating the coefficients of t" which completes the proof.
3. MULTILINEAR AND MULTILATERAL GENERATING FUNCTIONS

In this section, firstly we derive several families of bilinear and bilateral generating
functions for the Laguerre type d-orthogonal polynomials by using the similar method
considered in [2, 5].

Theorem 3.1. Corresponding to an identically non-vanishing function Q (y,,..,y,) of r
complex variables y,,...,y, (r € N) and of complex order x , let

Ay O ¥e36) =282, (Vi ¥, )G
k=0

where (a, #0, 4,y €C) and

[n/p] “
o ) . " (aq) g—
@n,p (X1 yla'-'!yr'g) o ;ak( n-pk In pk(X)Q#+Wk(yll-l-'yr)(n_pk)!'

Then, for peN; we have

3015 [t 6 = @) 2 15 A i)

n=0 (31)
provided that each member of (3.1) exists.

Proof. For convenience, let S denote the first member of the assertion (2.1). Then,
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[n/p] n—pk

N ()
S ;kzoak n— pkl pk(X)Q;ﬁy/k(yl’ 'yr)n ( —pk)l

Replacing n by n+ pk, we may write that

n

S= Zzak I(ad)(X)Qp+y/k(yl’ " yr)n —

n=0k=0

i ) I(ad)(x)t Zak ,u+z//k(y1’ ’yr)n

= nl!

— -1, (ﬁ (g +1) tj o o Vi)

which completes the proof.
By using a similar idea, we also get the next results immediately.

Theorem 3.2. Corresponding to an identically non-vanishing function Q (y,,...y,) of r
complex variables y,,....,y, (reN) and of complex order u , let

A, Ve ¥ ) =282,y (Ve ¥, )
k=0
where (a, #0, x4,y €C) and

n/p k
®ﬁ”(g(xa yla---!yﬂ zakl(a(:)i(x)Q;I+y/k(y11 ’yr)( é:pk)l

Then, for peN; we have

Z@él,'lg(xi yll nyr’ jt - e F ( (ad +1) Xt)A#'//(yl’ !yr!n)

=y (3.2)
provided that each member of (3.2) exists.

Theorem 3.3. Corresponding to an identically non-vanishing function Q (y,,...y,) of r
complex variables Yy,,...,y, (reN) and of complex order u , let

Ay Ve ¥ 8) =282 i (Vo ¥, S
k=0

where (a, #0, 4,y €C) and

n/p]

@;‘]"'/)’(X1 yl""’yr’ kz 0[+l)n & n pk (dxd )Qyw/k(yl!'“!yr)é:k
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Then, for peN; we have
- wy . .n n -2 . . —Xt .
DONT X Yy Ve = A=07 Ry | Ai(ey +1),1— A, Yy ¥iim)
= t -t (3.3)
provided that each member of (3.3) exists.

Theorem 3.4. Corresponding to an identically non-vanishing function Q (y,,..,y,) of r
complex variables y,,....,y, (reN) and of complex order x , let

Ay O ¥e36) =282, (Vi ¥, )G
k=0

where (a, #0, x4,y eC) and

[n/p]

d(n-pk)

23 (06102, (Y V)

Then, for peN; we have

e 0 a+l a+d
Doy (x; Yy yr;tip)t =g oFl(_’T""’ 5 ;—xtjAﬂyW(yl,..., )
n=0

(3.4)
provided that each member of (3.4) exists.

Theorem 3.5. Corresponding to an identically non-vanishing function Q (y,,..,y,) of r
complex variables y,,....,y, (reN) and of complex order u , let

A, Ve ¥ ) =282,y (Ve ¥, )
k=0

where (a, #0, x4,y €C) and

[n/p] “
v (y Y @ (x: s
OLY (X Yoo Vi &) = kZ:;akPn_pk(X’d)ka(yl""’ yr)(n— pk)!

Then, for peN; we have

Z®ﬁ:g (X; Vi yr;tlpjtn - (1_t)_(l+a)d eXp{X[l_ (1_t)7d ]} A”"” (yl’m’ er77)

n=0

(3.5)

provided that each member of (3.5) exists.
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Theorem 3.6. Corresponding to an identically non-vanishing function Q (y,,...y,) of r

complex variables y,,....,y, (reN) and of complex order u , let
n/p k

n.p ) (a+f+1) ) u
ALP (X+Y;2),.0,2,5U) = ZakP (X+ y’d)Q,w—y/k(Zl"“’Zr)—(n_ T .
where (a, #0, x4,y €C,n,peN) . Then,for peN; we have
n [k/p]
D> > a PG A)RE (v;d)Q,, (2o Z U = AP (X+ Y5 2,0, 2,50)
k=0 1=0 (3.7)

provided that each member of (3.7) exists.

Proof. Let T denote the left-hand side of equality (3.7). Then we have

[n/p]n-plI
T=33aP%  (xd)PP(y;d)Q,, (2, 2, )U!
1=0 k=0
[n/p] n—pl |
=>a (an(ak)pl (x;d)Pk(ﬂ)(y;d)]QMW,(zl,.,,, z)u
1=0 k=0

and using equalities (2.4) and (3.6), we get

[n/p]

T= Za P/ (x+y,d)Q,,, (2, 2, U

=A"P(X+Y;2,...,Z,;U),

uy
which completes the proof.

Theorem 3.7. Corresponding to an identically non-vanishing function Q (y,,...y,) of r
complex variables y,,....,y, (reN) and of complex order u , let

Amq(X yl’ 'yr’t) _Zan ng(jr)m(x d)Q,u+pn(yl""’yr)tn!

where (a,#0, #€C) and

[n/a] 7k
NS (Y ¥ Z) =) aQ e V) T/
ming (Vi V1 2) kZ:(;k ok (Ve y)(n_qk)!

Then, for every nonnegative integer m,
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Zprﬁl:rz(x d)Nn m q(yll " yr’ Z)t

P exp X1 @0 A |y v q]
bl [<1—t> -0 .

provided that each member of (3.8) exists.
Proof. Let T denote the left-hand side of equality (3.8). Then we have

[n/q] k

a Z n
T ZPrT(Hr)](X d)za Q;Hpk(yl' ’yr)—t

(n—ak)!
(zpféi[%*qk (X; d)%] akQ/Hpk (yl, e yr)(th )k

(1_t)—m—qk—(a+1)d exp{x(l— (l_t)—d )}

s EMS Z

X
1l
o

a X . k
x P, L(l—t)d’d]akg/prpk(yl’“" yr)(th)

T=@-0)"" exp{x[1-a-1)* ]|

X akpngf()qk - ]Qmpk(yp---vyr)[ s q}
Z [( —t)* (1-)
— @t expx[1- -1 )

<A X Yoy zt*
B N e (3L

which completes the proof.

4. SPECIAL CASES

As an application of the above theorems, when the multivariable function
QYY) KeNy, seN isexpressed in terms of simpler functions of one and more

variables, then we can give further applications of the above theorems. We first set

S=1, Qs (Yo ¥,) = U ()

in Theorem 3.1, where the Erkus-Srivastava polynomials u{®*)(x,...,x.) generated by [5]
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Zu(“l """ 0 X) T = T XE") .
! (4.1)

We are thus led to the following result which provides a class of bilateral generating
functions for Laguerre type d-orthogonal polynomials Iﬁ““)(x) and Erkus-Srivastava
polynomials.

Corollary 4.1. If
A, ()= Y AUl (v, ¥,)¢" 8, 20, pyeC,
k=0

then, we have

[n/p] k n

238 (), Wk DU G Y G iy

-t F (ﬂ (e 41 jﬂ,w(yl,...,yr:n)
(4.2)

provided that each member of (4.2) exists.

Remark 4.1. Using the generating relation (4.1) for the Erkus-Srivastava polynomials and
getting a, =+, =0, w =1 in Corollary 4.1, we find that

o [n/p] (a ) tn—pk
;; n—pk n pk ) (yl’ 'yr |( —pk)l

= (-0 R (i + i) THE- yt™) )

Ifweset r=1 and Q. (Y)=Z],, (dy%,d), (y>0) in Theorem 3.3, we have

the bilinear generating function relation for the Laguerre type d-orthogonal polynomials
,u+z//k(dy d)

Corollary 4.2. If
A,,(%:8)= Zazwk(dy%,d)gk,akio, wyeC,

then, we have
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o [n/p] )n n
RN e I LA

—-t) pw%+n ],WWW)

provided that each member of (4.3) exists.

(4.3)

Remark 4.2. Using the generating relation (2.1) for the Laguerre type d-orthogonal

()

(@+1)4,

polynomials and getting a, =

[n/p] P L

(n-pk)
n=0

= (A=t Fy (Ailey +1:2) A-0)7 1Ry (73 (@ +1)i ).

, #=0,y =1 in Corollary 4.2,we find that

ikz oz (o d )z (dye d)k,m

Ifweset r=1 and Q,,(y)=P (y;d), (y>0) in Theorem 3.7, we have the

l+ pk

bilinear generating function relation for the Laguerre type d-orthogonal polynomials

P;Ef;)nk y;d).

Corollary 4.3. If

Amq(x Yive Yiit) —Zak ngiék(x d)t" P(fgnk(yll""yr;d)vak #0, uwyeC,

and

n/q k

a N z
NP Yy ¥Vpi Z) = Zakprﬂ)lk(yl'm’yr’d)m

then, we have
Z Pnﬁj’z(x;d)Nn‘f’r;"q(yl,..., yot"

=m0 " erp {100 A [ 88 Y

provided that each member of (4.4) exists.

(4.4)

Furthermore, for every suitable choice of the coefficients a. (i€ N,), if the multivariable
function Q . (¥;,-- Y,), (s€N),is expressed as an appropriate product of several simpler

functions, the assertions of Theorems 3.1, 3.2, 3.3, 3.4, 3.5, 3.6, and 3.7 can be applied in
order to derive various families of multilinear and multilateral generating functions for the

Laguerre type d-orthogonal polynomials.
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