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Abstract. In this study, the relation between Frenet vectors of the natural lift curve o
of the curve « and Frenet vectors of a B the involute of ais givenin IR® and IR;.
Keywords: Natural Lift Curve, Involute-Evolute, Frenet Vectors.

1. INTRODUCTION

The concepts of the natural lift curve and geodesic sprays have first been given by
Thorpe in [1]. Thorpe provied the natural lift & of the curve « is an integral curve of the
geodesic spray iff « is an geodesic on M . Caliskan at al. studied the natural lift curves of
the spherical indicatries of tangent, principal normal, binormal vectors and fixed centrode of a
curve in [2]. They gave some interesting results about the original curve, depending on the
assumption that the natural lift curve should be the integral curve of the geodesic spray on the

tangent bundle T(S2) . Some properties of M -vector field Z defined on a hypersurface M

of M were studied by Agashe in [3]. M -integral curve of Z and M -geodesic spray are
defined by Caligkan and Sivridag. They gave the main theorem: The natural lift « of the

curve o (in M )isan M -integral curve of the geodesic spray Z iff « isan M -
geodesic in [4]. Ergiin and Caligkan defined the concepts of the natural lift curve and
geodesic spray in Minkowski 3-space in [5]. The anologue of the theorem of Thorpe was
given in Minkowski 3-space by Ergiin and Caligkan in [5]. Caliskan and Ergiin defined M -
vector field Z, M -geodesic spray, M -integral curve of Z, M -geodesic in [6].The
anologue of the theorem of Sivridag and Caliskan was given in Minkowski 3-space by Ergiin
and Caliskan in [6]. Walrave characterized the curve with constant curvature in Minkowski 3-
space in [7]. In differential geometry, especially the theory of space curve, the Darboux vector
is the areal velocity vector of the Frenet frame of a spacere curve. It is named after Gaston
Darboux who discovered it. In term of the Frenet-Serret apparatus, the darboux vector W
can be expressed as W =7T + xB , details are given in Lambert et al. in [8].

One of the most significant curve is an involute of a given curve. The concept of
involute was first studied by Huygens when he was considering clocks without pendula for
use on ships at sea. An involute of a given curve is some other curve that always remains
perpendicular to the tangent lines to that given curve. This can also be thought as the process
of winding or unwinding a string tautly around a curve. The original curve is called an
evolute. In addition to this, involute-evolute curve couple is a well known concept in the
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classical differential geometry, see [9-11]. The basic local theory of space curve are mainly
developed by the Frenet-Serret theorem which expresses the derivative of a geometrically

chosen basis of E* by the aid of itself is proved. Then it is observed that by the solution of
some of special ordinary differential equations, further classical topics, for instance spherical
curves, Bertrand curves, involutes and evolutes are investigated, see for the details [12].

Let a be a regular curve with @"(s)#0. For every point of «f(s) , the set
{T (S), N (S), B(S)} is called the Frenet frame along «a(s) , where

14

——, B(s)=T(s)x N(s)

14

are the unit tangent, principal normal, and binormal vectors of the curve at the point a(S) ,
respectively. Derivative formulas of the Frenet frame is governed by the relations

T'=&N, N'=—«T +8, B'=—aN.

where x(s)= ||0(”(S)| and 7(s)= —<B'(S), N(S)> are called the curvature and torsion of the
curve a(S) , respectively [12].

Let M be a hypersurface in IR® andlet « : | - M be a parametrized curve. «
is called an integral curve of X if

%(a(s)): X (a(s)) (foralite 1)
where X is a smooth tangent vector field on M . We have

™= UT.M=y(M)
PeM

where T,M is the tangent space of M at P and ;((I\/l ) is the space of vector fields on

M .
For any parametrized curve ¢ : | > M , a: | > TM given by

is called the natural lift of @ on TM. Thus, we can write

dee d :
ds :E(a (S)|a(s)): D, sa'(s)

where D is the Levi-Civita connection on IR [1].
If a rigid body moves along a unit speed curve a(S) , then the motion of the body

consists of translation along « and rotation about « . The rotation is determined by an
angular velocity vector W  which satisfies T'=W xT, N'=W xN and B'=W xB .

The vector W is called the Darboux vector. In terms of Frenet vectors T, N and B ,
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Darboux vector is given by W =7T +xB . Also, we have « = "\N ||cos Q, T= "\N ||sin o,

where ¢ is the angle between the Darboux vector of ¢ and binormal vector B(S).
Let as), L, <s<L,, be an arc length curve and @ (S), L, <s<L,, be natural lift
of a. Then we have

T(s) 0 1 0 [T(s)
N(s)|=|-cosp 0 sing |[N(s)|,
B(s) sing 0 cose || B(s)

where {T (S), N (S), B(S)} and {'F (S), N(S), E(S)} are Frenet frames of the curves a and o,
respectively, and ¢ is the angle between the Darboux vector and binormal vector .

Definition 1: Let & =(a(s);T(s),N(s).B(s)) and B=(B(s");T*(s")N*(s*)}B"(s*)) betwo
regular curves in IR’. ﬂ(s*) is called the involute of a(S) ( a(s) is called the evolute of
pe)) it

<T(s),T*(s)> =0.

In this situlation, (a, B ) is called the involute-evolute curve couple.

Lemma 1: Let S be a curve the involute of «. The relations between the Frenet vectors of
the (a,f) is as follow,

T (s) 0 10 |[T(s)
N*(s)|=|-cosep 0 sing | N(s)]|.
B*(s) sing 0 cosg || B(s)

Minkowski 3-space IR’ is the vector space IR’ equipped with the Lorentzian inner
product g given by

9(X,X)==x7 + X2 + X

where X = (XI,XZ,X3)EIR3 . A vector X = (XI,XZ,X3)E IR’ s said to be timelike if
9(X,X)<0 , spacelike if g(X,X)>0 or X =0 and lightlike (or null) if g(X,X)=0
and Xx=0 . Similarly, an arbitrary curve « =a(s) in IR’ can locally be timelike,
spacelike or null (lightlike), if all of its velocity vectors a’(S) are respectively timelike,

spacelike or null (lightlike), for every Sel c IR . A lightlike vector X is said to be
positive (resp. negative) if and only if X, >0 (resp .X, <0 ) and a timelike vector X is

said to be positive (resp. negative) if and only if X, >0 (resp . X, <0 ). The norm of a
vector X is defined by ||X||IL = |g(X,X)| [13].
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The vectors X =(X1,X2,X3) . Y=(y,,Y¥,,¥;)€IR} are orthogonal if and only if
g(X,X)=0 [14].

Now let X and Y be two vectors in IR; , then the Lorentzian cross product is
given by [15]

- - -
T8 —8

XxXY =X, X, X
Yi Y, Y

= (XZY3 —X3¥5, X1 Y5 = X3, XY, _lez)-

We denote by {T(s),N(s),B(s)} the moving Frenet frame along the curve « . Then
T, N and B are the tangent, the principal normal and the binormal vector of the curve « ,

respectively.
Let o be a unit speed timelike curve with curvature x and torsion 7 .So, T isa
timelike vector field, N and B are spacelike vector fields. For these vectors, we can write

TxN=-B, NxB=T, BxT=-N,
where x is the Lorentzian cross product in IR; [7] . The binormal vector field B(s) is the

unique spacelike unit vector fleld perpendicular to the timelike plane {T (s), N(S)} at every

point a(S) of «a , such that {T, N, B} has the same orientation as IR . Then, Frenet
formulas are given by [7]

T’ =N, N’ =«T + 8, B’ =—aN.

Let o be a unit speed spacelike curve with spacelike binormal. Now, T and B
are spacelike vector fields and N is a timelike vector field. In this situation,

TxN=-B, NxB=-T, BxT=N.

The binormal vector field B(S) is the unique spacelike unit vector fleld
perpendicular to the timelike plane {T (S), N(S)} at every point a(S) of « , such that

{T, N, B} has the same orientation as IRf . Then, Frenet formulas are given by [7]
T'=xN, N'=«T +B, B'=1N.

Let a be aunit speed spacelike curve with timelike binormal. Now, T and N are
spacelike vector fields and B is a timelike vector field. In this situation,

TxN=B, NxB=-T, BxT=-N,

The binormal vector field B(S) is the unique timelike unit vector field perpendicular
to the spacelike plane {T (s),N (S)} at every point a(s) of «a , such that {T, N, B} has the
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same orientation as IR .
Then, Frenet formulas are given by [7]

T'=iN, N'=—«T + 7B, B' =N,

Lemma 2: Let X and Y be nonzero Lorentz orthogonal vectors in IR; . If X is
timelike, then Y is spacelike [14].

Lemma 3: Let X and Y be positive (negative ) timelike vectors in IR; . Then
g(X,Y)S ||X||||Y|| whit equality if and only if X and Y are linearly dependent [14].

Lemma 4:
i)Let X and Y be positive (negative ) timelike vectors in IR’ . By Lemma 2, there is a

unique nonnegative real number ¢(X,Y) such that
g(X.Y)=[ X[ [coshg(X,Y)
The Lorentzian timelike angle between X and Y is defined to be ¢(X ,Y) [14].

ii)Let X and Y be spacelike vectorsin IR; that span a spacelike vector subspace. Then
we have
9Oy} <XV

Hence, there is a unique real number @#(X,Y) between 0 and 7 such that
g(X.Y)=|X]|[V[cos#(X.Y ).
¢(X ,Y) is defined to be the Lorentzian spacelike angle between X and Y [14].

iii) Let X and Y be spacelike vectorsin IR; that span a timelike vector subspace. Then,
we have

9(X.Y)>[X]Iv};
Hence, there is a unique positive real number ¢(X ,Y) between 0 and 7 such that
|90 Y ) =X [eosh ¢(X.Y)

¢(X ,Y) is defined to be the Lorentzian timelike angle between X and Y [14].
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iv) Let X be a spacelike vector and Y be a positive timelike vector in IR’ . Then there is
a unique nonnegative real number ¢(X ,Y) such that

g(X,Y ) =|X]|Y|sinh g(X.Y)

#(X,Y) is defined to be the Lorentzian timelike angle between X and Y [14].

Let P be asurface in IR] andlet « : | > P be a parametrized curve. « is
called an integral curve of X if

%(a(s)): X(a(s)), (foralltel),

where X is a smooth tangent vector field on P [13]. We have

TP=UT,P=x(P)
peP
where T P is the tangent space of P at p and ;((P) is the space of tangent vector

fieldson P .
For any parametrized curve « : | > P , a : | > TP is given by

a(s)=(als)a'(s)=a'(s)l.

is called the natural lift of @ on TP [5].

Let a(S), L, <s<L,, be an arc length timelike curve. Then, the natural lift & of
a is a spacelike curve with timelike or spacelike binormal. We have following relations
between the Frenet frame {T(s),N(s),B(s)} of « and the Frenet frame {T (s),N(s), §(S)}
of a .
a) Let the natural lift @ of « is a spacelike curve with timelike binormal.

1) If the Darboux vector W of the curve « is a spacelike vector, then we have

T(s) 0 1 0 1[T(s)
N(S) =|coshgp O sinhg || N (S) .
B(s) sinhg 0 coshe || B(s)

T(s) 0 1 0 1[T(s)
N(s)|=|sinhp 0 coshe || N(s)|
B(s)| [coshg 0 sinhg || B(s)
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b) Let the natural lift & of « is a spacelike curve with spacelike binormal.
i) If W is a spacelike vector, then we have

T(s) 0 1 0 T(s)
N(s)|=| coshg 0 sinhg || N(s)|
B(s)| |-sinhg 0 —coshg|| B(s)

i) If W is a timelike vector, then we have

T(s) 0 1 0 T(s)
N(s)|=| sinhgp 0 coshe || N(s)|
B(s)| |-coshp 0 —sinhg|| B(s)

Let a(S), L, <s<L,, be an arc length spacelike curve with spacelike binormal.
Then, the natural lift @ of « is a timelike curve . We have following relations between the
Frenet frame {T(s),N(s),B(s)} of a and the Frenet frame {'F (s),N(s), §(s)} of o .

Let the natural lift & of « is atimelike curve.

T(s) 0 1 0 |[T(s)
N(s)|=|cosp 0 sing |[N(s)|.
B(s)| [sing 0 —cosg || B(s)

Let a(S), L, <s<L,, be an arc spacelike curve with timelike binormal. Then, the
natural lift o of «a is a spacelike curve with timelike or spacelike binormal. We have
following relations between the Frenet frame {T(s),N(s),B(s)} of a and the Frenet frame

{T(s)N(s)B(s)} of @ .

a) Let the natural lift & of « is a spacelike curve with timelike binormal.
i) If the Darboux vector W of the curve « is a timelike vector, then we have

T(s) 0 10 T(s)
N(s)|=|—-coshg 0 sinhg || N(s)|
B(s) —sinhg 0 coshg || B(s)

i) If W is a spacelike vector, then we have

T(s) 0 10 T(s)
N(s)|=| —sinhp 0 coshe | N(s)|
B(s)| |-coshgp 0 sinhg || B(s)
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b) Let the natural lift & of « is a spacelike curve with spacelike binormal.
i) If W is a timelike vector, then we have

T(s) 0 1 0 T(s)
N(s)|=| —coshgp 0 sinhg || N(s)|
B(s) sinhgp 0 —coshg|| B(s)

i) If W is a spacelike vector, then we have

T(s) 0 1 0 T(s)
N(s)|=| —sinhg 0 coshe || N(s)|
B(s)| | coshp 0 -—sinhg || B(s)

Definition 2: Let a=(a(skT(s),N(s).B(s)) be a regular timelike curve and
p= (ﬁ(s*kT*(S*), N *(S*), B*(S*)) be a regular spacelike curve in  IR;. ,B(S*) is called the
involute of a(S) ( a(S) is called the evolute of ,B(S*) ) if

(T(s).T"(s)) =0.

In this situation, (o, ) is called a timelike-spacelike involute-evolute curve couple.

Let a(s), L, <s<L,, be an arc length timelike curve. Then, S is a spacelike curve
with timelike or spacelike binormal.

a) Let S is a spacelike curve with spacelike binormal.

1) If the Darboux vector W of the curve « is a timelike vector, then we have

T (s) 0 1 0 T(s)
N*(s)|=| sinhgp 1 coshe |[N(s)]|.
B*(s) —coshg 0 —sinhg || B(s)

i) If the Darboux vector W of the curve « is a spacelike vector, then we have

T°(s) 0 1 0 T(s)
N*(s)|=| coshg 1 sinhg || N(s)]|.
B'(s)| |-sinhgp 0 —coshe]|| B(s)
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b) Let £ is a spacelike curve with timelike binormal.
i) If the Darboux vector W of the curve « is a timelike vector, then we have

T (s) 0 1 0 T(s)
N*(s)|=|—sinhg 1 —coshe || N(s)|.
B'(s)| |—-coshep O —sinhg || B(s)

i) If the Darboux vector W of the curve « is a spacelike vector, then we have

T (s) 0 1 0 T(s)
N*(s)|=|—coshg 1 —sinhe || N(s)]|.
B'(s)| |-sinhg 0 —coshg || B(s)

Definition 3: Let a=(a(s);T(s)N(s),B(s)) be a regular spacelike curve and
B= (ﬁ(s*}T*(S*), N *(S*l B*(S*)) be a regular timelike curve in IR;. ﬁ(S*) is called the
involute of a(s) ,( a(S) is called the evolute of ﬂ(s*) ), if

(T(s).T"(s)) =0.

In this situlation, (a, p ) is called a spacelike-timelike involute-evolute curve couple.

Let a(S), L, <s<L,, be an arc length spacelike curve with timelike or spacelike
binormal. Then, £ is a spacelike curve.

a) Let a be an arc length spacelike curve with spacelike binormal. Then, £ is a spacelike
curve.
T (s) 0 1 0 T(s)
N*(s)|=|cosg 0 sing | N(s)|.
B sing 0 —cosg || B(s)

*

—
w

~—

b) Let a be an arc length spacelike curve timelike binormal. Then, £ is a spacelike curve.
i) If the Darboux vector W of the curve « is a timelike vector, then we have

T'(s) 0 1 0 T(s)
N"(s)|=|coshep 1 —sinhg |[N(s)]|.
B*(s) sinhp 0 —coshe || B(s)
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i) If the Darboux vector W of the curve « is a spacelike vector, then we have

T (s) 0 1 0 T(s)
N*(s)|=|sinhg 1 —coshe || N(s)]|.
B*(s)| [coshg 0 —sinhg || B(s)

Definition 4: Let a=(a(s)T(s),N(s).B(s)) be a regular spacelike curve and
B= (ﬂ(s*}T*(S*), N *(S*),B*(S*)) be a regular spacelike curve in IR;. ,B(s*) is called the
invouiite of a(S) ,( a(s) is called the evolute of ,H(S*) ) ,1f

<T(s),T*(s)> =0.

In this situlation, (a, ﬁ) is called a spacelike-spacelike involute-evolute curve
couple.

a) Let a be an arc length spacelike curve with spacelike binormal. Then, £ is a spacelike
curve.

1) If f is a spacelike curve with spacelike binormal, then we have
“(s) 0o 1 0 T(s)

T
N*(s)|=| sinpg 0 —cosg| N(s)|
B'(s)| [—cosp 0 —sing || B(s)

i) If g is a spacelike curve with timelike binormal, then we have

T (s) 0 1 0 T(s)
N*(s)|=|sing 0 —cosg| N(s)]|.
B'(s)| [cosg O sing || B(s)

b) Let a be an arc length spacelike curve with timelike binormal. Then, £ 1is a spacelike
curve.

i) Let S be a spacelike curve with spacelike binormal,
1) If the Darboux vector W of the curve « is a spacelike vector, then we have

T°(s) 0 1 0 T(s)
N"(s)|=|-sinhg 1 coshg || N(s)]|.
B*(s) coshp 0 —sinhg || B(s)
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2) If the Darboux vector W of the curve « is a timelike vector, then we have

T (s) 0 1 0 T(s)
N*(s)|=|-coshg 1 sinhg [|N(s)|.
B*(s) sinhgp 0 —coshg || B(s)

i) Let S be a spacelike curve with timelike binormal,
1) If the Darboux vector W of the curve « is a spacelike vector, then we have

T'(s) 0 1 0 T(s)
N*(s)|=|sinhg 1 —coshe || N(s)]|.
B'(s)| [coshg 0 -—sinhg || B(s)

2) If the Darboux vector W of the curve « is a timelike vector, then we have

T (s) 0 1 0 T(s)
N*(s)|=|coshp 1 —sinhg || N(s)]|.
B*(s) sinhgp 0 —coshe || B(s)

2. ON THE NATURAL LIFT CURVE AND THE INVOLUTE CURVE

Let & be the natural ift of @ and S be the involute of arin IR’ .

T =T
N* =—cos¢T +singB = —cosgo(—cosgol\_l+sin(/)|§)+sin¢)(singoﬂ+cos¢)|§)
=N
B* =sin ¢T +cos pB
:sin(/)(—cosgolq+sin¢)l§)+cos¢(sin(/)l\_l+cosgol§)
=B

where {T,N,B} , {'F, N,B} and {T*,N*,B*} are Frenet frames of the curves o , o
and f , respectively.
So from the above calculations we can give the following propositions.

Proposition 1: If & is natural lift curve of & and S isthe involute of « in IR’, then

sp{f,NE}:sp{T*,N*,B*} .

Proposition 2: Let « be the natural ift of « and S be the involute of « in IR’.
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Then

m =2 -
[l
Wz

Let & be the natural ift of @ and S be the involute of @in IR;.

Proposition 4: Let a be an arc length timelike curve. Then, f is a spacelike curve with

spacelike binormal.

1) If the Darboux vector W of the curve « is a spacelike vector, then we have
T =T
N*=-N
B"=B
i1) If the Darboux vector W of the curve « is a timelike vector, then we have
T =T
N*=-B
B" =N

Proposition 5: Let o be an arc length timelike curve. Then, £ is a spacelike curve with

timelike binormal.

1) If the Darboux vector W of the curve « is a spacelike vector, then we have
T =T
N"=B
B =N

i1) If the Darboux vector W of the curve « is a timelike vector, then we have
T =T
N =N
B*=B

Proposition 6: Let & be an arc length a spacelike curve with spacelike binormal.
Then, £ is a timelike curve.

m =2 -
Il Il
W =z -
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Proposition 7: Let & be an arc length a spacelike curve with timelike binormal.
Then, £ 1is a timelike curve.

1) If the Darboux vector W of the curve « is a spacelike vector, then we have
=T
N*=N
B*=B

1) If the Darboux vector W of'the curve « is a timelike vector, then we have
T =T
N*=N
B"=B

Proposition 8: Let « be an arc length a spacelike curve with spacelike binormal. Then, £
is a spacelike curve with timelike binormal.

m =2 -
[l
Wz

Proposition 9: Let & be an arc length a spacelike curve with spacelike binormal. Then, f
is a spacelike curve with spacelike binormal.

T =T
N*=-N
B*'=B

Proposition 10: Let « be an arc length a spacelike curve with timelike binormal. Then, f
is a spacelike curve with spacelike binormal.

1) If the Darboux vector W of the curve « is a spacelike vector, then we have
T =T
N*=-N
B*=B
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i) If the Darboux vector W of the curve « is a timelike vector, then we have

w2 -

Il Il Il

o | =
=

Proposition 11: Let « be an arc length a spacelike curve with timelike binormal. Then, f
is a spacelike curve with timelike binormal.

1) If the Darboux vector W of the curve « is a spacelike vector, then we have
T =T
N“=N
B'=B
11) If the Darboux vector W of the curve « is a timelike vector, then we have
T =T
N“=N
B'=B

Proposition 3: If & is natural lift curve of @ and g is the involute of « in IR;. then
sp{'IT,N,B_}:sp{T*,N*,B*} .

3. EXAMPLES

Example 1: Given the arclength curve

als)= (—gsin{% SJ,%COS[% SJ, \/5)

2

its Frenet apparatus are
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The natural lift of the curve o« is

()= [_ co{g s}— sm(g s} 0}

and the involute of & for can be given by the equation

B(s)= (—%sin(%sj,gcos(%s}g]+ﬂ(—cos(gs}—sin(gs)ﬁ]
= [——Zsin(ﬁs]—lcos[ﬁsj,ﬁcos(ﬁsJ—lsin(ﬁs},ﬁ}l cIR,
2 2 2 2 2 2 2

B(s)= [—gsin(%sJ+%cos(—28],—2cos[%sJ+gsin(%sj,

{22

N
2

|
|
w5
TN
wn
4.
=}
TN
w5
w
~
|
o
Qo
w2
|
7
~
—
©|S
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Example 2: Given the arclength curve

a(s) = ﬁsin S,ls,ﬁcoss
2 2 2

its Frenet apparatus are

T(s) =££coss,%—gsin SJ,

2
N (s)=(-sins,0,—coss),
B(s) :[—lcos s,ﬁ,lsins}
2 2 2

The natural lift of the curve « is

a(s)= [ﬁcoss,%—gsin S]

2

and the involute of & for can be given by the equation

B(s)= ﬁsins,ls,ﬁcoss +1 ﬁcoss,l—ﬁsins ,AelR,
2 2 2 2 2 2

for A= —% , we have

ﬂ(s):(ﬁsins \/25

NI 1 JE 3
= —s1nS——cosS— _——
2 4 27 4

WWW.josa.ro
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Example 3: Let

a(s)=(coshs,0,sinhs)

be a timelike curve. It is easy to show that

T(s)= (sinhs,0,coshs),
N(s)= (coshs,0,sinhs),
B(s)=(0,1,0),

In this situation, the natural lift of ¢ and the involute of « for can be given by the equations

(s) = (sinhs,0,coshs)
and

B(s)=(coshs,0,sinhs)+ A(sinhs,0,coshs), A € IR,
for =2 we have

B(s)=(coshs,0,sinh S)+@(sinh 5,0,coshs)

B(s)= (coshs +¥-L5inh s, 0,sinh s + ¥ cosh S)
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Example 4: Given the arclength timelike curve
a(s): ES,icos3s,isin3s
309 9
its Frenet apparatus are

T(s)= (i—isinSS,icos%J,
33 3
N(s)= (0,—cos3s,~sin3s),

B(S) = (—i,ésin 35,—§cos 35),
33 3

The natural lift of the curve « is

a(s)= [E,—isin 3S,icos 3Sj
3 3

3
and the involute of & for can be given by the equation
B(s)= (és,icos%,isin%)m(é,—isin3s,icos3sj,/1 elR,
309 9 373 3

for A=5 , we have
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B(s) =(és,icos3s,isin3sj+2(2,—isin3s,icos3sj,
3 °9 9 33 3 3

5 254 20 . 4 . 20
—S+—,—c0s3s——sin 3s,—sin 35S+ —cos 3S
3 99 9 9 9
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Example 5: Let

a(s)= [% sinh(ﬁslgﬁs,%cosh(ﬁs)j
be a unit speed spacelike hyperbolic helix with

T= ?(cosh(\/gs)Z,sinh(\Es))

N = (sinh(v/35) 0,cosh(v3s))  x=1and r=2

5 = %2 2coshy3s)1.25i0h(y55)

In this situation, the natural lift of « and the involute of « for can be given by the

equations

3

a(s)= (\E cosh(ﬁslg,?sinh(ﬁs)j

and
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B(s)= (%sinh(ﬁs),%ﬁs,%cosh(\/gs)j + i?(cosh(\/gs),2,sinh(\/§s)),/1 eIR,

for /1=@ , we have

B(s)= (%sinh(ﬁs),%ﬁs,%cosh(ﬁs)j+@££(cosh(\/§8),2, sinh(\/gs))j,

3

= [%sinh (\/gs) + @?cosh (\/55) ,%\/58 + 2\/2_2 ,%cosh (\/53) +@?sinh (\/gs)j

Example 6: Let
a(s)=(sinhs,0,coshs)

be a timelike curve. It is easy to show that

In this situation, the natural lift of « and the involute of « for can be given by the
equations

&(S) = (cosh s,0,sinh S)

and
B(s)=(sinhs,0,coshs)+ A(coshs,0,sinhs), A IR,

for A=, we have
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B(s)=(sinhs,0,cosh S)+g(cosh s,0,sinh s)

= (sinh S+ ﬁcosh S,0,cosh s+ ﬂsinh S)

3 3
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