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Abstract. This paper is mainly connected with the theory of generating functions for 

some Laguerre type d-orthogonal polynomials. In this study, we present some theorems giving 
multilateral and multilinear generating functions for the Laguerre type d-orthogonal 
polynomials. We also give their sepecial cases. 
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1. INTRODUCTION  
 
 

A natural generalization of an arbitrary number of  p   numerator and  q   denominator 
parameters  { }0( , N 0 N)p q∈ = ∪   is called and denoted by the generalized hypergeometric 
series  p qF   defined by 
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Here  ( )νλ   denotes the Pochhammer symbol defined (in terms of gamma function) by  
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and  0Z −   denotes the set of nonpositive integers and  ( )λΓ   is the familiar Gamma function. 
Thus, if a numerator paramater is a negative integer or 0, the  p qF   series terminates led to a 
generalized hypergeometric polynomial of type 
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where  1, 2,...;jα ≠ − −    1,..., .j q=     
Taking  0p =   and  q d=   in (1.1), Ben Cheikh at al. obtained the Laguerre type d-

orthogonal polynomials as follows [4] 
( )

1( ) ( ; ( 1); ),d
n d dl x F n xα= − +α  

 
where  ( )1 2, ,...,d dα α α=α   and their generating function relation is generated by 
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In (1.2) taking  1d =  , the generating function (1.2) reduces classical generating 

function for Laguerre polynomials 
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In [1], another generating function for Laguerre type  d -orthogonal polynomials 

given by 
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If we choose  1d =   in (1.4), these polynomials reduce Laguerre polynomials as 

follows: 
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On the other hand, Varma at al. [9] investigated d-orthogonality for the another kind 

of Laguerre type d-orthogonal polynomials which are generated by 
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where  1t < . In (1.5) taking 1d = , these polynomials reduce Laguerre polynomials. 
This paper mainly concerns is to obtain theorems giving generating function relations 

for all of Laguerre type d-orthogonal polynomials and discuss their special cases. 
 
2. GENERATING FUNCTIONS 
 
 
Theorem 2.1. We have the following generating function for the Laguerre type d-orthogonal 
polynomials defined by (1.4): 
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where  Cλ∈   and  1t <  . 
 
Proof. Let  T   denote the first member of assertion (2.1). Using (1.4), we have 
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which completes the proof. 
 
Theorem 2.2. Following generating function for Laguerre type d-orthogonal polynomials in 
(1.4) holds true: 
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Proof. Let T  denote the first member of assertion (2.2). We have 
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which completes the proof. 
 
Theorem 2.3. Following generating function for the Laguerre type d-orthogonal polynomials 
defined by (1.5) holds true:  

 

( ) ( ){ }
( )

( 1)( ) ( )

0

( ; ) 1 exp 1 (1 ) ; .
! 1

n
m d d

m n m d
n

t xP x d t x t P d
n t

αα α
∞

− − + −
+

=

 
= − − −  

 − 
∑  

 
Proof. Replacing t  by t v+  in (1.5), we have 
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which completes the proof. 
 
Lemma 2.4. Laguerre type d-orthogonal polynomials ( ) ( ; )nP x dα

 have the following addition 
formula  
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Proof. Using (1.5), we get 
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and equating the coefficients of  nt   which completes the proof. 
 
 
3. MULTILINEAR AND MULTILATERAL GENERATING FUNCTIONS 
 
 

In this section, firstly we derive several families of bilinear and bilateral generating 
functions for the Laguerre type d-orthogonal polynomials by using the similar method 
considered in [2, 5]. 
 
Theorem 3.1. Corresponding to an identically non-vanishing function  1( ,..., )ry yµΩ   of  r   
complex variables 1,..., ry y  ( N)r∈  and of complex order µ  , let  
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provided that each member of (3.1) exists. 
 
Proof. For convenience, let  S   denote the first member of the assertion (2.1). Then,  
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Replacing  n   by  ,n pk+   we may write that  
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which completes the proof. 

By using a similar idea, we also get the next results immediately. 
 
Theorem 3.2. Corresponding to an identically non-vanishing function  1( ,..., )ry yµΩ   of  r   
complex variables  1,..., ry y    ( N)r∈   and of complex order  µ  , let  
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provided that each member of (3.2) exists. 
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Then, for   N;p∈   we have 
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provided that each member of (3.5) exists. 
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( )
, 1 1

0

( ; ,..., ; ) : ( ; ) ( ,..., ) ,n
m q r n m nq pn r

n

x y y t a P x d y y tα
µ

∞

+ +
=

Λ = Ω∑  

 
where  ( 0, )na Cµ≠ ∈  and 
 

[ ]

( )

/
,

, , 1 1
0

( ,..., ; ) : ( ,..., ) .
!

n q k
p

n m q r k pk r
k

zN y y z a y y
n qk

µ
µ+

=

= Ω
−∑

 
 

Then, for every nonnegative integer m , 
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( ) { }
( ) ( )

( ) ,
, , 1

0

1
, 1

( ; ) ( ,..., ; )

(1 ) exp 1 (1 ) ; ,..., ;
1 1

p n
m n n m q r

n

q
m d d

m q rd q

P x d N y y z t

x ztt x t y y
t t

α µ

α

∞

+
=

− − + −
 

 = − − − Λ     − − 

∑

                   (3.8)

 

 
provided that each member of (3.8) exists. 
Proof. Let  T   denote the left-hand side of equality (3.8). Then we have 
 

[ ]

( )

( )

( ) ( ){ }

( )
( )

/
( )

1
0 0

( )
1

0 0

( 1)

0

( )
1

( ; ) ( ,..., )
!

( ; ) ( ,..., )
!

1 exp 1 (1 )

; ( ,..., )
1

n q k
n

m n k pk r
n k

n kq
m n qk k pk r

k n

m qk d d

k

kq
m qk k pk rd

zT P x d a y y t
n qk

tP x d a y y zt
n

t x t

xP d a y y zt
t

α
µ

α
µ

α

α
µ

∞

+ +
= =

∞ ∞

+ + +
= =

∞
− − − + −

=

+ +

= Ω
−

 
= Ω 

 

= − − −

 
× Ω 

 − 

∑ ∑

∑ ∑

∑

 
 

( ) { }

( ) ( )
( ) { }

( ) ( )

1

( )
1

0

1

, 1

(1 ) exp 1 (1 )

; ( ,..., )
1 1

(1 ) exp 1 (1 )

; ,..., ; ,
1 1

m d d

k
q

k m qk pk rd q
k

m d d

q

m q rd q

T t x t

x zta P d y y
t t

t x t

x zty y
t t

α

α
µ

α

− − + −

∞

+ +
=

− − + −

 = − − − 

   
× Ω   

   − −   

 = − − − 

 
×Λ  

 − − 

∑
 

 
which completes the proof. 
 
 
4. SPECIAL CASES 
 

 
As an application of the above theorems, when the multivariable function  

1( ,..., ) ,k sy yµ ψ+Ω    0N , Nk s∈ ∈  , is expressed in terms of simpler functions of one and more 
variables, then we can give further applications of the above theorems. We first set 

 
1( ,..., )

1 1,  ( ,..., ) ( ,..., )r
k r k rs r y y u y yα α

µ ψ µ ψ+ += Ω =  
 

in Theorem 3.1, where the Erkus-Srivastava polynomials  1( ,..., )
1( ,..., )r

n ru x xα α   generated by [5] 
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1( ,..., )
1

10

( ,..., ) {(1 ) }.
!

j ir

n r m
n r i

jn

tu x x x t
n

αα α
∞

−

==

= ∏ −∑
                                                  (4.1)

 

 
We are thus led to the following result which provides a class of bilateral generating 

functions for Laguerre type d-orthogonal polynomials  ( ) ( )d
nl xα   and Erkus-Srivastava 

polynomials. 
 
Corollary 4.1. If  
 

1( ,..., )
, 1

0

( ; ) : ( ,..., ) , 0, , ,r k
k k r k

k

y a u y y a Cα α
µ ψ µ ψζ ζ µ ψ

∞

+
=

Λ = ≠ ∈∑
 

 
then, we have  
 

( ) ( ) ( ) 1

[ / ]
( ,..., )

1
0 0

1 , 1

( ,..., )
( )!

(1 ) ;( 1); ( ,..., ; )
1

d r

n p k n

k n pk k r pkn pk
n k

d d r

ta l x u y y
t n pk

xtt F y y
t

α α α
µ ψ

λ
µ ψ

ηλ

λ α η

∞

− +−
= =

−

−

− = − + Λ − 

∑∑

                                    (4.2) 
 

provided that each member of (4.2) exists. 
 
Remark 4.1. Using the generating relation (4.1) for the Erkus-Srivastava polynomials and 
getting  1

! ,k ka =  0,µ =  1ψ =   in Corollary 4.1, we find that  
 

( ) ( ) ( )

( )

1

[ / ]
( ,..., )

1 !
0 0

1 1
1

( ,..., )
( )!

(1 ) ;( 1); {(1 ) }.

k
d r

j i

n p n pk

n pk k r kn pk
n k

r mxt
d d it

j

tl x u y y
n pk

t F y t

α ηα α

αλ

λ

λ α

−∞

−−
= =

−− −
−

=

−

= − + −∏

∑∑
 

 
If we set  1r =   and  ( )1

( ) , ,d
k ky Z dy dα

µ ψ µ ψ+ +Ω =    ( )0y >   in Theorem 3.3, we have 

the bilinear generating function relation for the Laguerre type d-orthogonal polynomials  

( )1

,d
kZ dy dα

µ ψ+ . 

 
Corollary 4.2. If 
 

( )1

,
0

( ; ) : , , 0, , ,d k
k k k

k

y a Z dy d a Cα
µ ψ µ ψζ ζ µ ψ

∞

+
=

Λ = ≠ ∈∑  

 
then, we have 
 



The Laguerre type …                                                              Duriye Korkmaz-Duzgun and Esra Erkus-Duman 

ISSN: 1844 – 9581                                                                                                                                         Mathematics Section 

105 

( )
( ) ( )

( ) ( )1 1
[ / ]

0 0

1 ,

, ,
1

(1 ) ;( 1); ( ; )
1

d d

n p k
n pk n

k n pk k pk
n k d n pk

d d

a Z dx d Z dy d t
t

xtt F y
t

α α
µ ψ

λ
µ ψ

λ η
α

λ α η

∞
−

− +
= = −

−

+

− = − + Λ − 

∑∑

                                    (4.3)

 

 
provided that each member of (4.3) exists. 
 
Remark 4.2. Using the generating relation (2.1) for the Laguerre type d-orthogonal 
polynomials and getting  ( )

( )1 ,k

dk
ka γ

α += 0,µ = 1ψ =   in Corollary 4.2,we find that  

 
( )

( ) ( )

( )
( ) ( ) ( )
( ) ( )

1 1
[ / ]

!1 1
0 0

1 11 1

, ,
( )!

(1 ) ;( 1); (1 ) ;( 1); .

k
n pk k d d

d n pk dk

n p n pk

n pk k k
n k

ytxt
d d d dt t

tZ dx d Z dy d
n pk

t F t F

λ γ ηα α
α α

λ γλ α γ α

−

−

−∞

−+ +
= =

−− −−
− −

−

= − + − +

∑∑
 

 
If we set  1r =   and  ( )( ) ( ; ),k pky P y dα

µ ψ µ+ +Ω =    ( )0y >   in Theorem 3.7, we have the 
bilinear generating function relation for the Laguerre type d-orthogonal polynomials  

( ) ( ; )pkP y dα
µ+ . 

 
Corollary 4.3. If 
 

( ) ( )
, 1 1

0

( ; ,..., ; ) : ( ; ) ( ,..., ; ), 0, , ,k
m q r k m qk pk r k

k

x y y t a P x d t P y y d a Cα α
µ µ ψ

∞

+ +
=

Λ = ≠ ∈∑  

 
and  
 

[ ]

( )

/
, ( )

, , 1 1
0

( ,..., ; ) : ( ,..., ; )
!

n q k
p

n m q r k pk r
k

zN y y z a P y y d
n qk

µ α
µ+

=

=
−∑  

 
then, we have 
 

( ) { } ( ) ( )( )
( ) ,

, , 1
0

1
, 11 1

( ; ) ( ,..., ; )

(1 ) exp 1 (1 ) , ; ,..., ; q

d q

p n
m n n m q r

n

m d d x zt
m q rt t

P x d N y y z t

t x t d y y

α µ

α

∞

+
=

− − + −

− −

∑

 = − − − Λ                               (4.4)

 

 
provided that each member of (4.4) exists. 
 

Furthermore, for every suitable choice of the coefficients 0( N ),ia i∈  if the multivariable 
function 1( ,..., ),k sy yµ ψ+Ω ( N),s∈ is expressed as an appropriate product of several simpler 
functions, the assertions of Theorems 3.1, 3.2, 3.3, 3.4, 3.5, 3.6, and 3.7 can be applied in 
order to derive various families of multilinear and multilateral generating functions for the 
Laguerre type d-orthogonal polynomials. 
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