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            Abstract. Let ܩ be a simple connected graph. We redefine adjacency for any two 
vertices as defined if there is connected two edges between any two vertices, ݅ and ݆. This 
vertices are called two adjacency and denoted by ݅	~ଶ	݆. In this study, we defined 2-adjacency 
Laplacian matrix and denoted by ܮ~మሺܩሻ from by above definition and we find a lower bound 
for 2-spectral radius which is denoted by ߤ~మሺܩሻ and present an open problem ܮ~మሺܩሻ. 
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1. INTRODUCTION  
 
 
 Let ܩ ൌ ሺܸ, ܸ ሻ  be a simple graph with the vertex setܧ ൌ ሼݒଵ, ,ଶݒ … ,  ௡ሽ and the edgeݒ

set ܧ ൌ ሻ. We assume that the vertices degree are ordered such that ݀ଵܩሺܧ ൒ ݀ଶ ൒ ⋯ ൒ ݀௡ 

where ݀௜ is the degree of ݒ௜ for ݅ ൌ 1,2,…,n and the average of the degrees of the vertices 

adjacent to ݒ௜ is denoted by ݉௜. Let ௜ܰ be the neighbor set of the vertex ݒ௜ ∈ ܸ. Let ܦሺܩሻ be 

the diagonal matrix of vertex degrees of a graph ܩ. Also, let ܣሺܩሻ be the adjacency matrix of 

ሻܩሺܣ and denoted by ܩ ൌ ൫ܽ௜௝൯ be defined as the ݊ ൈ ݊ matrix ൫ܽ௜௝൯, where  

 

ܽ௜௝ ൌ ൜
1 ; ௝ݒ௜ݒ ∈ ܧ
0 ; ݁ݏ݅ݓݎ݄݁ݐ݋

 

 

 The Laplacian matrix of a graph ܩ is defined as ܮሺܩሻ ൌ ൫݈௜௝൯, where  

 

݈௜௝ ൌ ൝
݀௜ ; ݅ ൌ ݆
െ1 ; ݅~݆
0 ; ݁ݏ݅ݓݎ݄݁ݐ݋
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The Laplacian matrix of ܩ is ܮሺܩሻ ൌ ሻܩሺܦ െ  .ሻ is a real symmetric matrixܩሺܮ ,ሻ. Clearlyܩሺܣ

From this fact and Gersgorin’s theorem, it follows that its eigenvalues are nonnegative real 

numbers. Moreover, since its rows sum to 0, 0 is the smallest eigenvalue of ܮሺܩሻ. We assume 

that the Laplacian eigenvalues are ߤଵ ൒ ଶߤ ൒ ⋯ ൒ ௡ߤ ൌ 0. Especially, the largest eigenvalue 

of ܮሺܩሻ is called Laplacian spectral radius of ܩ, denoted by ߤሺܩሻ. 

 Since the 1980’s many researchers have investigated upper bounds for ߤሺܩሻ, among 

the known upper bounds for ߤሺܩሻ are the following: 

1. Anderson and Morley’s bound [1]: 

 

ሻܩሺߤ                                          ൑ max൛݀௜ ൅ ௝݀:	ݒ௜ݒ௝ ∈  ൟ.                                        (1)ܧ

 

2. Li and Zhang’s bound which is better than bound [8]: 

 

ሻܩሺߤ                                          ൑ 2 ൅ ඥሺݎ െ 2ሻሺݏ െ 2ሻ                                             (2) 

             

            where ݎ ൌ max൛݀௜ ൅ ௝݀:	ݒ௜ݒ௝ ∈ ݏ ൟ andܧ ൌ max൛݀௜ ൅ ௝݀:	ݒ௜ݒ௝ ∈ ܧ െ ሼݒ௞ݒ௛ሽൟ with    

௛ݒ௞ݒ             ∈ ሻ such that ݀௞ܩሺܧ ൅ ݀௛ ൌ  .ݎ

 

3. Merris’s bound [10]: 

 

ሻܩሺߤ                                          ൑ maxሼ݀௜ ൅ ݉௜:	ݒ௜ ∈ ܸሺܩሻሽ                                      (3) 

 

where ݉௜ is the average of the degrees of the vertices of ܩ adjacent to ݒ௜, which is 

called average 2-degree of vertex ݒ௜. 

 

 

2. MAIN RESULTS  

 

 

             Let ܩ be a simple connected graph. We redefine adjacency for any two vertices ݅ and 

݆. And then we called 2-adjacency this vertices. If this vertices are 2-adjacency then denoted 

by ݅	~ଶ	݆.  
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             In this study we defined 2-adjacency Laplacian matrix and denoted by ܮ~మሺܩሻ from 

by above definition and we find a lower bound for 2-spectral radius which is denoted by 

 ሻ. Then we expand to ݇-adjacency of two verticesܩమሺ~ܮ ሻ and present an open problemܩమሺ~ߤ

and redefine of ݇-Laplacian matrix and obtain new bound of ݇-spectral Laplacian eigenvalue 

of a graph.  

 

Definition 2.1 If there are two connected edges between vertices of the ݅ and ݆ in graph, then 

this vertices are called 2-adjacent and denoted by ݅	 ∼ଶ 	݆.   

 

Definition 2.2 The 2-degree of any vertex ݅ in graph is the number of 2-adjacency incident to 

the vertex ݅ and the 2-degree of a vertex ݅ is denoted by ݀௜
~మ.  

               We can define the ݇-adjacency by generalized 2-adjacency concept further.   

 

Definition 2.3 If there are ݇ connected edges between vertices of the ݅ and	݆ in graph, then 

this vertices are called ݇-adjacent and denoted by ݅	 ∼௞ 	݆.  

 

Definition 2.4 The ݇-degree of any vertex ݅ in graph is the number of ݇-adjacency incident to 

the vertex ݅ and the ݇-degree of a vertex ݅ is denoted by ݀௜
~ೖ. 

 

Definition 2.5 Given a graph ܩ ൌ ሺܸ, |ܸ| ሻ withܧ ൌ ݊ the 2-adjacency degree matrix ܦ~మሺܩሻ 

for ܩ is a ݊ ൈ ݊ diagonal matrix defined as: 

 

݀௜௝ ൌ ൜
݀௜
~మ ; ݅ ൌ ݆
0 ; ݁ݏ݅ݓݎ݄݁ݐ݋

 

 

where the 2-degree ݀௜
~మ of a vertex ݅ is the number of 2-adjacency incident to the vertex ݅. 

 

Definition 2.6 Given a simple, connected graph ܩ with ݊ vertices, its 2-adjacency Laplacian 

matrix ܮ~మሺܩሻ ൌ ൫݈௜௝
~మ൯

௡ൈ௡
defined as: 

൫݈௜௝
~మ൯ ൌ ቐ

݀௜
~మ ; ݅ ൌ ݆
െ1 ; ݅	~ଶ	݆
0 ; ݁ݏ݅ݓݎ݄݁ݐ݋

 

where ݀௜
~మ is 2-degree of the vertex ݅. 
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                Because the 2-adjacency Laplacian matrix is real, symmetric matrix, its eigenvalues 

are real and we denoted by  

 

0 ൌ ௡ߤ
~మ ൑ ⋯ ൑ ଶߤ

~మ ൑ ଵߤ
~మ. 

 

ଵߤ
~మ denote the largest eigenvalue of ܮ~మሺܩሻ. Also, every row sum and column sum of ܮ~మ is 

zero. There are equality  

ሻܩమሺ~ܮ ൌ ሻܩమሺ~ܦ െ  ሻܩమሺ~ܣ

for  2-adjacency Laplacian matrix.   

 

Theorem 2.7 If ܩ is a simple, connected graph and  ߤଵ
~మሺܩሻ is the Laplacian 2-spectral 

radius, then 

ଵߤ                                            
~మሺܩሻ ൐ max௜~మ௝ ටሺ݀௜

~మ െ ௜ሻሺ݌ ௝݀
~మ െ  ௝ሻ                                 (4)݌

where  ݌௜, ݐ௞ are ݌௜ ൌ
∑ ௧ೖೖ~మ೔

௧೔
௞ݐ ,  ൌ

∑ ௗೕೖ~మೕ

ௗೖ
~మ   respectively. 

 

Proof: Let ܺ ൌ ሺݔଵ, ,ଶݔ . . , ଵߤ ௡ሻ் be an eigenvector corresponding to the largest eigenvalueݔ
~మ 

of ܶିଵሺܩሻ	ܮ~మሺܩሻܶሺܩሻ where ܶሺܩሻ is the block diagonal matrix ݀݅ܽ݃ሺݐଵ, ,ଶݐ . . , ௜ݐ,௡ሻݐ ൌ
∑ ௗೕ೔~మೕ

ௗ೔
~మ , ݅ ൌ 1,2, … , ݊. We can assume that ݔ௜ is the largest eigencomponent 1 and the other 

eigencomponents are less than or equal to 1, that is, ݔ௜ ൌ 1 and ݔ௞ ൑ 1, ∀݇. 

                 We consider the matrix ܶିଵሺܩሻ	ܮ~మሺܩሻܶሺܩሻ. Now the ሺ݅, ݆ሻ௧௛ element of 

ܶିଵሺܩሻ	ܮ~మሺܩሻܶሺܩሻ is  

ቐ
݀௜
~మ ; ݅ ൌ ݆
െ1 ; ݅	~ଶ	݆
0 ; .݁ݏ݅ݓݎ݄݁ݐ݋

 

 

                  We have  

                                              ሼ	ܶ-1ሺܩሻܮ~మሺܩሻܶሺܩሻሽܺ ൌ ଵߤ
~మሺܩሻܺ                                                 (5)    

                    

                   From the ݅ th equation of (5), we have  

ଵߤ
~మݔ௜ ൌ ݀௜

~మݔ௜ െ ෍ሼݔ௞
௞~మ௜

ሽ 
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ଵߤ                                                               
~మ ൐ ݀௜

~మ െ  ௜                                                          (6)݌

                    Similarly, from the ݆ th equation of (5), we have 

ଵߤ
~మݔ௝ ൌ ௝݀

~మݔ௝ െ ෍ሼݔ௞
௞~మ௝

ሽ 

ଵߤ                                                               
~మ ൐ ௝݀

~మ െ  ௝.                                                        (7)݌

                  From (6) and (7), we get  

ଵߤ                                            
~మሺܩሻ ൐ max௜~మ௝ ටሺ݀௜

~మ െ ௜ሻሺ݌ ௝݀
~మ െ  .௝ሻ݌

Definition 2.8 Given a simple, connected graph ܩ with ݊ vertices, its 2-adjacency self-

Laplacian matrix ܮൎሺܩሻ ൌ ൫݈௜௝
ൎ൯

௡ൈ௡
defined as: 

 

൫݈௜௝
ൎ൯ ൌ ቐ

݀௜
~మ ; ݅ ൌ ݆
െ2 ; ݅	~ଶ	݆
0 ; ݁ݏ݅ݓݎ݄݁ݐ݋

 

 

where ݀௜
~మ is 2-degree of the vertex ݅. 

Because the 2-adjacency self-Laplacian matrix is real, symmetric matrix, its 

eigenvalues are real and we denoted by  

 

0 ൌ ௡ൎߤ ൑ ⋯ ൑ ଶߤ
ൎ ൑ ଵߤ

ൎ. 

 

ଵߤ
ൎ denote the largest eigenvalue of ܮൎሺܩሻ. Also, every row sum and column sum of ܮൎ is 

zero. There are equality  

ሻܩൎሺܮ ൌ ሻܩమሺ~ܦ െ  ሻܩൎሺܣ

for  2-adjacency self-Laplacian matrix. 

 

Theorem 2.9 If ܩ is a simple, connected graph and  ߤଵ
ൎሺܩሻ is the 2-self Laplacian spectral 

radius, then 
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ଵߤ                                            
ൎሺܩሻ ൐ max௜~మ௝ ටሺ݀௜

~మ െ ௜ሻሺ݌2 ௝݀
~మ െ  ௝ሻ                              (8)݌2

 

where  ݌௜, ݐ௞ are ݌௜ ൌ
∑ ௧ೖೖ~మ೔

௧೔
௞ݐ ,  ൌ

∑ ௗೕೖ~మೕ

ௗೖ
~మ   respectively. 

 

Proof: Let ܺ ൌ ሺݔଵ, ,ଶݔ . . , ଵߤ ௡ሻ் be an eigenvector corresponding to the largest eigenvalueݔ
ൎ 

of ܶିଵሺܩሻ	ܮൎሺܩሻܶሺܩሻ where ܶሺܩሻ is the block diagonal matrix ݀݅ܽ݃ሺݐଵ, ,ଶݐ . . , ௜ݐ,௡ሻݐ ൌ
∑ ௗೕ೔~మೕ

ௗ೔
~మ , ݅ ൌ 1,2, … , ݊. We can assume that ݔ௜ is the largest eigencomponent 1 and the other 

eigencomponents are less than or equal to 1, that is, ݔ௜ ൌ 1 and ݔ௞ ൑ 1, ∀݇. 

We consider the matrix ܶିଵሺܩሻ	ܮൎሺܩሻܶሺܩሻ. Now the ሺ݅, ݆ሻ௧௛ element of 

ܶିଵሺܩሻ	ܮൎሺܩሻܶሺܩሻ is  

ە
۔

ۓ
݀௜
~మ ; ݅ ൌ ݆

െ2
௝ݐ
௜ݐ

; ݅	~ଶ	݆

0 ; .݁ݏ݅ݓݎ݄݁ݐ݋

 

 

We have  

                                              ሼ	ܶ-1ሺܩሻܮൎሺܩሻܶሺܩሻሽܺ ൌ ଵߤ
ൎሺܩሻܺ                                                    (9)    

 

From the ݅ th equation of (9), we have  

ଵߤ
ൎݔ௜ ൌ ݀௜

~మݔ௜ െ 2 ෍
௞ݐ
௜௞~మ௜ݐ

 

ଵߤ                                                               
ൎ ൐ ݀௜

~మ െ  ௜                                                       (10)݌2

Similarly, from the ݆ th equation of (9), we have 

ଵߤ
ൎݔ௝ ൌ ௝݀

~మݔ௝ െ 2 ෍
௞ݐ
௝௞~మ௝ݐ

 

ଵߤ                                                               
ൎ ൐ ௝݀

~మ െ  ௝.                                                      (11)݌2
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From (10) and (11), we get  

ଵߤ                                            
ൎሺܩሻ ൐ max௜~మ௝ ටሺ݀௜

~మ െ ௜ሻሺ݌2 ௝݀
~మ െ  ௝ሻ݌2

Conjecture 2.10 Let ܩ be a simple, connected graph. Then  

 

ଵߤ                                                              
~మሺܩሻ ൑ ଵߤ

ൎሺܩሻ.                                                      (12) 

 

When we generalize for ݇-adjacency to found bound, we obtain following result. 

 

Conjecture 2.11 If ܩ is a simple, connected graph and  ߤଵ
~ೖሺܩሻ is the ݇-Laplacian spectral 

radius, then 

 

ଵߤ                                     
~ೖሺܩሻ 	൐ max௜~ೖ௝ ටሺ݀௜

~ೖ െ ௜ሻሺ݌݇ ௝݀
~ೖ െ  ௝ሻ                         (13)݌݇

 

where ݌௜, ݐ௜ are ݌௜ ൌ
∑ ௧ೕ೔~ೖೕ

௧೔
௜ݐ ,  ൌ

∑ ௗೕ೔~ೖೕ

ௗ೔
~ೖ   respectively. 

Specially, if we get ݇ ൌ 1, Conjecture 2.11 will turn to Merris’s bound (4). 
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