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Abstract. In this article two point fuzzy boundary value problems is defined under the
approach generalized Hukuhara differentiability (gH-differentiability). The solution method
of the fuzzy boundary value problem is examined with the aid of some initial value problems.
This type of problem is associated with an operator in fuzzy Hilbert space. So, several
theorems are given for the problem eigenvalues.
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1. INTRODUCTION

In this paper we consider the two point fuzzy boundary value problem

2
L0 =24, te[a,b] 0
which satisfy the conditions
ali(a)=2,'(a) 2
bd(b)=Ab,G'(b) (3)

where a,,a,,b,b,>0, 1>0, a’+a,”#0 and b’ +b,> =0, G(x) fuzzy functions.

The term "fuzzy differential equation” was first introduced in 1978 by Kandel and
Byatt [1] and later an extended version of this equation was published many papers in [5, 12,
14]. There are many suggestions to define a fuzzy derivative and to study fuzzy differential
equation [3, 6, 10, 11]. One of the most well-known definitions of difference and derivative
for fuzzy set value functions was given by Hukuhara in [10]. By using the H-derivative,
Kaleva in [15] started to develop a theory for fuzzy differential equations. Many works have
been done by several authers in theoretical and applied fields for fuzzy differential equations
with the Hukuhara derivative [13, 15]. But in some cases this approach suffers certain
disadvantages since the diameter of the solutions is unbounded as time t increases [11, 14]. So
here we use gH-difference and gH-derivative to solve FDE under much less restrictive
conditions [11].
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The paper is organized as follows; section 2 introduces the basic concept of fuzzy
function spaces, fuzzy Hilbert spaces and fuzzy gH- derivative. In section 3, we define
operator formulation of the problem in the adequate fuzzy Hilbert spaces. In section 4, we
show how to solve the eigenvalue problem with a numerical example.

2. PRELIMINARIES AND NOTATION

In this section, we give some concepts and results besides the essential notations
which will be used throughout the paper.

Let G be a fuzzy subset on R, i.e. a mapping G: R — [0,1] associating with each real

number t its grade of membership G(t).

In this paper, the concept of fuzzy real numbers (fuzzy intervals) is considered in the
sense of Xiaoand Zhu which is defined below:

Definition 1. A fuzzy subset G on R is called a fuzzy real number (fuzzy intervals),
whose - cut set is denoted by [a4]", i.e., [4]” ={t:0(t)20}, if it satisfies two axioms:
i.  Thereexists r e R such that u(r)=1,
ii. Forall 0<a <1, there exist real numbers —o <u; <u? <+oo such that [a]" is

equal to the closed interval [u,,u; | [2].

The set of all fuzzy real numbers (fuzzy intervals) is denoted by F(R). F, (R), the
family of fuzzy sets of R whose «- cuts are nonempty compact convex subsets of R . If

~

UeF(R) and G(t)=0 whenever t<0, then u is called a non-negative fuzzy real number
and F*(R) denotes the set of all non-negative fuzzy real numbers. For all G F*(R) and
each « (0,1], real number u;, is positive.
The fuzzy real number f e F(R) defined by
) 1, t=r
' (t) - {0, t=r
it follows that R can be embedded in F(R), that is if £ e(—o0,+00), then f e F(IR) satisfies

f(t)zﬁ(t—r) and a- cutof f is given by [F]” =[r,r], a€(0,1].

Definition 2. An arbitrary fuzzy number in the parametric form is represented by an
ordered pair of functions (u;,u;) , 0<a <1, which satisfy the following requirements
I. u; is bounded non-decreasing left continuous function on (0,1] and right-

continuous for « =0,
ii. u’ is bounded non- increasing left continuous function on (0,1] and right-

continuous for & =0,
i, u; <u’, 0<a<1][3].
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Definition 3. Let [a"‘,b“], O<a <1, be a given family of non-empty intervals.
Assume that
@ [a®,b®|>[a%,b | forall 0<ao <a,,

k—0 k—>a0

(b) [Iim a“, lim b“ﬂz[a“,b“] whenever {¢,} is an increasing sequence in
(0,1] converging to «,
(c) —w<a”<b”, forall «e(0,1].
Then the family |a“,b” | represents the a- cut sets of a fuzzy number G eF(R),
then the conditions (a), (b) and (c) are satisfied [4].

Definition 4. For G,V eF(R) and 2eR, the sum G=V@®W and the product 10U
are defined by forall « €[0,1],

[0@9]" =[a] +[9]" = sy xefa] .y < [vT'}
[200a]" =20[a]" :{lx:XE[G]Q},
Define D:F(R)xF(RR)—R" {0} by the equation

+ +
ua _Va

D(0G,V)= sup{max[

O<a<l

u, Vv,

a"

J

where [d]” :[u;,u;], [0]" = [v;,v;]. Then it is easy to show that D is a metric in F(R) [3].
Let TR be an interval. We denote by IF(C(T;JR”)) the space of all continuous

fuzzy functions on T . For a, ¥ eIF(C(T;R”)), define a metric

D" (4,V)=supD(u(t),v(t)).

teT

From [3], (IF(C(T;R")), D*) is a complete metric space.
A fuzzy function F:T —TF(R) is measurable if for all «<[0,1], the set valued
mapping F, :T — T, (R) defined by F, (t):[lf(t)]a is measurable.

Let L' (T;R) denote the space of Lebesque integrable functions. We denote by S the
set of all Lebesque integrable selections of F, :T —»F, (R), that is

St ={f el'(T;R): f(t)eF,(t) ae}. 4)

ISSN: 1844 — 9581 Mathematics Section



592 Fuzzy eigenvalue problem with ... Tahir Ceylan and Nihat Altinisik

A fuzzy function F:T —TF(R) is integrably bounded if there exists an integrable
function h such that |x||<h(t) forall xe F,(t). A measurable and integrably bounded fuzzy
functions F,:T —F, (R) is said to be integrable over T if there exists F eF(RR) such that

}[Fa(t)dtz{}[f(t)dt: f es;}

forall o €[0,1] [7].
For measurable functions f :T — R define the norm

1
p
o) rspen

T

0 S0P | £ (O], P

where (T is the Lebesque measure on T and T, =T . Let L”(T;R) be the Banach space of
all measurable functions f:T —R with |f], <eo. By F(L’(T;R)), 1<p<oo, it is

denoted the space of all functions (:T — F(R) such that the function t — D(G(t),f)) belong
to L°(T;R,). Then

Dp(d,\7)=(:[(DH ([ar° ,[o]“))p daj (5)

is a metric on IF(Lp (T;R)), for 1< p<oo and D, (0,¥)=D(0,V)=sup D, ([ﬁ]a ,[\7]“) is a
O<a<l
metric on IF(L°° (T;R)) [7].
So for p=2, let L (T;R) be the Banach space of all measurable functions f:T — R
with || f||, <e. By F(L*(T;RR)), we denote the space of all square-integrable fuzzy functions

0:T —F(R) such that the function t — D(G(t),f)) belong to L*(T;R, ). Then from (5)

D, (4,9)= U(D (1o 7)) da]z
is a metric on IE‘(L2 (T;R)), for p=2.

Definition 5. Let X be a vector space over R . A Felbin-fuzzy inner product on X isa
mapping (., ): XxX —>IF+(]R) such that for all vectors x,y,ze X and all r e R, have (see

[8])
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(FIPL) (x+Y,2) =(X,2) ®(Y,2)

(FIP2) (rx, y) =|F|{X,y)

(FIP3) (x,y) =(y,X)
(FIP4) x #0=(x,x)(t)=0, forallt<0
(FIP5) (x,x) =0 if and only if x=0.

Remark 6. Condition (FIP4) in the above definition is equivalent to the condition for
all (0#)x e X igin (x,x), >0, for each & €(0,1] where [(x,%)]" :[<x, x>;,<x,x>;] [9].

The vector space X equipped with a Felbin-fuzzy inner product is called a Felbin-
fuzzy inner space. A Felbin-fuzzy inner product on X defines a fuzzy number

X[ = \(x,x), forallxeX. (6)

A fuzzy Hilbert space is a complete Felbin-fuzzy inner product space with the fuzzy
norm defined by (6).

Example 7. Consider the lineer space L ([0,1];R) of all square-integrable functions.
Define

<f,g>(t)=sup{ae(0,1]

tEH fa(X)ga(x)dxylfa*(x)gé(x)dx}} ()

for f,geL?([0,1];R) such that F,G e]F(L2 ([O,l];R)). It can be showed that (f,g) isa
Felbin-fuzzy inner product space on L*([0,1];R) and & —cut set of (f,g) is given by

(F. )] =[<f,g>a,<f,g>;]=ﬁ (99, (0. f:(x)g;(xﬂ @

Forall & €[0,1]. From Theorem 6 of [8], it is clear that (f,g) is a fuzzy real number. So
L* ([O,l] ; R) is a fuzzy Hilbert space.

Definition 8. Let 4,V e F(IR). If there exist We F(R) such that i =V@w, then Wis

called the Hukuhara difference of g and v and it is denoted by 4 ®,V. If G ®,V exists, its
a- cuts are

[0 ©,7]" =[u; —-v,u} —v;]
for all « €[0,1] [10].
Definition 9. The generalized Hukuhara difference of two fuzzy numbers 4,V e IF(R)

is defined as follows
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In terms of a-cuts we have
[G©,] = [min {ug —v,,uf —v; ) max {u; —v;,u; —v*}]

and if the H -difference exists, then G ®,V =0 @,V ; the conditions for the existence of
W=00,VeF(R) are

W, =u_ —v_andw =u’—v’,

case(i){ “

with w increasing, w, decreasing , w, <w

=u, —v, andw, =u, —Vv,

al

with w

case(ii){ “

Q\Q+

increasing, w, decreasing, W, <w..

It is easy to show that (i) and (ii) are both valid if and only if W is a crisp number [11].

Remark 10. Throughout the rest of this paper, we assume that 4 ©,,V e F(R)and a-

cut representation of fuzzy-valued function f :(a,b) > F(R) is expressed by
[fA(t)T =[(f.)(®).(£.)(®)], te[ab] foreach ae[0,1].

Definition 11. Let t, (a,b) and h be such that t, +h e(a,b), then the gH-derivative
of afunction f :(a,b)—F(R) at t, is defined as

fyo (1) =tim- & +h)h® nf(b) ©)

h—0

If f'gH (t,)eF(R) satisfying (9) exist, we say that f is generalized Hukuhara
differentiable (gH-differentiable for short) at t, [11].

Definition 12. Let f:(a,b)—TF(R) and t,e(a,b) eith f,(t) and f'(t) both
differentiable at t,. We say that in [11]

. is [ (i) gH]-differentiabIe at t, if

[ w(®] :[ f;)'(t)ﬂ vV ae[01] (10)
f

is [(u) H] -differentiable at t, if

[Fa®]

()0} v eelo]. (12)
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Definition 13. The second generalized Hukuhara derivative of a fuzzy function
f:(ab)—>TF(R) att, is defined as

) f'(t, +h)e_, f(t
f"gH(to):"m (O+ )h = (0),

h—0

if £°,(t,)eF(R),wesaythat 'y, (t) is generalized Hukuhara derivative at t, .
Also we say that f 'y, (t) is [(i)—gH |-differentiable at t, if

E )= [(£.)"(t).(£)"(to) ] if F be [(i)—gH ]-differentiable on (a,b)
o |:(f+)“(t0)’(fa_)"(to)] if f be [(ii)—gH ]-differentiable on (a,b)

o

forall o <[0,1], and that f 'y, (t) is [(ii)—gH ]-differentiable at t, if

—
—_
—h
R+
N —
~~

" to),(fa’)"(to)], if f be [(i)—gH ]-differentiable on (a,b)

fign (o @) = {[( f;)"(to)v(f;)"(to)] if f be [(ii)—gH ]-differentiable on (a,b)

forall o €[0,1] [12].

3. OPERATOR-THEORETIC FORMULATION OF THE PROBLEM

Consider the (1)-(3) eigenvalue problem.

This is not the usual type of eigenvalue problem because the eigenvalue appears in the
2

boundary conditions; so, we cannot put L = —% and consider problem as a special case of

L4 = Aa because D, the domain of L, depends upon A . So we enlarge our defination of L.
To do this we formulate a theoretic approach to the problem.

From Theorem 6 of [8], we define a fuzzy Hilbert space H = L2 ([O,l];R)@R with a
Felbin-fuzzy inner product

<F,e>=H fg(t)g;(t)dtwfl);(gl);jf:(t)g:(t)dtwfl);(gl);}
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Consider the space of two- component fuzzy vectors F € H , whose first component is
atwice gH-differentiable fuzzy function f (t)eF" ( L([0.4]; ]R)) and whose second

component is a fuzzy real number f, e F*(R). Here F, f(t) and f, are pozitive fuzzy
numbers and their a- cut sets are respectively [Fa*, Fa*], [fa’ (t), f (t)] and [( f,)..( fl);} :

In this fuzzy Hilbert space we construct the lineer operator A: H — H with domain

f(t), f'(t) fuzzy absolutely continuous (see [6]) in[0,1]; }

om0
f, af(a)=a,f'(a), f,=b,f(b)

which acts by the rule AF = A[ fﬂ(t)] = A[ f (At) ][_f(t)] with F :( ) ] € D(A) :
f, b,t'(b)) (bif (b) s

Thus, the problem (1) -(3) can be written in the form
AF = AF

—

A

f
where F :E J € D(A) . Then the eigenvalues and the eigenfunctions of the problem (1)-(3)

A

fl
are defined as the eigenvalues and the first components of the corresponding eigenelements of
the operator A, respectively.

4. SOLUTION METHOD OF THE FUZZY PROBLEM

In this section we concern with fuzzy eigenvalues and eigenfunctions of .two-Point
fuzzy boundary value problems with eigenvalue parameter contained in the boundary
conditions. To do this, at first we need to use fuzzy derivatives. So here we use gH-difference
and gH-derivative to solve fuzzy problem [11].

Definition 14. Let i:[a,b] =R — F(R) be a fuzzy function and
[G(t,ﬁ)]a :[u; (t,2),u; (t,/l)] be the a- cut representation of the fuzzy function G(t) for
all te[0,1] and « €[0,1]. If the fuzzy differential equation (1) has the nontrivial solutions
such that u_ (t,2)#0, u; (t,4)=0 then A is eigenvalue of (1).

Consider the eigenvalues of the fuzzy boundary value problem (1)-(3). Using the a-
cut sets and [ (i)—gH |- differentiable of G(t), [ (ii)— gH |- differentiable of d'(t), we get
from (2)-(3):

]:ﬂ,[u;(t),u;(t)] (12)
[(u.)'(@).(u) (2)

(13)

(
b, [u, (b),u; (b) ]=Ab,[ (u,)'(b),(u})'(b)] (14)
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Suppose that the two linerly independent solutions of u"+Au =0 classic differential

equation are u, (t,4) and u, (t,1). The general solution of the fuzzy differential equation (12)
is

where

)@ () @) =a -

initial conditions of fuzzy differential equations (12). This solution can be expressed as

¢, (t,1)=C,,(a,A)cos(kt)+C,, (o, 2)sin(kt) 5)
¢: (t,4)=Cy;(a, A)cos(kt)+Cy, (a, A)sin(kt)

and [ 7(t,2)]" be a solution which is satisfying
u, (b),u; (b
[ . 3} 17)
[(52)'(0).(u2)(0)] =B
initial conditions of fuzzy differential equations (12). This solution can be expressed as

2, (t,2)=C, (e, A)cos(kt)+C,, (a, A)sin(kt) a8)
2 (t,4)=Cy (e, A)cos(kt)+C,, (o, 4)sin(kt).

Then, we have

W (g, 2. )(t.2)

¢ (LA) ' (WA)- 2. (L A)¢, (t.2)
(Cy (@ 4)Cp (@A)~ Cpy (@, 2)Cyy (@, 2) ) (uy (t, A)u, ' (1, ) —u, (t, 1)U, (1, 2))

(
(Cll(a,ﬂ)sz(a,/i) Cypo (@, 4)Cy (e, )) (U, u,)(t2)

and similarly,

ISSN: 1844 — 9581 Mathematics Section
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W(2)(62) =6 (6 2) 2 (6 2) 72 (6 A)6 (6.2)
= (Cl3 (a,2)Cy (a0, 4)=Cyy (@, 4)Cy (“!ﬂ))w (uy,u,)(t,2)

Now let ¢(t, 1) be the solution of the classical differential equation Lu = Au
satisfying the conditions u(a)=a,, u'(a)=a,. Then, the solution of the equation is

u(t,2)=C,(A)u,(t,4)+C,(A)u,(t,1).
(19)

Using conditions, the following linear system of equation

u(a,2)=C,(4)u,(a,4)+C,(2)u,(a,1)=a,
u'(a,4)=C,(1)u,(a,2)+C,(4)u,(a 1) =a,.

is obtained. From the determinant of the coefficients matrix of the above linear system we get
C, and C, such that

a u'(ad) au,'(al)-au,(aAl)
S =W n) @) W(ul,uz)?a,/l) (20)

u(ai) a,

u'(a,1) a u (a,4)-au,'(a,1)
Cz(ﬂ)zw(ul,uz)(a,/l):ai W 5)@a) @D

Substituting this C, () and C, (1) coefficients, the above equations in (19), the general
solution is obtained as

p(t,A)= W ut)(a, ) {(azu2 '(a,4)—au,(a,4))u, (t, 2)+(ay, (a, 1) —au, '(a,2))u, (t, /1)}

Let x(t,2) be the solution of the classical differential equation Lu = Au satisfying
the conditions u(b)=4b,, u'(b)=b,. Similarly

1
W (uy,u,)(b, 1)

{(Abyu, (b, 2)—byu, (b, 2))u, (t, 2)

+ (b1U1 (b1 ’1) —Ab,u, '(b’ l))UZ (t’ ﬂ)}

z2(t,4)=

is obtained. So
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[9(62)]" = (t2).4 (6.2)]=[c. (). (@)]6(0.2)

is the solution of fuzzy differential equations (12) satisfying the conditions (15) and

(2] =[x (t2) 2t A)]=[a(a) ()] 2 (t.4)

is the solution satisfying the conditions (17), where ¢, ‘() >0, ¢,'(a)<0, and for o =1

¢ (a)=c,(a)=1[1]" =[¢(a).c,(a)]. Specially, we take [ ¢, (a),c,(a)]=[a,2—a].
Then Wronskian functions W, (t,4) and W, (t, 1) are obtained as

W, (t,A)=a?(d(t.2).2'(t. A)— 2 (t.2) ' (t, 1)) (22)

W, (t,A)=(2-a) (#(t.A).2'(t.2) - x (1, 2)¢'(t, 1)). (23)

Consequently, the equation

W(¢a,;(a)(t,}t)=(2 W (¢, 70 ) (t.4)

is obtained [13].

Teorem 15. The Wronskian functions W (4, 7, )(t.4) and W (g}, z;)(t, 1) are

independent of variable x for x [a,b], where functions ¢, . ,¢", x. are the solution of the
fuzzy boundary value problem (1)-(3) and it is show that

for each « €[0,1] [13].

Teorem 16. The eigenvalues of the fuzzy boundary value problem (1)-(3) if and only
if consist of the zeros of functions W,” (1) and W," (1) [13].

Example 17. Consider the two point fuzzy boundary problem

—G"= 20 (24)
4(0)=0 (25)
20(1)=30'(1) (26)

where 2=k? k>0 and G(t) is [ (i)—gH |-differentiable and 4'(t) is [ (ii)—gH |-
differentiable fuzzy functions.
Let

#(t, 2) =sin(kt)
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be the solution of the classical differential equation u"+Au=0 satisfying the condition
u(0)=0 and

;((t,/i):[(kZBCos(k)—Esin(k)jcos(kt)Jr(Bkzsin(k)+§cos(k)jsin(kt)j
be the solution satisfying the conditions u(1)=34, u’(1)=2. Then

[&(t,z)}“ =[¢; (t.2).4; (t.A) ] =[a.2—a]sin (k) @7)

and

[2(t2)] =7 (t2). 22 (6 2)]
:[a,2—a]((kZBCos(k)—ésin(k))cos(kt) (28)

+(3kzsin (k)+§cos(k)jsin (kt)j.

From theorem 19, the eigenvalues of the problem (24)-(26) are zeros of the functions W, (1)
and W’ (1). So we get

W (1) = a? (—3kzcos(k)+§sin(k)J=O (29)

W (1) =(2-a) (—3k2cos(k)+§sin(k))=o. (30)

Then, if the k values satisfying
—3k2cos(k)+§sin(k)=0 (31)

equation are computed with Matlab Program, then an infinite number of values are obtained
such that

k, =4.7060, k, =7.8526, k, =10.9951, k, =14.1369, k, =17.2786, ...

We show this values with k., n=1,2,.... Substituing this values in (27)-(28), we obtain

(4] =[(4), (6 2).(4), (t2) | =[a.2-a]sin (k)
[ (0] =[ (), (622 (6.2) ]
=[a,2 —a](3kn2 sin (kn)+k£cos(kn )jsin (kqt)-

n
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If sin(k,t)>0 and (Sknzsin(kn)+k£cos(kn)]sin(knt)20, then [én(t,/i)]a and

n

[ 7, (t.2)]" areavalid a- cut set.

3 K2 sin(ki+(2/k) cos(k)
T T

1000_..........:,...........',.--.....---:............:............:............_...........i..........."...........;..........
BOOI - - e e e e e
400___,,.....

] - S S

fik)

e i s [t S

_BUE_..........:...........:...........:............:............:.......................:...........:....7.......:..........

Figure 1. f (K) =3k sin(K) + 2 cos(k)

Letbe kte [(n—l)ﬂ', nﬁ], n=12,...

i. Ifnisodd, sin(k,t)>0.So [¢?n (t,/l)]a isavalid a- cut set.

ii. If niseven, sin(kt)<0, Also for xe[0,1], k, e[(n—l)fz, nzr] and from

Figure 1,[3knzsin(kn)+k£cos(kn )jso. So [ 7,(t.4)]" isavalid a- cut set.

Consequently, for k te[(n—-1)z,nz |, n=12,...
i. If n isodd, the eigenfunctions corresponding to the eigenvalues A, =k > are
[, (t)]" =[a,2—a]sin(kt),
ii.  If n is even, the eigenfunctions corresponding to the eigenvalues A =k * are

[0,,(1)]" =[a,2- a](3k sm(kn)+k£cos(kn)jsin(knt),

n

iii. If =1, eigenfunctions corresponding to the eigenvalues 4, =k * are

[a,(t)]" =sin(k,t).

5. CONCLUSION

Eigenvalues and eigenfunctions of the fuzzy boundary problem are introduced and
examined by using generalized Hukuhara differentiability concept. In this problem, the
eigenvalue parameter is contained in the boundary condition at b . So we define lineer
operator in fuzzy Hilbert space. To solve this problem, we use some initial value problems.
Then we give numerical example.
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