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Abstract. In this paper, we study metallic structures, i.e. polynomial structures with
the structure polynomial Q(J) = J? — aJ — bI on manifolds using the metallic ratio, which is
a generalization of the Golden proportion. We investigate for integrability and parallelism
conditions of metallic structures. Also, we obtain a metallic Riemannian manifold with
respect to the Riemannian metric.
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1. INTRODUCTION

The Golden ratio is well known by everyone and this ratio possesses rich application
areas such as architecture, painting, design, music, nature, optimization, and perceptual
studies. However, in fact, it is probably fair to say that the golden ratio has inspired thinkers
of all disciplines like no other number in the history of mathematics.

Crasmareanu and Hretcanu [2] researched the geometry of the golden structure on a
manifold using a corresponding almost product structure. Ozkan [15], Ozkan, Citlak and
Taylan [16] and Ozkan and Yilmaz [17] studied the prolongations of the golden structure.
Also, many studies made on golden structures and golden Riemannian manifolds [7, 9, 22,
24].

In this paper, we use the metallic ratio, which is a generalization of the golden
proportion. This generalization was introduced in 1999 by Vera W. de Spinadel [23] and
named as the metallic means family or metallic proportions. Recently, many authors studied
metallic structures [8, 12].

We are inspired by [2] and follow its steps. By this way, we use metallic structure on a
differentiable manifold. We are interested in finding the properties of the metallic structure.

The outline of this paper is as follows. In section 2, we give basic definitions about
metallic means and metallic means family. In the next section, some relations between the
metallic structure and the almost product structure, almost tangent structure, almost complex
structure are given. Moreover, we show some properties of the metallic structure. In section 4,
we give some examples of the metallic structure. After that, we study a few connections on
the metallic structure. In section 6, we search for the integrability and parallelism of the
metallic structure with respect to the Schouten and Vranceanu connections. Section 7 deals
with the metallic Riemannian manifold and its properties. At the end of this section, we give
an example of the metallic structure on a manifold R2.
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2. PRELIMINARIES

In this section, we give a brief information about the metallic means family using the
Generalized Secondary Fibonacci sequence.
Fibonacci sequence provides the following relation:

F(k+1)=F(k) +F(k —1).
This relation can be generalized using
Gk+1)=aGk)+bG(k—1),k>1

where a, b, G(0) = ¢, and G(1) = d are real numbers.

c,d,ad + bc,a(ad + bc) + bd, ...
are the members of the Generalized Secondary Fibonacci Sequence.

Let a and b be positive integers. The positive root of the equation
x2—ax—b=0

is called a member of the metallic means family [23]. This root is denoted by

+VaZ+4b
Pap = % (2.1)

and it is known as a metallic ratio.

In (2.1), for different values of a and b, we obtain the following ratios:

cIfa=b=1, p1= 1+‘/— , we get the Golden mean, which is the ratio of two

consecutive classical Fibonacci numbers [12],

eIfa=2andb =1, p,; = 1+ V2, we get the Silver mean, which is the ratio of
two consecutive Pell numbers [6, 12, 18, 19],

sIfa=3andb=1,p3, = 3+‘/_ , We get the Bronze mean [12, 27],

sIfa=4andb=1,p,, =2 + /5, we get the Subtle mean [5, 12],
sIfa=1and b = 2, p;, = 2, we get the Copper mean [12],

sIfa=1andb =3,p;3 = 1+‘/_ , we get the Nickel mean [12].

Throughout this paper, all manifolds are assumed to be of class C* unless otherwise
stated.
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3. METALLIC STRUCTURES ON MANIFOLDS

Before making the description of the metallic structures on manifolds, we give some
definitions in order to state the main result of this paper.

Definition 1 ([12]). Let M,, be an n —dimensional manifold. A polynomial structure
on a manifold M,, is called a metallic structure if it is determined by an (1,1) —tensor field J,
which satisfies the equation

J? =aj + bl (3.1)

where a, b are positive integers and [ is the identity operator on the Lie algebra y(M,,) of the
vector fields on M,,.

The following proposition gives the main properties of a metallic structure.
Proposition 1 ([12]). (i) The eigenvalues of J are the metallic ratio p, , and a — pg p.

(ii) A metallic structure J is an isomorphism on the tangent space of the manifold
T,(M,,) for every x € M,,.

(iii) J is invertible and its inverse J~! =  satisfies

bj?+af —1=0.

An almost tangent structure T, an almost product structure F, and an almost complex
structure C appear in pairs. In other words, —T, —F and —C are also an almost tangent
structure, an almost product structure, and an almost complex structure, respectively [2].

Proceeding from this point, it can be said that metallic structures appear in pairs:

Proposition 2. If ] is a metallic structure, then / = al — J is also a metallic structure.

It is known from [10] that a polynomial structure on a manifold M, induces a
generalized almost product structure F. Therefore, we make a connection between the

metallic structure and the almost product structure on M,,.

Proposition 3 ([12]). If F is an almost product structure on M,,, then

J= gl (FE)F (32)

is a metallic structure on M,,.

Contrarily, if J is a metallic structure on M, then

F= (i) -i) (3:3)

2pgp—a 2pgp—a
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is an almost product structure on M,,.

By the use of the relationship between the almost product structure and the metallic
structure in Proposition 3, we can give the following definitions:

Definition 2. Let T be an almost tangent structure on M,,. Then

Je= g+ ()T

is called a tangent metallic structure on (M,,, T).

This structure verifies the following equation:
a2
JE—aJ;+—1=0.

2
Considering this equation in the real field R, i.e. x? — ax + % = 0, we have the tangent real
metallic ratio p, = %

Definition 3. Let C be an almost complex structure on M,,. Then

Jo= §1+(F=)c

is called a complex metallic structure on (M,,, C).

The polynomial equation satisfied by /.. is

a?+2b

Jé—aj.+——1=0.
For the case of M,, = R, we get the equation
2 a%+2b
x°—ax + =0
with solutions,
a  Va?+4b . a Va?+4b .
X =<+ L, Xp=7— L.
2 2 2 2
The positive root of equation
a | VaZ+4b .
Pc _'E'+ 7 ¢

is called a complex metallic ratio.
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4. EXAMPLES OF THE METALLIC STRUCTURES

In this section, we give some examples of the metallic structure.

Example 1 (Clifford algebras). Let C'(n) be the real Clifford algebra of the positive
definite form ¥, (x%)? of R™ [14]. According to the Clifford product, the standard base of
R"satisfies the following relations:

e =1 , =]

el’ej + ejei =0 ) i :,t] (41)

Therefore, using J; = %(a ++Va? + 4bei) and (4.1), we derive a new representation of the
Clifford algebra:
J;, metallic structure , =]
2
{]i]j +Jii = a(J; +J;) —a? , L#F].

In [14], e; and e,, orthonormal basis vectors of R3, are determined by

=G0 a=( )

and hence we get
a+va?+4b

0
; -1 Va2 — 2
@& 5L = 2(a+ a +4bel) = . N o>
2
_ (pa,b 0 ) (4.2)
0 a— Pap

. 1 1(a va? +4b

ii = -(a++Va?+4be = —( )
@ 2= 5 ) =\ m o«

Example 2 (2D Metallic matrices). For J € R}, if J provides the equation
J? =aJ + bl, (4.3)
then this matrix is called a metallic matrix where I,, is the identity matrix on R}..
In R3, we obtain a two-parametric family of the metallic structures by solving (4.3),

i)Forr,t e Rands € R — {0},
_Yo2_ g
Jrs = (r - (r? —ar b)) or

S a—r

J, = (a—t —%(tz—at—b)> | 44

S t
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i) Forr = pgp, s €ER,

T (R I S S ol
Joaps = (g“"’ a4 — pa,b) " Ja—paps = (g e ;a,b>-
i) Forr = pgp, s =0,
]pboz(pa,b 0 ) or .. sz(a—pa,b 0 )
ab 0 a—pPap Pab: 0 Pa,b

Then, from (4.2) and (4.4), we get

Ji= gl_tr(}jpa,b's and =]g\/a2+4b'

2" 2

Example 3 (Metallic reflection). In a Euclidean space E, the reflection with respect
to a hyperplane H with the normal v € E\{0} has the formula

_ 2(x,v)
(v,v)

r,(x) =x ,Xx EE.

For r;2 = Ig, I is the identity on E [20].
We can define a metallic reflection with respect to v as

Iy = ! (alg + Va2 + 4br,)

T2

where v is an eigenvector of J,, with the corresponding eigenvalue a — p, . In [20, p.314],
under the condition that X is an orthogonal group of E, we can give the following:

r transformation can be stated explicitly as

va2+4b{x,v) v

(v,v)

Jo(x) = Pa,pX
Example 4 (Triple structure in terms of metallic structures). Let F and T denote
two tensor fields of type (1,1) on M,,. Using the triple (F,T,K =T o F), we obtain the
following structures:
1)F?=T?2=J]andToF —FoT =0;thenj? =1,
2)F?=T?=]andToF + FoT = 0;thenJ? = —I,

3 F?2=T2=—]andToF —FoT =0;thenj? =1,

A)F?=T?=—]andToF + FoT = 0; then J?2 = —I.
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These structures are called almost hyperproduct (ahp), almost biproduct complex
(abpc),almost product bicomplex (apbc), and almost hypercomplex (ahc), respectively [3].

Taking into account (3.2), we get

oS0 (B, S (BT, =1 ()

Then, we find a relation between /g, J7, Jx as,
Va? + 4bjx = 2JrJr — aJr — aJp + pi I — bL.
Hence, the triple (Jz, J7,Jx) 1S,

1") An (ahp)-structure if and only if Jz, J; are metallic structures and JzJ; = J7/JF,
then J is a metallic structure.
2") An (abpc)-structure if and only if J, J; are metallic structures and J; /g + JgJr =

a(Jr +Jr) — %azl, then Jx is a complex metallic structure.

3") An (apbc)-structure if and only if Jz, J; are complex metallic structures and
JeJr = JrJF, then Ji is a metallic structure.
4") An (ahc)-structure if and only if Jr, J; are complex metallic structures and

JrJr +Jelr = a(r +Jp) — %azl then, Jx is a complex metallic structure.

Example 5 (Quaternion algebras). Let H be a quaternion algebra. The base of H is
{1, e4, e,, e3}, which verifies

el =ef=e2=-1
€16 = —€61 = €3, €361 = —€1€63 = €, €63 = —€3€6; = €y,
q=agl +ae; +aye, +ases

is a quaternion, which can be divided into two parts, such as S, is a scalar part and I7q is a
vector part. In this way, g = S, + 17; where S, = a, and 17;, = a,e; + aye, + azes.

The norm of a quaternion is determined by N, = /a2 + a? + a2 + a2. Also, q, = Ni
q

is a unit quaternion (q # 0). A unit form can be written by q, = cosa + §Osina where §0 is
a unit vector verifying the equality S2 = —1.

Hence, by the inspire of [25] we can define the metallic biquaternion structure as

a va?+4bi, 2y 2
Jg = E+TS0 where S§ = —1land i° = —1.

Similarly, we can define the metallic split quaternion structure as

> VaZ+4b

Jq =%+So where S%=1.
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5. CONNECTION AS METALLIC STRUCTURE
5.1. CONNECTIONS IN PRINCIPAL FIBRE BUNDLES

Let P(m, M,,, G) be a principal fibre bundle where w: P — M,, is a fibre projection and
G is a Lie group. V = kerm, is the vertical distribution on P, H is the complementary
distribution of V, i.e. TP =V @ H, and H is G —invariant. The corresponding projectors of V
and H are v and h, respectively. So, the tensor field of type (1,1)

F=v—nh

is an almost product structure on P. From [2], F defines a connection if and only if the
followings are satisfied:

DFX)=XoXEeV
2)dR,oFE, =FE,,odR,foralle € Gandu € P.

By use of the relation between the almost product structure and the metallic structure,
we get the following assertion:

Proposition 4. The metallic structure J on P indicates a connection if and only if the
following properties are satisfied:

1") X € y(P), where y(P) is the Lie algebra of vector fields on P, is an eigenvector of
J with respect to the eigenvalue p, ;, if and only if X is a vertical vector field.
2"YdR,oJ, =JuecdR,foralle € Gandu € P.

Let w € Q1(P, g) be the connection 1 —form of H and suppose that Q € Q?(P, g) be
the curvature form of w where g is the Lie algebra of G. Then, we get [2],

QXx,Y) = —ia)(NF(X, Y)) (5.1)

where Ng is the Nijenhuis tensor of F.

Proposition 5. Using (3.2), we obtain

4

= )
(Zpa,b _a)

Np N, (5.2)

and then we get

;a)zw (N](X, Y)).

XY = =

The connection is flat if its curvature form Q = 0.
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Proposition 6. The connection is flat if and only if the associated metallic structure is
integrable, i.e. N, = 0.

This connection yields a lift [,: y(M,,) — x(P) verifying
(Lo X 1Y = 1 [X5 Y] = Ne(l,X*, 1Y) (5.3)
forevery X*, Y™ € y(M,,) [2].
Hence, using (5.1) and (5.3):
Proposition 7. The lift defined by [, is a morphism if and only if the associated
metallic structure is integrable.

5.2. CONNECTION IN TANGENT BUNDLES

Let m: TM,, - M,, be the tangent bundle of M,,. V(M,,) = kerr, (m,:TTM,, - TM,,)
is called vertical distribution of M,,. (xi)1<i<n is a local coordinate system on M, and

(x,y) = (xi,y")1<i<n is a local coordinate system on TM,,. For an atlas on TM,, with these
local coordinates, the tangent structure of TM,, is T = aiyl. ® dxi, ie.

TG = - TG =0

v: y(M,) - y(M,,) is a (1,1) tensor field verifying

(or =

which is called the vertical projector.
Definition 4 ([2]). A complementary distribution N to the vertical distribution V (M,,)
x(Myp) =N @ V(M,) (5.4)
is called normalization, horizontal distribution or non-linear connection.

Having in mind that a vertical projector v is C*(M,,) —linear with imv = V(M,,), we
get:

Proposition 8 ([2]). With the help of kerv = N(v), a vertical vector v yields a non-
linear connection. Viceversa, if N is a non-linear connection, then hy and v, are horizontal
and vertical projectors, respectively, with respect to the decomposition (5.4).

Then we give the following proposition:
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Proposition 9 ([2]). If N is a non-linear connection then vy, is a vertical projector

Definition 5 ([2]). If the following relations hold, a (1,1) tensor field I' is called non-
linear connection of an almost product type:

g1y

Let I be a nonlinear connection of an almost product type, the following assertions are
true:

i) vp = %(IX(MR) —T) is a vertical vector,

ii) While N (vr) is the (+1) —eigenspace of ', V(M,,) is the (—1) —eigenspace of T

As a result, every vertical projector v yields a non-linear connection of an almost
product type as ' = I,y — 2v. Using the last relation, we have I'* = I, ) (T tensor field
is an almost product structure on M,,).

Hence, we associate this result with the metallic structure.

Proposition 10. A non-linear connection N on M,,, given by the vertical vector v, can
also be defined by a metallic structure /(= J)

] = pa,bl)((Mn) - Clz + 4bv

with N the p, , —eigenspace and V(M,,) the (a — p, ) —eigenspace.
6. INTEGRABILITY AND PARALLELISM OF METALLIC STRUCTURES

In this section, we give integrability and parallelism conditions of the metallic
structure. Recall the Nijenhuis tensor of J,

N, X, Y) =X, Y1+ UX,JY] = JUX, Y] = JIX,JY]
forevery X,Y € y(M,,).

Let L and M be two complementary distributions on M,, corresponding to p,;, and
a — pq p, respectively. The corresponding projection operators of L and M are denoted by !
and m, which results in

=1, 2=m,
{ me=m 6.1)

Im=ml=0, l+m=1.

According to the above conditions and based on a straightforward computation from
(3.2), we obtain the following equations [12]:
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l — 1 __ G Pab
2pgp—a 2pgp—a
(6.2)
m = - 1 Pa,b .
2pgp—a 2pgp—a

Theorem 11.1) If N, = 0, J is integrable.
i) If m[lX,1Y] = 0, the distribution L is integrable. Similarly, if [[mX, mY] = 0, the
distribution M is integrable for all vector fields X, Y on y(M,,).

Remark 1. From (3.1) and (6.2),

Jl=y=-Lobjp 2

2pgp—a 2pgp—a

I'=pgpl

6.3)
A= Pab 7 b
Zpa,b_a] 2pgp—a

Jm=m] = — I=(a—-pgp)m

Using (6.3), we can easily see that

IfmX,mY] = —=——IN,(mX,myY),
| P2 Gy )
mllX,lY] = ———mnN,(X,1IY).
[, Y] (20ap-a) (X, 1Y)

Proposition 11. Using (5.2), a metallic structure J is integrable if and only if the

associated almost product structure F is integrable.

Proposition 12. Let X, Y € y(M,,). L is integrable if and only if mN, (X, 1Y) = 0 and
M is integrable if and only if IN;(mX, mY) = 0. If ] is integrable, then the distributions L and
M are integrable.

Now, we give the parallelism conditions of the metallic structures.
Let V be a linear connection on M,,. We associate the pair (J,V) with other linear
connections, which are Schouten and Vranceanu connections [1, 13].
i) The Schouten connection,
Vi = L(VxIY) + m(VymY). (6.4)

i) The VVranceanu connection,

ViV = 1(VixlY) + m(V,xmY) + I[[mX, Y] + m[lX, mY]. (6.5)
Proposition 13. The projectors r, s are parallels in terms of Schouten and Vranceanu

connections for every linear connection ¥V on M. Moreover, J is parallel in terms of Schouten
and Vranceanu connections.
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Proof: For every vector fields X,Y on y(M,,) and with the help of (6.1),

(Vi)Y = Vily — I(VyY) = L(VxlY) — [(VxLY) = 0,

= 1(VylY) + I[mX, [Y] = [(V 3 1Y) — [[mX, IY]
= 0.

Therefore, [ is parallel relevant to V and V.
Similarly, the projector m is parallel with respect to the Schouten and Vranceanu
connections. From (6.3), J is parallel in terms of Schouten and Vranceanu connections.

Definition 6 ([4]). If VyY € L where X € y(M,) and Y € L, the distribution L is called
parallel with respect to linear connection V.

Definition 7 ([4]). If (4))(X,Y) € L where
ANX,Y) =]VxY = JVy X — V]XY + Vy(JX) (6-6)
forX € L,Y € y(M,,), the distribution L is called V — half parallel.

Definition 8 ([4]). If (4))(X,Y) € M where X € L, Y € y(M,,), the distribution L is
called V — anti half parallel.

Proposition 14. The distributions L and M are parallel in terms of Schouten and
Vrdnceanu connections for the linear connection 7 on M,,.

Proof: Let X € y(M,)) andY € L.mY = 0 and Y =Y, using (6.4) and (6.5) we obtain
ViV = 1(ViY) €L,
ViV = 1(V;xY) + I[mX,Y] € L.

Thus, L is parallel with respect to V and V.
In the same manner, we can see that M satisfies the similar relations.

Proposition 15. The distributions L and M are parallel with respect to V linear
connection if and only if 7 and ¥V are equal.

Proof: If L, M are V — parallel then V4x(lY) € L and Vx(mY) € M where X,Y €
x(M,,). For that reason

Vx(lY) = lVx(lY) and Vyx(mY) = mVy(mY).
Since, [ + m = I and from (6.4),
VyY = V4 (IY) + mVyx(mY) = V,Y.

Therefore V= V.
The converse can be shown easily.
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Proposition 16. If [LX,mY] € L where X € L, Y € y(M,,), the distribution L is half
parallel with respect to the Vranceanu connection.

Proof: In the view of the equation (6.6) for V, we get
m(ANX,Y) = mJVxY —mjVy X — mV 3 Y + mVy (JX)
where X € L, Y € y(M,,).
As a result, by (6.3) and (6.5), we have
m(AN(X,Y) = (a — 2pg , )m[LX, mY]
which proves the proposition.
Similarly, we have the following proposition for distribution M:

Proposition 17. If [mX,1Y] € M where X € M, Y € y(M,,), the distribution M is half
parallel with respect to the Vranceanu connection.

Proposition 18. The distributions L and M are anti half parallel with respect to
Vrdanceanu connection.

Proof: Taking account of the equation (6.6) for V, we get
LADX,Y) = YVyY — VX — IVxY + IV, (JX)
where X € L, Y € y(M,,).
Using (6.3) and (6.5), we get
LADX,Y) = (2pap — a)l[mX, Y],
Because mX = 0, we get [(A))(X,Y) = 0. Thus, (A))(X,Y) € M.

In the same way, we can show that M is anti-half parallel with respect to the
Vranceanu connection.

7. METALLIC RIEMANNIAN MANIFOLDS

In this section, we obtain a metallic Riemannian manifold with respect to the
Riemannian metric and we give some properties of the metallic Riemannian manifold.

Definition 9 ([11, 21, 26]). Let F be an almost product structure on M,, and g be a
Riemannian metric (or a semi-Riemannian metric) given by

g(FOO,FN)=gX,Y) , VXY € x(M,)
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or equivalently, F be a g-symmetric endomorphism, such as

g(FO),F(V)) = g(X,Y).

So, the pair (g,F) is called a Riemannian almost product structure (or a semi-
Riemannian almost product structure).

By the help of (3.2) and (3.3), the following proposition can be given:

Proposition 19. The almost product structure F is a g —symmetric endomorphism if
and only if the metallic structure J is also a g —symmetric endomorphism.

Definition 10 ([12]). Let g be a Riemannian metric (or a semi-Riemannian metric) on
M, such as

gy, Y) = g(X,J(V)), VXY € x(My).
Then, (g,]) is called a metallic Riemannian structure (or a metallic semi-Riemannian
structure). Also, (M,, g,]) is named a metallic Riemannian manifold (or a metallic semi-
Riemannian manifold).

Corollary 1. On a metallic Riemannian manifold,
a) The projectors [, m are g —symmetric, i.e.

glX),Y) = g(X,1(V)), g(m(X),Y) = g(X,m()).
b) The distributions L, M are g —orthogonal, i.e.
gX),m(Y)) = 0.

¢) The metallic structure is N; —symmetric, i.e.

N,(J(X),Y) = N(X,]J(1)).

A Riemannian almost product structure is a locally product structure if F is parallel
with respect to the Levi-Civita connection V of g, i.e. VF = 0 and if V is a symmetric linear
connection, then the Nijenhuis tensor of F satisfies

Np(X,Y) = (VexF)Y — (Vpy F)X — F(V4F)Y + F(VyF)X.

If (M,,g,]) is a locally product metallic Riemannian manifold, then the metallic
structure J is integrable.

Theorem 2. The set of linear connections V for which V] = 0 is

L [(a? +20)Tx¥ + 2 (TVJ¥) — f (T4Y) — a(Tyi)]

+0:Q(X,Y)

VY
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where ¥ is an arbitrary fixed linear connection and Q is a (1,2) —tensor field for which 0rQ
is an associated Obata operator

0:Q(X,Y) =2 [Q(X,Y) + FQ(X, FY)]
for the corresponding almost product structure (3.2).

We conclude with the following example for the metallic structure.

Example 6.

2 2
= F7-®@dr + 75 Qdy + o @ dx + - @ dy

x2+y? ox x2+y? ox x2+y2 0 x%+y? 0y
Xy Xy
m = — —
2+yzc?x® x%+y? 6x® x2+ 20y ® 2+ 20y® y

are projection operators in R? which satisfy the conditions (6.1).
] 0 ] d
L—Sp{xa+y£} and M = Sp{yax xa}

are complementary distributions corresponding to the projection operators [ and m,
respectively. The distributions L, M are orthogonal with respect to the Euclidean metric of
R2. Furthermore, these distributions are connected to the metallic structure

J ( 9 ) _ PapX’+(@=pap)y® 3 | (2pap—a)xy 8
dx x2+y2 dx x2+y2  dy

)

)

] (i) _ (2pap=a)xy 8 4 @Pap)xX®+papy? 9
ay x2+y2  0x x2+y2 ay

which is integrable because N, (a aay) =0
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