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Abstract. In this paper, we have given the procedure and implement the differential
transform method (DTM) to solve some linear fractional differential equations under fuzzy
initial value conditions. The derivative is in the sense of the Caputo fractional derivative. The
solutions of considered model examples are computed in the form of convergent series with
easily computable components. To display the strength and applicability of this proposed
method few illustrative examples are solved and the obtained results show that the said
approach is easy to implement.

Keywords: Caputo Fractional Differentiation, Fuzzy Fractional Differential Equation,
Differential Transform Method

1. INTRODUCTION

A powerful tool to deal uncertainty and processing subjective or vague status in
mathematics is fuzzy set theory. This has been dealt with many real situations, for example,
medicine [1], the golden mean [2], systems of practical [3], quantum optics and gravity [4],
and engineering phenomenon. First Zadeh [5] introduced fuzzy sets. Then the fuzzy number
was defined and its use in fuzzy control [6] and reasoning approximate problems [7-10]. Later
Dubois and Prade [11-12], Mizumoto and Tanaka [13-14], Nahmias [15], and Ralescu [16]
developed the basic arithmetics for fuzzy numbers. They considered the fuzzy number in the
form of a collection of intervals i-e, §-levels, 0 < § <1 [17]. Real life situations with
differential equations of fractional type are of much importance, because fractional
differential equations sum the complete information about the situation in weighted form.
Applications can be seen in chemistry, physics, engineering, etc. So, we require a method to
solve these equations, adequately, easy to apply and used in different problems. For the
solution of fractional differential equations of fuzzy kind, we will apply the differential
transform method. This method was first used in the engineering field in [18]. The solution of
electric circuit problems was also found using this method. Now days, the significance of
differential transform method is enlarged to approximate analytical solutions of fractional
order differential equations [19-20], and fractional order integro-differential equations [21-
23]. The purpose of this paper is to describe and apply differential transform method to linear
fractional differential equations with fuzzy initial conditions.

! University of Gujrat, Faculty of Science, Department of Mathematics, Pakistan.
E-mail: jamshadahmadm@gmail.com.

ISSN: 1844 — 9581 Mathematics Section



960 On some Fuzzy fractional ... Kubra Ehsan and Jamshad Ahmad

2. BASIC CONCEPTS

Definition 1: Naming universal set as U. A set ‘4’ is fuzzy in U defined with the membership
function A(x) that relate every element in U to the interval [0, 1].

Definition 2: A fuzzy set ‘A’ is called a fuzzy number if
(1) for at least one xy E R, A(xy) = 1;
(i) forallxy,x, ER,0 < A < 1, it holds that
min (A(x1), A(x2)) < AQx; + (1 —Vxz) ;
(iii) for any x,€ R, it always holds that
A(xp) = lim, it A(x),

(iv) [A]°={x € R|A(x) > 0} is acompact set contained in R.

Definition 3: [24] Riemann-Liouville fractional integration

q = X (Yy=r)a?

Ly, §0) = 15 ), =1 g(dr g,y >0 (1
and for q =0,

I gy)= 90 ()

and I'(q) is the Gamma function defined below
r'(q = [ ti™te tar. (3)

Definition 4: [25] Caputo fractional derivative is

1 —_— -—
gDJC'Ig = rm—a) foy(y —r)™ 471 g(r)dr, 0 <r,qand m = [q] + 1. )

3. METHOD PROCEDURE

The differential transform method based on the expansion of Taylor series. This gives
a polynomial answer through an iterative process. Let v(y) is continuously differentiable
function, then v(y) can be expressed in Taylor’s series as

w 1dt
() = Ty a2 v = yo)* 5)

We define differential transform of v(y) of order t, denoted by V (t) as

1 dtv(y)
t! ayt

V(t) = (6)

Y=Yo
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Form Eq. (5) and Eq. (6), we get

v(y) = X2 V(O — yo)' (7)
4. FRACTIONAL DIFFERENTIAL TRANSFORM METHOD

Let the fractional power series of the analytical function v is

v(y) = X2 V(IO — y0) e, (®)

where « is order and V(t) is differential transform of fractional type of v. To bypass the
initial and boundary conditions of fractional form, we define the Caputo fractional derivative
as

1 am I FE) -2 -y0) vt (vo) -

q —
D*yov(y) - I—.(m_q) dym Yo (y_r)1+q_m . (9)

The transformations of the initial conditions for t = 0, 1, ..., (6q — 1), can be obtained

as
0 LA
V(y) = 1 dt/« ; (10)
(t/&)! [dyt/av(y)]|y=y0, p =Al

with g is order of fractional DE.
5. NUMERICAL EXAMPLES

In this subdivision, the solution of fuzzy fractional differential equations with initial
conditions is determined under Caputo fractional derivative using differential transform
method.

Example 5.1 Consider the following linear fractional differential equation with fuzzy initial
conditions

EDix(t) = %(t), te[0,1] (11)
subject to the condition

%(0) = (0.75+ 0.250,1.125 - 0.125a), 0 < a < 1 (12)
where qe(0,1),t > 0.

The solution will be of the form[x, x].
To find x, we take
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6Ddx(t) = x(t), te[0,1] (13)
with the initial condition
x(0) = 0.75 4+ 0.25c. (14)

By the application of the differential transform method to Eq. (13), we have

X+ 1) = "2 x o), (15)
G+t
and Eq. (14) as
X(0) =0.75 + 0.25¢ (16)

By using (15) and (16), we get

X(l) — 075]:!—((2))250.’ X(Z) =0. 75 + 0. 25a X(S) — 075;-(%.)2561’ K(‘l‘) — 0.75+20.25a’
X(5) = =7 (17)
By using Eq. (8) up to five terms, we have
x(t)—(075+025a){1+ AL 3/2+f+t5—/72}. (18)
rz) G2 i)
Now similarly, to find x(t), consider
EDJdx(t) = x(t), te[0,1] (19)
with the initial condition
x(0) =1.125 - 0.125a. (20)
By the application of the differential transform method to Eq. (19) and Eq. (20), we
have
X(k+1) = E_*_; (k). @1
and
X(0) =1.125 — 0.125a. (22)

By using (21) and (22), we get

1.125-0.125a X(Z) = 1125 — 0. 125(X X(3) — 1.125-0.125a

X(1) =
M= ré ré

3
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X(4) = 1.125—0.1250(’ X(5) = 1.125—(7).1250(’ (23)
re
and so on.
By using (8) upto five terms, we have
() = (1125 — 01250011 + L2 4t 4 L2 4 24 L2 24
x(t) = (1. . o ri) r(i) . r(Z)' (24)

G

Hence, the required solution is given by Eq. (18) and Eq. (24).

2 2

02 04 06 08 10

@ (b)
Figure 1. (a) 2D and (b) 3D plot of fuzzy solution of Example 5.1.

Example 5.2 Consider the following linear fractional differential equation
EDIx(t) = —x(0), te[0,1]

subject to the condition
%(0) = (0.75 + 0.250,1.125 — 0.1250), 0 < a < 1

where ge(0,1),t > 0.

The solution will be of the form [x, x].
To find x, we take

EDdx(t) = —x(¢), te[0,1]
with the initial condition

x(0) = 0.75 4+ 0.25c.

(25)

(26)

27)

(28)
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According to described above DTM procedure, we get

F(1+)

X+ D =15t —X(K)],
and
X(0) =0.75 + 0.25a.
By using (29) and (30), we have
X)) = w X(2) = 0.75 + 0.25a, X(3) =
2
0.75+0.25a —[0.75+0.25q]
X@4)=—"X(O) = —,
X(#) = X(5) =725
and so on.
By using Eq. (8) up to five terms, we have
1/2 t3/2 t2 t5/2
_5@)=(Q75+025a){1—£—~+t————+—~———}
rz) Gz i)

Now similarly, to find x(t), the solving problem must be solved
EDdx(t) = —x(¢), te[0,1]
with the initial condition
x(0) =1.125 - 0.125q,

According to described above DTM procedure, we have

= ra+
Rk o+ 1) = 0 [-x ()],
rG+sy)
and
X(0) = 1.125 — 0.125a.
By using Eq. (35) and Eq. (36), we get
X(1) = % X(2) = 1.125 — 0.1250,X(3) =
2
= 1.125-0.125a ~[1.125-0.125q]
X(4) = —=—=2 X(5) = —,
(4) = (5) = e
and so on.
By using Eq. (8) up to five terms, we have
— 2 £3/2 t2 t°/2
x(t) = (1.125 - 0.125a) {1 -4 E —}
rg) Gz i)

WWW.josa.ro

—[0.7540.25a]

—[1.125-0.125q]

(29)

(30)

€2))

(32)

(33)

(34)

(35)

(36)

(37)

(3%)
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Hence, the required solution is given by Eq. (32) and Eq. (38).

I I L T L
) 04 05 08 10

@)
Figure 2. (a) 2D and (b) 3D plot of fuzzy solution of Example 5.2.

Example 5.3 Consider the following linear fractional differential equation
6D§O(t) =0 (t), te[0,1]
Subject to the fuzzy initial conditions
0(0)=(1+r3-1),0<r<1, &R

where ae(0,1), t > 0.
Suppose ¢ = 1. The solution will be of the form [, 6].
To get 8, we take the problem

6Dg8(t) = 8(1), te[0, 1]
with the condition
6(0)=1+r.
According to described above DTM procedure, we have

ra+s

3 k
F(E+5)

Ok +1) =

[6(k)]

with the initial condition

00)=1+r
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(43)

(44)
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By using Eq. (43) and Eq. (44), we get

1+r 1+r 1+r

o) = (i ,02)=1+r1,003) = E 04) = - 0(5) = G’ (45)
and so on.
By Eq. using (8) up to five terms, we have
1 -
6(t) = (1+r){1+ (Z)+t+t(/:)+%+;(—5}. (46)
Now similarly, to find (t), the solving problem must be solved
cDla(t) = 6(t), te[0,1] (47)
with the condition
6(0) = 1.125 — 0.125a. (48)
and application of the differential transforms method to Eq. (47) and Eq. (48), gives
— ra+5
Ok +1) = —- ; [6(K)], (49)
and o
00)=3-r. (50)
By using Eq. (49) and Eq. (50), we get
@(1)—3(—%) ()—3—r@(3)—,'°j(—g 5(4)=%5(5)=% (51)
and so on.
By using Eq. (8) up to five terms, we have
00 =Gt + e 2 2y (52)
O] F< )

Hence, the required solution is given by Eq. (46) and Eq. (52).
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(a) (b)
Figure 3. (a) 2D and (b) 3D plot of fuzzy solution of Example 5.3.

Example 5.4 Consider the following linear fractional differential equation
§Dy"%Gq(t) = G(t) +1,
Subject to fuzzy initial conditions
G(0) = (0.2,0.4,0.6).

The solution will be of the form [q, q].

For q, we will solve the problem

§Dy"2q(®) = q(O) + 1,
with the initial condition
Q(O) =0.2+0.20.
According to described above DTM procedure, we have

ra+s
o 2 + 500

Qk+1) =

with the initial condition

Q(0) =q(0) = 0.2+ 0.2a.

(33)

(54)

(55)

(56)

(57)

(58)
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By using Eq. (57) and Eq. (58), we get

1.2+0.2a 12+0 2a 1.2+0.2a 1.2+0.2x
1) = 2)=12+4+0.2a,Q3) = = —,
Q) =5 02) = Q3 =23 0 = 9 05 =
(59)
and so on.
By using Eq. (8) upto five terms, we have
1/ 3
q() =02+0.2a + (1.2 +0.2a) ()+(12+02a)t+(12+02a) ()
2 2
5
/
(1.2 + 0.2a) % + (1.2 +0.2a) % (60)
2
Now similarly, to find q(t), the solving problem must be solved
SDgq(t) =q(), 61)
with the initial condition
q(0) =0.6 —0.20. (62)
Now applying differential transform method to Eq. (61) and Eq. (62), gives
k
— r(1+3) —
Qk +1) = F((§+§)) [QCk) + (k). (63)
2 2
with the initial condition
Q(0) =g(0) = 0.6 — 0.2 (64)
By using Eq. (63) and Eq. (64), we get
= 1.6-0.2a 1.6-0.2a 1.6-0.2a 1.6—0.2a
X(1) = ,X(2) =16 —0.20,X(3 ,X(4) = ,X(5) = ,
(1) =234 X «X(3) =22 X @ (5 =%
(65)

By using Eq. (8) up to five terms, we have

q(t) =0.6 —0.2a+ (1.6 — 020() +(16 0.2a)t + (1.6 — 02)

(2)

(1.6 — 0.2(x)t7 + (1.6 — 0.20) ot

th
rG)

(2)

(66)

Hence, the required solution is given by Eq. (60) and Eq. (66).
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(a) (b)
Figure 4. (a) 2D and (b) 3D plot of fuzzy solution of Example 5.4.

Example 5.5 Finally, consider the following linear fractional differential equation

608y (x) + y(x) = xe™, (67)
with fuzzy initial conditions

y'0)=[-14+r1-r1],0<v<1,0<x<1. (68)

The results will be of the form [y”, y1].
To calculate y”, we have to solve the problem

608+ YL (x) + yI(x) = xe™, (69)
with the condition

yr(0) =—-1+r. (70)
According to described above DTM procedure, Eq. (69) and Eq. (70), we have

YTk +1) = ;(”g) [Tk _ mem* — YT ()], 71)

2

G+
and the initial conditions
Y(0)=—-1+r. (72)

By using Eq. (71) and Eq. (72), we get

- “143-r(3)-
YT (1) = % Yr(2) =T (g) —1+41,Y7(3) = T)O Yr(4) =2[r (g) e~2 +
2 2

(2r(G)-1)et+3r(3)-3+r () +7l.
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YT(5) = %2) 267 +4e 2 +6et +8-T(3)e?— (2 (3) - et —3r(3) +3-
3

r¢)-n, (73)

By using Eq. (8) up to five terms, we have

70 =L 2t [ (2) = 1 o]t (T 4 (e +

r(3)
(2r(3)-1)er+3r () -3+r () +rx? + ()[Ze 344672 +6e 1 +8—
r$ez-q@ri)-vet-sr)+3-r@E)-rx" (74)

Now similarly, to get y}, we have to solve the problem
GDELYE(x) + ¥i(x) = xe ™™, (75)
with the condition
yi(0)=1-r, (76)
and the application of the differential transform method to Eq. (75) and Eq. (76), we have

VI(k +1) = E; [Tk me™* = Y ()] (77)

with the initial conditions
YI(0)=1-r. (78)

By using Eq. (77) and Eq. (78), we get

W= (3) @ =r(3)-r+t YI(3)Z€_1+5F)@H,YI(4)=%[F(§)€2+
( () ) (_)_1+F(§)_T]7YI(5)=%[26_3+4e‘2+6e‘1+8—

[520—2—-2152—1e—1—37524+1-32+7, (79)

Finally, we have

MG = 1=+ a4 [ (3) - e+ 1]+ (BT (9) ety
2r(2)—1)e *+3r(2)—1+4+r(z)—rjx?+—|(2e3+4e 2+ 6e 1 +8—
(2r(5)-1)e +3r(3) ) el

[52e—2-2/52—1e—1-3/52+1—/32+rx52. (80)
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Hence, the required solution is given by Eq. (74) and Eq. (80).

(@) (b)
Figure 5. (a) 2D and (b) 3D plot of fuzzy solution of Example 5.5.

6. CONCLUSION

In present paper, we elaborated the differential transform method to solve the
fractional differential equations with fuzzy initial conditions. We choose the type of
differentiability in the Caputo sense as it has much more realistic in initial condition in real
life problems. Differential transform method is an iterative method. This method provides the
solutions in terms of convergent series with easily computable components. It can produce
valid and accurate results of fuzzy fractional differential equation. The accuracy of the
obtained solution can be improved by adding more terms in the solution.
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