
Journal of Science and Arts                                                                           Year 18, No. 3(44), pp.  631-644, 2018 

ISSN: 1844 – 9581                                                                                                                                         Mathematics Section 

ORIGINAL PAPER 

BOUNDS FOR SIGNLESS LAPLACIAN SPECTRAL RADIUS  

SEMIHA BASDAS NURKAHLI
1
, ULKUNUR KABATAS

1
, FATMA KIZILCA

1
 

_________________________________________________ 

Manuscript received: 21.02.2018; Accepted paper: 28.04.2018; 

Published online: 30.09.2018. 

 

 

Abstract. We consider weighted graphs, such as graphs where the edge weights are 

positive definite matrices of the same order in this paper. The signless Laplacian eigenvalues 

of a graph are the eigenvalues of the signless Laplacian matrix of a graph  . Then, we have 

give some bound and found different upper bounds for the signless Laplacian radius of 

weighted graphs. We have obtained some results by characterizing these upper bounds. 
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1. INTRODUCTION  

 

 

    A weighted graph is a graph each edge of which has been assigned to a square 

matrix called the weight of the edge. All the weight matrices are assumed to be of the same 

order and to be positive definite. 

Let   be a weighted graph on   vertices. Denote by       the positive definite weight 

matrix of order   of the edge   , and assume that         . We write     if vertices   and 

  are adjacent. 

The signless Laplacian matrix of a graph   is defined as             where 

 

     

      
       

            

  

 

In the definition above, the zero denotes the     zero matrix. Hence      is square 

and symmetric matrix of order   . The eigenvalues of   are the eigenvalues of     . Let 

            be the eigenvalues of  , and let    denote the largest eigenvalue of       
In this study firstly we give an upper bound for the largest eigenvalue of a weighted 

graph  . 

 

 

2. PRELIMINARIES 
 

 

            In this section, we shall give some previously known results that will be needed in the 

next sections.  
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            Theorem 1.                       Let      be Hermitian and let the eigenvalues 

of   be ordered such that          .  Then for all        

 

               
   

       
   

    

   
    

     
     

      
   

    

   
    

     
     

 

 

           Theorem 2.                      Let      be Hermitian matrix with eigenvalues 

           Then for all        

 

                  .        (2.1) 

 

 

3. BOUNDS FOR SIGNLESS LAPLACIAN SPECTRAL RADIUS 

 

 

            In this section we give some bounds for the signless Laplacian radius for weighted 

graphs. We adopt the proof of the following theorem from Theorem 2.4 in [1].  

 

Theorem 3.1 Let   be a simple connected weighted graph. Then 

 

      
   

 
  
  
  
  
  
  
  
 

      
           

  

    

                  

      
           

  

    

                             

       

 

 

 

 

Proof: Let        
     

       
    be an eigenvector corresponding to the largest eigenvalue    

of       Then   
  is the largest eigenvalue of        We assume that     is the vector 

component of    such that     
                

     . Since    is nonzero, so is      Let     
     

      
         

 , so that     
         

      for all     .  

               The       th block of      is 

 

     

      
       

            

  

 

               Now, we consider the matrix      . The       th element of        is 
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 We have 

          
   . 

  

From the      equation in the last equality we have  

 

  
        

      
 

    

                         

       

     

 

i.e. 

   
   

        
    

      
 

    

        
                     

       

     

      

Taking the modulus on both sides in the last equality we get 

 

   
     

         
    

      
 

    

          
                     

       

      

 

Since     is the positive definite matrix for all        
  matrices are also positive 

definite matrix. So we have and using Cauchy-Schwarz inequality we get 

 

   
     

           
     

            
     

    
    

  

                                        
                

       

   
      

 

from (2.1), 

 

   
     

          
     

            
     

    
    

                    
        

     

                                    

       

    
        

     

 

thus we obtain 

 

  
       

           
      

                                    
      (1) 
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From the      equation in the last equality we have  

 

  
        

      
 

    
                                

      

 

i.e.  

 

   
   

        
    

      
 

    

        
                     

       

     

 

Taking the modulus on both sides in the last equality we get 

 

   
     

         
    

      
 

    

          
                     

       

      

 

Since     is the positive definition matrix for all        
  matrices are also positive 

definite matrix. So we have and using Cauchy-Schwarz inequality we get 

 

   
     

           
     

        

    

    
     

              

                                        
                    

    
       

  

from (2.1), 

 

   
     

          
     

        

    

    
     

                        
        

                

                               
          

        
     

 

thus we obtain 

 

  
       

           
    

                              
            (2) 

 

From (1) and (2) we get 
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Theorem 3.2 Let   be a simple connected weighted graph. Then,  

 

    

   
   

 
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
      

            
        

        

     

      

                     

                        

       

                
             

     

    

    

       

     

       

                   

       

     

                     

       

             

       

    

              

         

    

 

 
 

       

          

       

   

 

 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
      

            
             

      

                    

    

 

    

                     

       

               
      

 

    

     

            

       

             

       

         

       

                  

       

                

       

    

              

         

    

 

 
 

       

          

       

   

 

 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

Proof: Let        
     

       
    be an eigenvector corresponding to the largest eigenvalue    

of       Then   
  is the largest eigenvalue of        We assume that     is the vector 

component of    such that     
                

     . Since    is nonzero, so is      Let     
     

      
         

 , so that     
         

      for all     .  

            The       th block of      is 
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              Now, we consider the matrix      . The       th element of        is 

 

 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
   

      
 

    

                

      

          

    

       

                    

       

       
      

 

    

     

 

 
 
 
 
 
 
 
    

       

                

       

        

    

           

   

   
 

 
 
 
 
 
 
 

       

    

                          

       

    

       

          

         

           

         

       

           

  

 

 We have  

 

          
   . 

 

From the      equation in the last equality we have  
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             i.e. 

   
   

        
    

      
 

    

          
             

      

          

    

       

    
                     

       

          
    

      
 

    

        

       
  

 
 
 
 
 

           

       

            

       

            
 

            

    
 
 
 
 

       

    

    
                   

       

        
      

       

          

    
      

         

              
 

 

 
 

          

         

        

 
 

    

 

 Taking the modulus on both sides in the last equality we get 
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Since     is the positive definite matrix for all        
  matrices are also positive 

definite matrix. So we have and using Cauchy-Schwarz inequality we get 

 

     
     

           
       

            
       

    
    

     

                 

      

              

    

   
      

                        
                  

       

   
     

       
        

            
     

    

   
      

                 

       

            

       

        
    

       

  

                      

       

    
               

       

          
      

         

         

          
       

   

 

 
 

          

         

        

 
 

   
     

  

from (2.1), 
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thus we obtain 

 

  
       

            
    

    

                

      

              

    

 

                                   

       

      
             

     

    

 

                

       

            

       

     

       

 

                     

       

          

       

        

                 
                              

       

                                                   (3) 

 

From the  -th equation in the last equality we have 
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 Taking the modulus on both sides in the last equality we get 
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 Since     is the positive definite matrix for all        
   matrices are also positive 

definite matrix. So we have and using Cauchy-Schwarz inequality we get 

 

   
     

           
      

 

    

      
     

                 

      

             

    

    
      

                          

       

       
             

      
 

    

        
      

  
    

 
 
 
 
 

           

       

            

       

    

       

        
 

            

   

    
     

  

                      

       

    
               

       

          
      

         

         

          
       

   

 

 
 

          

         

        

 
 

   
     

  

 



Bounds for signless Laplacian …                                                                          Semiha Basdas Nurkahli et al. 

 

www.josa.ro                                                                                                                                                   Mathematics Section  

642 

from (2.1), 
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From (3) and (4) we get 

 

    

   
   

 
  
  
  
  
  
  
  
  
  
  
  
  
  
  
 
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
      

            
        

        

     

      

                     

                        

       

                
             

     

    

    

       

     

       

                   

       

     

                     

       

             

       

    

              

         

    

 

 
 

       

          

       

   

 

 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
      

            
             

      

                    

    

 

    

                     

       

               
      

 

    

     

            

       

             

       

         

       

                  

       

                

       

    

              

         

    

 

 
 

       

          

       

   

 

 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

4. CONCLUSION 

 

 

 To summarize; we have introduced weighted graphs, where the weights of the edges 

are positive definite matrices of the same order in this paper. Then, we have give some bound 

and found different upper bounds for the signless Laplacian radius of weighted graphs. We 

have obtained some results by characterizing these upper bounds. 
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