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Abstract. The present study deals with some new properties for the Cesaro
polynomials of three variables. The results obtained here include various families of
multilinear and multilateral generating functions and their miscellaneous properties. We also
derive an application giving certain families of bilateral generating functions for the Cesaro

polynomials and the generalized Lauricella functions. At the end, we discuss some special
cases for this theorem.
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1. INTRODUCTION

The Cesaro polynomials g™ (x) are defined by ([3,4])

g (x) = [m ’ nJ Fi[-n,%-m—n;x]

where , F; is the Gauss hypergeometric function.

Agarwal and Manocha obtained the following generating function for the Cesaro
polynomials [4]:

Zg(m)(x)t =@1-0)""A-x)"

In [8], Malik defined the Cesaro polynomials of three variables g (x,y,z) as
follows:
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where (1), denotes the Pochhammer symbol. These polynomials have the following
generating function:

igim) (x,p,2)t" = @Q=0)" (L= xt) T (L= yt) (L= 20) (1.2)

The next formula holds true for the polynomials g (x, y,z):

i(nzkjgﬁi"i (r,y,2)t" = (A=0) " (L=t ML= ) (A= z0)

(1.3)
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A further generalization of the familiar Kampé de Fériet hypergeometric function in
two variables is due to Srivastava and Daoust who defined the generalized Lauricella (or the
Srivastava-Daoust) function as follows [2]:

[(a): 9(1)"”’9(11)]: [(b(l)): (p(l)]; - [(b("))Z (p(")];

A:B(l);_,_;B(”)
Ziyen Z

n

[(C): l//(l),...,l//(")]i [(d(l))i 5(1)]; " [(d(")): 5(71)];
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the coefficients

®) (:_ e *) (:_ ®. 7 _
0; (j=1...,4; k=1,...,n), and 9, (j=L1...,.B"Y; k=1,...,n),
v (j=1...C; k=1..n), and 6V (j=1..,.D%; k=1,..n)
are real constants and (bl‘;(’k)) abbreviates the array of B™ parameters

(k) (5 _ (k). 7 _
b; (j=L1...B"Y; k=1,...,n)
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with similar interpretations for other sets of parameters [1].
For a suitable bounded non-vanishing multiple sequence {Q(ml,...,ms)}ml

..... mgeNy
having real or complex parameters, let ¢, (u,;u,,..,u,) of s (real or complex) variables
u;u,,...,u, be defined by

n ®© (—f’l)m1 ((b))ml(p
¢n(”1;”2'---'”s)::§ ZZOW
(1.4)

m mg
ul us

XQ(f(m1’m2""’ms)'mZ""’ms)m l'"m !
1* s -

where, for convenience,
B D
((b)) me = H (b_/‘)ml(]ﬁj and ((d))m1§ = H (d/ )m15j '
J=1 j=1

The main object of this paper is to study several properties of the Cesaro polynomials
of three variables g™ (x,y,z). Various families of multilinear and multilateral generating
functions and miscellaneous properties for these polynomials are obtained. In addition, we
derive a theorem giving certain families of bilateral generating functions for the Cesaro
polynomials g (x, y,z) and the generalized Lauricella functions.

2. BILINEAR AND BILATERAL GENERATING FUNCTIONS

In this section, we study a number of families of bilinear and bilateral generating
functions for the Cesaro polynomials of three variables g (x,y,z) by using a similar

method considered in the papers [5-7].
We begin by stating the following theorem.

Theorem 1. Corresponding to an identically non-vanishing function Q (s,,...,s,) of

r complex variables s,,...,s, (r € N) and of complex order u,y , let

0

A, (sps, )= ZakQ;u-y/k (538,06 (a, #0)

k=0

and
[n/p]

®Zl,’;/7/ (x,y,z;sl,...,sr;gf):z z akg}g’fpk (x,y,z)Qﬂwk (Sl""'sr)egk-
k=0

Then, for p € N, we have
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S . N\
Z(;@w (x,y,z,sl,...,sr,t—pjt

(2.1)
=(1-0)"A-x)A-y) (- Zt)’lAW (Sy5r8,.577)
provided that each member of (2.1) exists.
Proof. For convenience, let S denote the first member of the assertion (2.1). Then,
we get

o [n/p]

S = Z Z akgirfi;k (X, 0, 2)Q i (T M

n=0 k=0

Replacing » by n+ pk, we may write that

S=>>a,g" (x,y.2)Q,,, (5,5, )0""

n=0£k=0

= Zg,‘l"’) (x, y,2)t" ZakQﬂwk (5;100r8,)1"
k=0

n=0

= (10 -2 A1) A 2) A (5, 5)

which completes the proof.
By using a similar idea, we also get the next result.

Theorem 2 Corresponding to an identically non-vanishing function Q. (s,...,s,) of

r complex variables s,,...,s, (r € N) and of complex order u, let

Ay,p,q[‘x’y’Z;Sl""’sr;t] = Zangr(rir)qn (‘x’y’Z)Qerpn (Sl"'”Sr)tn’
n=0

where a, #0 and

[n74] m+n
0, ,,(81,008,:2) = ; ak(n —quQ”wk (5.,00r8,)2".

Then, for p,q €N; we have
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Zglﬁfzﬂ (x,y,z)@n'pyq(sl, S Z)t"
n=0

= (L=t)" A= xt) (L= yt) T —zt) (2.2)

<A x@-1 yA-9 2@-1. (s
AP\ Qext T d=—yt T l—ze VT M=t

provided that each member of (2.2) exists.

Proof. For convenience, let 7 denote the first member of the assertion (2.2). Then,

m+n
n—qk

© [n/ ]
T=% g% (x2) ZZ, ak(
n=0

k=0

JQ/H—pk (51,008, )2" 2"

Replacing n by n+ gk and then using (1.3), we may write that

2 (m+n+qk e
T:ZZ( n jglgi)m#—qk(x’y’z)ak Q,Ll+pk(sl""’sl‘)zkt "
(& (m+n+qgk) ) N
:Z Z . omeg oV " |, (5y,008,)(2t")

=, Q1) () (- ) (A 2e)

@ x(1-t) y@-¢t) zQ-1)
"I d—xt T =yt T l-zt

jﬂw,{(sl,---,s,)(zrq)'f.

Then we get

T=(—t) " l=xt) T (L— ) (- zt)’liak L—1)*

o) x(@-12) y@L-1t) z(1-1)
O\ 1—xt " 1—yt | 1-zt

]prk (5450r8,)(22")"

== A-xt) A=) T (U—z0) T

<A xd-1) yA-n zd-9. (s
ari\ Qext "=yt 1=zt VT T4 )
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which gives the desired result.
When the multivariable function Q. . (y,,..., »,) is expressed in terms of simpler

functions of one and more variables, we can obtain lots of applications of the Theorem 1 and
Theorem 2. Furthermore, for every suitable choice of the coefficients a, (k € N,), if the

multivariable functions Q . (y,,...,»,), €N are expressed as an appropriate product of

several simpler functions, the assertions of these theorems can be applied in order to derive
various families of multilinear and multilateral generating functions for the family of the
Cesaro polynomials of three variables g™ (x, y, z) given explicitly by (1.1).

3. MISCELLANEOUS PROPERTIES

In this section we give some properties for the Cesaro polynomials of three variables.

Theorem 3 The Cesaro polynomials in three variables g (x,y,z) have the
following integral representation:

00000000

g’(lm) (x,v,2)= Il"( D l‘!!}[ ~(uq+un+ug+uy)

xuy" (uy + Xty + yuy + zu, )" duydu,du,du,,
where T'(m+1)>0.
Proof. If we use the identity

15 apm
F(V)J.e t*dt  (Re(v)>0)

0

-v _

on the left-hand side of the generating function (1.2), we have

igi’”) (x, 3, 2)t" = (A=1) " = xt) U= pr) Q- ze)

n=0

00000000

F(m+1) .”'J'J' (ul+u2+u3+u4) m

0000

xet(u1+xu2+yu3+zu4)duldu2du3du4
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00 0000 00

r(m +l) J‘J‘J‘J‘ —(ul+u2+u3+u4) m

0000

><Z:(u1 +xu, + yu, +zu,)" ! Jduldu du,du,,

n=0

which gives

28" (.2
n=0

© 00000000

:Z{ IT(m+1) -”“ SOy + Xy + yuy + zu,)" ddu, duzd“4)

n=0 0000

From the coefficents of t" on the both sides of the last equality, one can get the desired result.

We now discuss some miscellaneous recurrence relations of the Cesaro polynomials of
three variables. By differentiating each member of the generating function relation (1.2) with
respectto x, y, z and using

S Atn) =3 A(kn k),

n=0 k=0 n=0 k=0

we arrive at the following (differential) recurrence relations for these polynomials:

—gn’”)(x y,2) = prgf,’"i, (5, ,2) nzp+l.

n-1
—g" (x,3,2) =D y"'g" [(x,y.2) nzp+1.
oy -
—g,,””(x y,2) = ZZ” M (xyz) n=p+l.

Besides, by differentiating each member of the generating function relation (1.2) with
respect to ¢, we have the following another recurrence relation:

(D) (x,y.2) = M+ m) Y g (x,3,2) + D gl (x y. )+ yH 4 2
k=0 k=0

4. THE GENERALIZED LAURICELLA FUNCTIONS

In the present section, we derive various families of bilateral generating functions for
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the Cesaro polynomials of three variables and the generalized Lauricella (or the Srivastava-
Daoust) functions.

Theorem 4 The following bilateral generating function holds true:

> 8 (33, 2), (it )

n=0

=(-0)"""A-xt)" (- yt) " (1-ze) "

= ((b))(m1+r+s+k)¢; (ﬂ + ]')ml
2

my,r,8,k,my,...,mg=0 ((d))(m1+r+s+k)5

XQ(f((ml+r+s+k),m2,...,ms);m2,...,ms)

y — Ly uyxt ' _uyt S(_ u,zt ) uy® i
m ! 1-xt 1-yt 1-zt" m,! m!

where ¢, (u,;u,,...,u,) is given by (1.4).

Proof. By using (1.3), we observe that

Zgr(zl) ('x’y’z)(ﬂn (ul;uZ""’us)tn

n=0

R S

m=0my,...,m;=0 ((d))mlé'

w"oou o,
L G N e
m! m]!
()
- ! Q(f(m ey ), M ,...,ms)(—u "™
Z (d)),,5 ' ’ '
Wl My ) (L ) - 2t
my! m!

xgu)[?C(l—t) y(-1) z(l—t)]

"\ l-xt 1-ypt 1zt
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Then we get

> gD (x, v, 2), (15t et )1"
n=0

= (=) (L= xt) (A= o) (- 20)

= ((0))e Y
X%m;mv_omg(f(mlwnms),mz,...,ms)( j

A m)l SRS ((—_ml)wk 1), ©),Q),

m,! m Am) S5 o —m), ., r'slk!
X(x(l—t)jr y(1-1) “(z(l—z)j"
1—xt 1-yt 1-z¢

=A-0)""A-xt)" A= yt) T A-z)" > (A+1),,

s

(( )) ml+r+s+k @ Q
(( )) m1+r+3+k

u1t)m1 ulxt r ulyt S( Z/lth )k umz us’”s
my! 1-xt 1-yt 1-zt" my) m)V

(f((m1+r+s+k) my, ... ,ms);mz,...,ms)

whence the result.

By appropriately choosing the multiple sequence Q(m,,...,m ) in Theorem 4, we
obtain several interesting results as follows which give bilateral generating functions for the
Cesaro polynomials in three variables g™ (x,y,z) and the generalized Lauricella (or the

Srivastava-Daoust) functions:
I. By letting

QS (Myyvem ), gy ccsm, )

B@ B

H( ) oW+ o) H( H(b(s)) o)

D(Z) e D(é)

(s)
H(C Dty lj_[( e lj_!(dj )mssj?)
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in Theorem 4, we obtain the next result.

Corollary The following bilateral generating function relation holds true:

& ) s s@ o[ L@ 09,09 ] [=n 21, [(0): 9],
Dy )L
n=0

[(©): @,y ] [(d): &1;
[6©): 0¥% i [07): o) n
[(d?): 691 .0 [(@©): s " |

=A-0)""A-x)"A-yt) T (1-z0)"

o p ABLLLL B2); 500) {[(8): ¢(1)""’¢(S+3)] A+ 101 [Li1]; [1:1);
[(f) : 65(1) s §(s+3)] . _ = _ .

[(b?): 97T, ... [(BY): (D(S)];_ ut  wxt oyt wzt I
[(d?): 6P7; . [@): 69 1-¢" 1-xt’ 1-yt' 1-zt" 277 )

(s)

. (s) .
where the coefficients e, f,, ¢;” and &’ are given by

b.,, (A<j<A+B)

J

{a/, (1<j<A)
€j= ’

P C; @<j<E)

77 \d, s, (E<j<E+D),

0V, (<j<4;1<r<4)
» 0V, (U<j<4 4<r<s+3)

Vi .. (A<j<A+B;1<r<4)
0, (A< j<A+B; 4<r<s+3),
And
p®, (<j<E; 1<r<4)
g(r) — ](f’—l)i (lS]SE, 4<r£s+3)
"8, (E<j<E+D;1<r<4)
0, (E<j<E+D;4<r<s+3).
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I1. Upon setting

)= (@) im, 2) - (B,)

Q(f(ml,...,ms),mz"“’ms (Cl)ml'”(cs)ms

and
¢=06=0 (thatis, g =..=¢, =5, =...= 5, =0)

in Theorem 4, we obtain the next result.

Corollary The following bilateral generating function relation holds true:

o0

Zgﬁm) (x,y,Z)F/f“') [a,—n,bz,...,bs;cl,...,cs;ul,uz,...,us]t"

n=0

=(1-)""A-xt)"A-y) T (L—zt)

L [(@):1,..1] : [A+1:1]; [1:1]; [1:1]; [1:1];
1:0;0;0;0;1;..;1 LM (s+3)7 . . . . .
[(c): vyl - - = -
[b, 1], i [b, : 1];_ wio_wxt wpt owzt
[, 1 1] o [e, 1] 1-¢" 1-xt” L1-ypt" 1zt 2770 )

(n)

where the coefficients w'" are given by

o L (@<n<4)
0, (4<y<s+3)

1. If we take

) _ (afl) )n12 N '(af‘gil) )m5 (aél) )mz e (aés{l) )m5

Q(f(my,ym,);my,.om () s v,

s

and
B=1 b =0b,¢=1and 6=0

in Theorem 4, then we get the next result.

Corollary The following bilateral generating function relation holds true:
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Zg,sm)(x,y,z)F;s)[ na®,...,a " b,a?,....al ;¢ ul,uz,...,us]t"
n=0

=A-0)"'A-x)'A-y) A-zt)"
x FLELLLZ.2 [[(b) 09, 9(S+4)] s [A+1 1] [1 : 1]; [1 X 1]; [1 : 1];
1:0,0;0;0;0;...0 (©): 1.1 . . . .

[a(l) ; ] [ =0 1] Cwxt wyt wzt
_ _ 1 t 1-xt 1-yt 1-zt

Uy, U |

where the coefficients 0™ are given by

mm:{L l<n<4)

0, (4<p<s+4)

IV. Letting
(a)mlJr...er: (b2 ) my (bs )ms

Q(f(ml,...,ms),mz,...,ms): ©

and
$p=06=0

in Theorem 4, we obtain the following result.
Corollary The following bilateral generating function holds true:
Zgi’") (x,y,z)F[(,S) [a,—n,bz,...,bs;c;ul,uz,...,us]t"
n=0

=(1-0)"""A-xt)""A-yt) " A-zt)"
Wt wxt

F(”3){a/1+1111b2, b e ———, :
1-t 1-xt

u,yt u,zt
- LR I ’us .
1-yt 1-zt
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