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Abstract. In this paper, we define Padovan and Pell-Padovan quaternions. We give
Binet-like formulas, generating functions and sums formulas. Moreover we give the matrix
representation of Padovan and Pell-Padovan quaternions.
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1. INTRODUCTION

A quaternion is defined by
q=a+ib+jc+kd,
where a,b,c and d are real numbers and i, j, k are the standart orthonormal basis in R3. Let
q1 = aq +ib; +jc; + kd, and q, = a, +ib, + jc, + kd, be any two quaternions. Then
addition, equality and multiplication by scalar of two quaternions are defined by
g1t qz = (a; + az) + i(by + by) +j(cy +¢) + k(dy +dy),
g1 = qz only if a; = ay, by = by, ¢; =¢,dy = d,
and for a e R
aq, = aa, +iaby + jacy + kad,
We note that the quaternion multiplication is defined using the rules
i?=j2=k?=ijk=—-1.
The conjugate and norm of a quaternion are defined by
q"=a—ib—jc—kd
and

N(q) = a® + b% + ¢? + d?.

The Padovan sequence is the sequence of integers P, defined by the initial values
Py, = P, = P, = 1 and the recurrence relation
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Bp=Py+Py3
for all n > 3. The first few values of P, are 1,1,1,2,2,3,4,5,7,9,12,16,21,28,37,...

Pell-Padovan sequence is defined by the initial values Ry = Ry = R, = 1 and the
recurrence relation

R,=2R, ,+R,_;foralln = 3.

The first few values of Pell-Padovan numbers are

1,1,1,3,3,7,9,17,25,43,67,111,177,289,...

In 1963[4], Horadam defined n th Fibonacci and Lucas quaternions. Moreover some
properties of Fibonacci and Lucas quaternions can be found [2, 3, 5]. Nurkan and Gven in [6]
introduced dual Fibonacci quaternions and dual Lucas quaternions. Further interesting results
of Pell quaternions, Pell-Lucas and Jacobsthal Quaternions can be found [1, 7, 8]. Tasci D and
Yalcin N.F. studied [9] Fibonacci p-quaternions.

In this paper we define and study the Padovan quaternions and Pell-Padovan
quaternions. Moreover we give their properties also using matrix representation.

2. PADOVAN QUATERNIONS

Firstly we give the definition of Padovan quaternions.
Definition 2.1. The Padovan quaternions are defined by
Qb =P+ i Ppy1 +j Puyp + k Ppys,
where P, is the n th Padovan number.
Theorem 2.2. For n > 0, the Binet-like Formula for the Padovan quaternions is
QP, = aar{* + bBr}} + cyry,
where 1, ,and r3 are the root of the equation x3 — x — 1 = 0, and

_ (p-Ds-D o, (m-Ds-D (=D
(r1-12)(r1—13) ’ (ry—11)(1r2-13) ’ (7‘1—7”3)(7'2—7'3)’

a=1+ir+jri+krd,B=1+ir,+jrf +kr),y=1+iry+jri +kr3.

Proof. Consider the Binet like Formula of Padovan sequence is

_ (=D (r3-1) _n (ri—-D(rs-1) n (ri—-D(r2-1) n
(r1=12)(ry—13) L (rp=r)(p-13) 2 (r—13)(rp-15) 3

n

and
QPF, = By +iPpyq + jPpys + kPpys
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Then the prof is easily seen.
The following theorem is related with the generating function of the Padovan
quaternions.

Theorem 2.3. The generating function of the Padovan quaternions is

_ (A+i+j+2R)+(A+i+2j+2k)x+(i+j+k)x?
g(x) - 1_x2_x3 .

Proof. Let

glx) = Z QP,x™ = QPy + QP;x + QP,x? + --- + QP,x™ + ---
n=0

be generating function of the Padovan quaternions. On the other hand, since
x2g(x) = QPox? 4+ QPyx> + QPyx* + -+ QPp_px™ + -
and
x3g(x) = QPyx® + QPyx* + QP,x° + -+ + QPp_zx™ + -
we write
(1-x?=x*)g(x) = QPy + QP1x + (QP; — QPp)x* + (QP; — QP; — QPp)x>
oot (QPy = QPay = QPoog)x™ + -+

Nowusing QPy =1+i+j+2k,QP; =1+i+2j+2k,QP, =1+ 2i+2j+ 3k
and QP,—QP,,_,—QP,,_; = 0, we obtain

(A+i+j+2k)+A+i+2j+28)x+(i+j+k)x?
1-x2—x3 )

g(x) =
So the proof is complete.
Theorem 2.4.
m=0 QPm = QPpyz + QPpyz — (2 + 3i + 4 + 5k).

Proof. (By induction on n) If n = 0 and n = 1 then the result is obviously true. We assume
that it is true for n € Z*. Then we shall show that

o QPy = QPpys + QPpys — (2 + 3i + 4 + 5k)
Indeed we have

%I-:lo Qb = ?n:O QBn + QPpyq.
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Using induction’s hypothesis we obtain

m=0 QP = QPnyz + QPpysz — (2 + 3i + 4j + 5k) + QPyyy

Other hand, by the Definition 2.1, since

QPpyz + QPpy1 = QPpyy

we have
M0 QP = QPnis + QPnis — (2 + 30 + 4j + 5k).
Theorem 2.5.
n
) > QPuns = QPoy = (1414 +20)
m=0
n
ii) D QPoy = QPos = (L i+ +200)
m=0
n
i) > QPamer = QPona = (1 +1+) +26).
m=0

Proof.The theorem is proved by induction n.
Now we give the matrix representation of Padovan quaternions.

Theorem 2.6 Let for n > 1 be integer. Then

QPn+2 QPn+1 QPn 0 1 1 n QPZ QP1
QPny1 QP QP4 =1 0 0| |QP1 QP
Qh, QP,—; QPy_; 0 1 ol LePy, QP_,

Proof. The proof is seen by induction on n.

Theorem 2.7. Let for n > 1 be integer. Then

0 1 11"[QP, QB,
1 0 0| [QP1|=|QPns1]
0 1 ol lop, QPpys

3. PELL-PADOVAN QUATERNIONS

Definition 3.1. The n th Pell-Padovan quaternion is defined by
QR =Ry +iRyi1 +Jj Rpyz + k Rpys,

where R,, is the n th Pell-Padovan number.
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Theorem 3.2. The generating function for Pell-Padovan quaternions is

(A+i+j+3k)+(1+i+3j+3k)x+(— 1+l+]+k)x
f(x) 1-2x2—-x3

Proof. Let

o

fx) = Z QR,x™ = QRy + QRyx + QRyx? + -+ QR,x™ + -+

n=0
be generating function of the Pell-Padovan quaternions. On the other hand, since
2x2f(x) = 2QRox?* + 2QR x3 + 2QR,x* + --- + 2QR,_,x™ + -+

and
x3f(x) = QRox® + QRyx* + QR,x° + - + QRy_3x™ + -

we write

(1—2x* =x*)f(x) = QRo + QRyx + (QR; — 2QRo)x* + (QRs — 2QR; — QRy)x®

+t (QRn - ZQRn—Z - QRn—3)xn +
Now using QR,, = 2QR,,_,+QR,,_3,n = 3 we get

f(x) QRo+QR1x+(QRz— 2QR0)x

1-2x2-x3

or

f( ) (A+i+j+3k)+(1+i+3j+3k)x+(— 1+L+]+k)x
- 1-2x2-x3

So the proof is complete.

Theorem 3.3. The Binet- like formula for Pell-Padovan quaternions is

QR, = NG [(a — DA +ia+ja? + ka®)]a™
- % [(B-DA+iB+jB*+kBHIF" + (-1 +i+j+ k"
where
1+«/_ B—H\/_andy——

are the roots of equation x3 — 2x — 1 = 0.

Proof. Using
n+1 ﬁn+1 an _ lgn
R,=2(—-—"— —2(—)+ n+1
and
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QR, =Ry, + iRy 1 +jRyy +k Rpys,
it is easily seen the proof.

Theorem 3.4.
m=0 QR = ~[QRy + QRns1 + QRnyp — (1 + 30 + 5] + 7k)].

Proof. (By induction on n) ) Forn = 0 and n = 1 are true. Now we assume that it is true for
n € Z*. Then we shall show that it is true for n + 1,

;ln+=10 QRm T %:0 QRm + QRn+1
=Z[QRy + QRpy1 + QRyyz + 2QRp4 — (1 + 30 + 5 + 7k)],

On the other hand since

QRpy3 = 20QRp 41 + QR,

we have

1 —
me=o QRm =

N |-

[QRy+1 + QRyyz + QRyys — (1 4 3i 4+ 55 + 7k)].
So the theorem is proved.

Lemma 3.5.
n
) Z Rym = Rapy1—m
m=0
n
i6) Y Romor = Ron + (0= 1)
m=0
i) ) Romur = Ronsa + Ran + (1= 1)
iv) Z Rym+2 = 2Rzn41 + Rop + (n — 2)
n
v) Z Rym+3 = 3Rony1 + 2Ry + (n—2)
m=0
n
vi) Z Rom+a = SRyny1 + 3Ry + (n—5).

m=0

Proof. The proof of i) ,ii), iii), iv), v) and vi) are seen by induction on n.
Now using above the lemma 3.5, we give the following theorems.

WWW.josa.ro Mathematics Section



Padovan and Pell- Padovan Quaternions Dursun Tasci 131

Theorem 3.6.

n
Z QRym = (Rans1 — 1) + i(Rapss + Rop + (n — 1))

m=0
+j (2Ryp41 + Ran + (= 2)) + k(3Rypy1 + 2Ry + (n — 2))
Theorem 3.7.

n
Z QRami1 = (Rans1 + Ron+ (M —1)) + i (2Ryp41 + Rop + (n— 2))

m=0

+j(3Rzns1 + 2Ryn + (0 —2)) + k(5R2n41 + 3Ron + (n = 5)).

Now we give the matrix representation of Pell-Padovan quaternions.

Theorem 3.8 Let for n > 1 be integer. Then

0 2 171"[QR, QR QRy QRyny2 OQRpy1  OR,
1 0 O QRl QRO QR—l = QRn+1 QRn QRn—l
0 1 0 QRO QR—l QR—Z QRn QRn—l QRn—Z

Proof. The proof is seen by induction on n.

Theorem 3.9. Let n > 1 be integer. In this case

0o 2 17" QRZ QRn+2
[1 0 0 QR1]= QRp41 |
0 1 ol LQRy QR,

Proof. The proof of theorem is seen by induction on n.
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