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1. INTRODUCTION  
 
 

A quaternion is defined by  
 

ݍ ൌ ܽ ൅ ܾ݅ ൅ ݆ܿ ൅ ݇݀, 
 

where a,b,c and d are real numbers and ݅, ݆, ݇	are the standart orthonormal basis in ܴଷ. Let 
ଵݍ ൌ ܽଵ ൅ ܾ݅ଵ ൅ ݆ܿଵ ൅ ݇݀ଵ and ݍଶ ൌ ܽଶ ൅ ܾ݅ଶ ൅ ݆ܿଶ ൅ ݇݀ଶ be any two quaternions. Then 
addition, equality and multiplication by scalar of two quaternions are defined by  
 

ଵݍ ൅ ଶݍ ൌ ሺܽଵ ൅ ܽଶሻ ൅ ݅ሺܾଵ ൅ ܾଶሻ ൅ ݆ሺܿଵ ൅ ܿሻ ൅ ݇ሺ݀ଵ ൅ ݀ଶሻ, 
 

ଵݍ   ൌ ଵܽ		݂݅	ݕ݈݊݋			ଶݍ ൌ ܽଶ, ܾଵ ൌ ܾଶ, ܿଵ ൌ ܿଶ, ݀ଵ ൌ ݀ଶ 
and for α ϵ R  
ଵݍߙ                                ൌ ଵܽߙ ൅ ଵܾߙ݅ ൅ ଵܿߙ݆ ൅  ଵ݀ߙ݇
   

We note that the quaternion multiplication is defined using the rules 
 

݅ଶ ൌ ݆ଶ ൌ ݇ଶ ൌ ݆݅݇ ൌ െ1. 
 

The conjugate and norm of a quaternion are defined by 
 

∗ݍ ൌ ܽ െ ܾ݅ െ ݆ܿ െ ݇݀ 
and  

ܰሺݍሻ ൌ ܽଶ ൅ ܾଶ ൅ ܿଶ ൅ ݀ଶ. 
 

The Padovan sequence is the sequence of integers ௡ܲ defined by the initial values 
଴ܲ ൌ ଵܲ ൌ ଶܲ ൌ 1 and the recurrence relation  
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௡ܲ ൌ ௡ܲିଶ ൅ ௡ܲିଷ	 
 
for all ݊ ൒ 3. The first few values of ௡ܲ are 1,1,1,2,2,3,4,5,7,9,12,16,21,28,37,… 

Pell-Padovan sequence is defined by the initial values ܴ଴ ൌ ܴଵ ൌ ܴଶ ൌ 1 and the 
recurrence relation  

 
ܴ௡ ൌ 2ܴ௡ିଶ ൅ ܴ௡ିଷ	݂ݎ݋	݈݈ܽ	݊ ൒ 3. 

 
The first few values of Pell-Padovan numbers are  
 

1,1,1,3,3,7,9,17,25,43,67,111,177,289,… 
 
In 1963[4], Horadam defined ݊ th Fibonacci and Lucas quaternions. Moreover some 

properties of Fibonacci and Lucas quaternions can be found [2, 3, 5]. Nurkan and Gven in [6] 
introduced dual Fibonacci quaternions and dual Lucas quaternions. Further interesting results 
of Pell quaternions, Pell-Lucas and Jacobsthal Quaternions can be found [1, 7, 8]. Tasci D and 
Yalcin N.F. studied [9] Fibonacci p-quaternions. 

In this paper we define and study the Padovan quaternions and Pell-Padovan 
quaternions. Moreover we give their properties also using matrix representation. 

 
 

2. PADOVAN QUATERNIONS 
 
 

Firstly we give the definition of Padovan quaternions. 
 

Definition 2.1. The Padovan quaternions are defined by  
 

ܳ ௡ܲ ൌ ௡ܲ ൅ ݅	 ௡ܲାଵ ൅ ݆	 ௡ܲାଶ ൅ ݇	 ௡ܲାଷ, 
 
where ௡ܲ is the ݊ th Padovan number. 
 
Theorem 2.2. For ݊ ൒ 0, the  Binet-like Formula for the Padovan quaternions is  
 

ܳ ௡ܲ ൌ ଵݎߙܽ
௡ ൅ ଶݎߚܾ

௡ ൅ ଷݎߛܿ
௡, 

 
where ݎଵ, ଷݔ ଷ are the root of the equationݎ	ଶܽ݊݀ݎ െ ݔ െ 1 ൌ 0, and  
 

                  ܽ ൌ
ሺ௥మିଵሻሺ௥యିଵሻ

ሺ௥భି௥మሻሺ௥భି௥యሻ
, ܾ ൌ

ሺ௥భିଵሻሺ௥యିଵሻ

ሺ௥మି௥భሻሺ௥మି௥యሻ
, ܿ ൌ

ሺ௥భିଵሻሺ௥మିଵሻ

ሺ௥భି௥యሻሺ௥మି௥యሻ
, 

ߙ                   ൌ 1 ൅ ଵݎ݅ ൅ ଵݎ݆
ଶ ൅ ଵݎ݇

ଷ, ߚ ൌ 1 ൅ ଶݎ݅ ൅ ଶݎ݆
ଶ ൅ ଶݎ݇

ଷ, ߛ ൌ 1 ൅ ଷݎ݅ ൅ ଷݎ݆
ଶ ൅ ଷݎ݇

ଷ. 
 
Proof. Consider the Binet like Formula of Padovan sequence is 
 

                 ௡ܲ ൌ
ሺ௥మିଵሻሺ௥యିଵሻ

ሺ௥భି௥మሻሺ௥భି௥యሻ
ଵݎ
௡ ൅

ሺ௥భିଵሻሺ௥యିଵሻ

ሺ௥మି௥భሻሺ௥మି௥యሻ
ଶݎ
௡ ൅

ሺ௥భିଵሻሺ௥మିଵሻ

ሺ௥భି௥యሻሺ௥మି௥యሻ
ଷݎ
௡ 

 
and 

ܳ ௡ܲ ൌ ௡ܲ ൅ ݅ ௡ܲାଵ ൅ ݆ ௡ܲାଶ ൅ ݇ ௡ܲାଷ 
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Then the prof is easily seen. 
 The following theorem is related with the generating function of the Padovan 
quaternions. 
 
Theorem 2.3. The generating function of the Padovan quaternions is 
 

                      ݃ሺݔሻ ൌ
ሺଵା௜ା௝ାଶ௞ሻାሺଵା௜ାଶ௝ାଶ௞ሻ௫ାሺ௜ା௝ା௞ሻ௫మ

ଵି௫మି௫య
. 

 
Proof. Let 
 

݃ሺݔሻ ൌ ෍ܳ ௡ܲ

ஶ

௡ୀ଴

௡ݔ ൌ ܳ ଴ܲ ൅ ܳ ଵܲݔ ൅ ܳ ଶܲݔଶ ൅ ⋯൅ ܳ ௡ܲݔ௡ ൅ ⋯ 

 
be generating function of the Padovan quaternions. On the other hand, since 
 

ሻݔଶ݃ሺݔ ൌ ܳ ଴ܲݔଶ ൅ ܳ ଵܲݔଷ ൅ ܳ ଶܲݔସ ൅ ⋯൅ ܳ ௡ܲିଶݔ௡ ൅ ⋯ 
 
and 
 

ሻݔଷ݃ሺݔ ൌ ܳ ଴ܲݔଷ ൅ ܳ ଵܲݔସ ൅ ܳ ଶܲݔହ ൅ ⋯൅ ܳ ௡ܲିଷݔ௡ ൅ ⋯ 
 
we write 
 

ሺ1 െ ଶݔ െ ሻݔଷሻ݃ሺݔ ൌ ܳ ଴ܲ ൅ ܳ ଵܲݔ ൅ ሺܳ ଶܲ െ ܳ ଴ܲሻݔଶ ൅ ሺܳ ଷܲ െ ܳ ଵܲ െ ܳ ଴ܲሻݔଷ 
 

൅⋯൅ ሺܳ ௡ܲ െ ܳ ௡ܲିଶ െ ܳ ௡ܲିଷሻݔ௡ ൅ ⋯ 
 

Now using ܳ ଴ܲ ൌ 1 ൅ ݅ ൅ ݆ ൅ 2݇, ܳ ଵܲ ൌ 1 ൅ ݅ ൅ 2݆ ൅ 2݇, ܳ ଶܲ ൌ 1 ൅ 2݅ ൅ 2݆ ൅ 3݇ 
and ܳ ௡ܲെܳ ௡ܲିଶെܳ ௡ܲିଷ ൌ 0, we obtain  

 

                               ݃ሺݔሻ ൌ
ሺଵା௜ା௝ାଶ௞ሻାሺଵା௜ାଶ௝ାଶ௞ሻ௫ାሺ௜ା௝ା௞ሻ௫మ

ଵି௫మି௫య
.	 

 
So the proof is complete. 
 
Theorem 2.4. 
 
                         ∑ ܳ ௠ܲ ൌ௡

௠ୀ଴ 	ܳ ௡ܲାଶ ൅ ܳ ௡ܲାଷ െ ሺ2 ൅ 3݅ ൅ 4݆ ൅ 5݇ሻ. 
 
Proof. (By induction on n) If ݊ ൌ 0 and ݊ ൌ 1 then the result is obviously true. We assume 
that it is true for ݊ ∈ ܼା. Then we shall show that 
 
                        ∑ ܳ ௠ܲ ൌ௡ାଵ

௠ୀ଴ 	ܳ ௡ܲାଷ ൅ ܳ ௡ܲାସ െ ሺ2 ൅ 3݅ ൅ 4݆ ൅ 5݇ሻ 
 

Indeed we have  
 
                    ∑ ܳ ௠ܲ ൌ ∑ ܳ ௠ܲ ൅ ܳ ௡ܲାଵ.௡

௠ୀ଴
௡ାଵ
௠ୀ଴  
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Using induction’s hypothesis we obtain 
 
                    ∑ ܳ ௠ܲ ൌ௡ାଵ

௠ୀ଴ 	ܳ ௡ܲାଶ ൅ ܳ ௡ܲାଷ െ ሺ2 ൅ 3݅ ൅ 4݆ ൅ 5݇ሻ ൅ ܳ ௡ܲାଵ 
 

Other hand, by the Definition 2.1, since 
 

                         ܳ ௡ܲାଶ ൅ ܳ ௡ܲାଵ ൌ ܳ ௡ܲାସ 
we have 
                         ∑ ܳ ௠ܲ ൌ௡ାଵ

௠ୀ଴ 	ܳ ௡ܲାଷ ൅ ܳ ௡ܲାସ െ ሺ2 ൅ 3݅ ൅ 4݆ ൅ 5݇ሻ. 
 
Theorem 2.5.  

݅ሻ																				෍ ܳ ଶܲ௠ିଵ ൌ

௡

௠ୀ଴

	ܳ ଶܲ௡ାଶ െ ሺ1 ൅ ݅ ൅ ݆ ൅ 2݇ሻ 

݅݅ሻ																				෍ ܳ ଶܲ௠ ൌ

௡

௠ୀ଴

	ܳ ଶܲ௡ାଷ െ ሺ1 ൅ ݅ ൅ ݆ ൅ 2݇ሻ 

݅݅݅ሻ																				෍ ܳ ଶܲ௠ାଵ ൌ

௡

௠ୀ଴

	ܳ ଶܲ௡ାସ െ ሺ1 ൅ ݅ ൅ ݆ ൅ 2݇ሻ. 

 
Proof.The theorem is proved by induction n. 
  
Now we give the matrix representation of Padovan quaternions. 
 
Theorem 2.6 Let 	for 	݊ ൒ 1	be	integer. Then			  
 

                   ൥
ܳ ௡ܲାଶ ܳ ௡ܲାଵ ܳ ௡ܲ
ܳ ௡ܲାଵ ܳ ௡ܲ ܳ ௡ܲିଵ
ܳ ௡ܲ ܳ ௡ܲିଵ ܳ ௡ܲିଶ

൩ ൌ ൥
0 1 1
1 0 0
0 1 0

൩

௡

൥
ܳ ଶܲ ܳ ଵܲ ܳ ଴ܲ
ܳ ଵܲ ܳ ଴ܲ ܳܲି ଵ
ܳ ଴ܲ ܳܲି ଵ ܳܲି ଶ

൩. 

 
Proof. The proof is seen by induction on n. 
 
Theorem 2.7. Let 	for 	݊ ൒ 1	be	integer. Then			  
 

                                ൥
0 1 1
1 0 0
0 1 0

൩

௡

൥
ܳ ଴ܲ
ܳ ଵܲ
ܳ ଶܲ

൩ ൌ ൥
ܳ ௡ܲ
ܳ ௡ܲାଵ
ܳ ௡ܲାଶ

൩. 

 
 
3. PELL-PADOVAN QUATERNIONS 
 
 
Definition 3.1. The ݊ th Pell-Padovan quaternion is defined by  
 
                       ܴܳ௡ ൌ ܴ௡ ൅ ݅	ܴ௡ାଵ ൅ ݆	ܴ௡ାଶ ൅ ݇	ܴ௡ାଷ, 
 
where ܴ௡ is the ݊ th Pell-Padovan number. 
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Theorem 3.2. The generating function for Pell-Padovan quaternions is 
 

                       ݂ሺݔሻ ൌ
ሺଵା௜ା௝ାଷ௞ሻାሺଵା௜ାଷ௝ାଷ௞ሻ௫ାሺିଵା௜ା௝ା௞ሻ௫మ

ଵିଶ௫మି௫య
. 

 
Proof. Let 
 

݂ሺݔሻ ൌ ෍ܴܳ௡

ஶ

௡ୀ଴

௡ݔ ൌ ܴܳ଴ ൅ ܴܳଵݔ ൅ ܴܳଶݔଶ ൅ ⋯൅ ܴܳ௡ݔ௡ ൅⋯ 

 
be generating function of the Pell-Padovan quaternions. On the other hand, since 
 

ሻݔଶ݂ሺݔ2 ൌ 2ܴܳ଴ݔଶ ൅ 2ܴܳଵݔଷ ൅ 2ܴܳଶݔସ ൅ ⋯൅ 2ܴܳ௡ିଶݔ௡ ൅ ⋯ 
 
and 

ሻݔଷ݂ሺݔ ൌ ܴܳ଴ݔଷ ൅ ܴܳଵݔସ ൅ ܴܳଶݔହ ൅ ⋯൅ ܴܳ௡ିଷݔ௡ ൅ ⋯ 
 
we write 
 

ሺ1 െ ଶݔ2 െ ሻݔଷሻ݂ሺݔ 	ൌ ܴܳ଴ ൅ ܴܳଵݔ ൅ ሺܴܳଶ െ 2ܴܳ଴ሻݔଶ ൅ ሺܴܳଷ െ 2ܴܳଵ െ ܴܳ଴ሻݔଷ 
                                 ൅⋯൅ ሺܴܳ௡ െ 2ܴܳ௡ିଶ െ ܴܳ௡ିଷሻݔ௡ ൅ ⋯ 

 
Now using 	ܴܳ௡ ൌ 2ܴܳ௡ିଶ൅ܴܳ௡ିଷ, ݊ ൒ 3	we get  
 

                   ݂ሺݔሻ ൌ ொோబାொோభ௫ାሺொோమିଶொோబሻ௫మ

ଵିଶ௫మି௫య
.	 

 
or 
 

                   ݂ሺݔሻ ൌ
ሺଵା௜ା௝ାଷ௞ሻାሺଵା௜ାଷ௝ାଷ௞ሻ௫ାሺିଵା௜ା௝ା௞ሻ௫మ

ଵିଶ௫మି௫య
.	 

 
So the proof  is complete. 
 
Theorem 3.3. The Binet- like formula for Pell-Padovan quaternions is 
 

											ܴܳ௡ ൌ
2

√5
ሾሺߙ െ 1ሻሺ1 ൅ ߙ݅ ൅ ଶߙ݆ ൅ ௡ߙଷሻሿߙ݇ 			

െ
2

√5
ሾሺߚ െ 1ሻሺ1 ൅ ߚ݅ ൅ ଶߚ݆ ൅ ௡ߚଷሻሿߚ݇ ൅ ሺെ1 ൅ ݅ ൅ ݆ ൅ ݇ሻߛ௡ 

where 

ߙ                         ൌ ଵା√ହ

ଶ
, ߚ ൌ ଵା√ହ

ଶ
ߛ	݀݊ܽ	 ൌ െ1 

 
are the roots of equation ݔଷ െ ݔ2 െ 1 ൌ 0. 
 
Proof. Using 

ܴ௡ ൌ 2ቆ
௡ାଵߙ െ ௡ାଵߚ

ߙ െ ߚ
ቇ െ 2൬

௡ߙ െ ௡ߚ

ߙ െ ߚ
൰ ൅  ௡ାଵߛ

and 
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                                 ܴܳ௡ ൌ ܴ௡ ൅ ݅	ܴ௡ାଵ ൅ ݆	ܴ௡ାଶ ൅ ݇	ܴ௡ାଷ, 
 
it is easily seen the proof. 
 
Theorem 3.4. 
 

                        ∑ ܴܳ௠௡
௠ୀ଴ ൌ ଵ

ଶ
ሾܴܳ௡ ൅ ܴܳ௡ାଵ ൅ ܴܳ௡ାଶ െ ሺ1 ൅ 3݅ ൅ 5݆ ൅ 7݇ሻሿ. 

 
Proof. (By induction on n) ) For ݊ ൌ 0 and ݊ ൌ 1 are true. Now we assume that it is true for 
݊ ∈ ܼା. Then we shall show that it is true for ݊ ൅ 1, 
 
                        ∑ ܴܳ௠ ൌ ∑ ܴܳ௠ ൅௡

௠ୀ଴
௡ାଵ
௠ୀ଴ 	ܴܳ௡ାଵ 

                                        ൌ ଵ

ଶ
ሾܴܳ௡ ൅ ܴܳ௡ାଵ ൅ ܴܳ௡ାଶ ൅ 2ܴܳ௡ାଵ െ ሺ1 ൅ 3݅ ൅ 5݆ ൅ 7݇ሻሿ, 

 
On the other hand since 
 
                       ܴܳ௡ାଷ ൌ 2ܴܳ௡ାଵ ൅ ܴܳ௡ 
 
we have 
 

                       ∑ ܴܳ௠ ൌ௡ାଵ
௠ୀ଴ 	ଵ

ଶ
ሾܴܳ௡ାଵ ൅ ܴܳ௡ାଶ ൅ ܴܳ௡ାଷ െ ሺ1 ൅ 3݅ ൅ 5݆ ൅ 7݇ሻሿ. 

 
So the theorem is proved. 
 
Lemma 3.5.  

	݅ሻ	෍ ܴଶ௠ ൌ

௡

௠ୀ଴

	ܴଶ௡ାଵ െ ݊								 

݅݅ሻ	෍ ܴଶ௠ିଵ ൌ

௡

௠ୀ଴

	ܴଶ௡ ൅ ሺ݊ െ 1	ሻ 

݅݅݅ሻ	෍ ܴଶ௠ାଵ ൌ

௡

௠ୀ଴

	ܴଶ௡ାଵ ൅ ܴଶ௡ ൅ ሺ݊ െ 1	ሻ								 

෍	ሻݒ݅ ܴଶ௠ାଶ ൌ

௡

௠ୀ଴

	2ܴଶ௡ାଵ ൅ ܴଶ௡ ൅ ሺ݊ െ 2	ሻ 

෍	ሻݒ ܴଶ௠ାଷ ൌ

௡

௠ୀ଴

	3ܴଶ௡ାଵ ൅ 2ܴଶ௡ ൅ ሺ݊ െ 2	ሻ 

෍	ሻ݅ݒ ܴଶ௠ାସ ൌ

௡

௠ୀ଴

	5ܴଶ௡ାଵ ൅ 3ܴଶ௡ ൅ ሺ݊ െ 5	ሻ. 

 
 
Proof. The proof of i) ,ii), iii), iv), v) and  vi)  are seen by induction on n. 
Now using above the lemma 3.5, we give the following theorems. 
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Theorem 3.6.  
 

																	෍ ܴܳଶ௠ ൌ

௡

௠ୀ଴

	ሺܴଶ௡ାଵ െ ݊ሻ ൅ ݅൫ܴଶ௡ାଵ ൅ ܴଶ௡ ൅ ሺ݊ െ 1	ሻ൯		 

 
൅݆	൫2ܴଶ௡ାଵ ൅ ܴଶ௡ ൅ ሺ݊ െ 2	ሻ൯ ൅ ݇൫3ܴଶ௡ାଵ ൅ 2ܴଶ௡ ൅ ሺ݊ െ 2	ሻ൯					 
 
Theorem 3.7.  
 

																෍ ܴܳଶ௠ାଵ ൌ

௡

௠ୀ଴

	൫ܴଶ௡ାଵ ൅ ܴଶ௡ ൅ ሺ݊ െ 1	ሻ൯ ൅ ݅	൫2ܴଶ௡ାଵ ൅ ܴଶ௡ ൅ ሺ݊ െ 2	ሻ൯ 

 
																																									൅݆൫3ܴଶ௡ାଵ ൅ 2ܴଶ௡ ൅ ሺ݊ െ 2	ሻ൯ ൅ ݇൫5ܴଶ௡ାଵ ൅ 3ܴଶ௡ ൅ ሺ݊ െ 5	ሻ൯. 
  
 
Now we give the matrix representation of Pell-Padovan quaternions. 
 
Theorem 3.8 Let 	for 	݊ ൒ 1	be	integer. Then			  
 

                        ൥
0 2 1
1 0 0
0 1 0

൩

௡

൥
ܴܳଶ ܴܳଵ ܴܳ଴
ܴܳଵ ܴܳ଴ ܴܳିଵ
ܴܳ଴ ܴܳିଵ ܴܳିଶ

൩ ൌ ൥
ܴܳ௡ାଶ ܴܳ௡ାଵ ܴܳ௡
ܴܳ௡ାଵ ܴܳ௡ ܴܳ௡ିଵ
ܴܳ௡ ܴܳ௡ିଵ ܴܳ௡ିଶ

൩ 

 
Proof. The proof is seen by induction on n. 
 
Theorem 3.9. Let 	 	݊ ൒ 1	be	integer. In this case 
 

                    ൥
0 2 1
1 0 0
0 1 0

൩

௡

൥
ܴܳଶ
ܴܳଵ
ܴܳ଴

൩ ൌ ൥
ܴܳ௡ାଶ
ܴܳ௡ାଵ
ܴܳ௡

൩. 

 
Proof. The proof of theorem is seen by induction on n. 
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