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Abstract. In this paper, the D - Pencil surface is studied in Minkowski 3-space. By
using Darboux Frame in Minkowski space, we give the necessary and sufficient condition for
a pencil surface. Then, we obtain general conditions of each other different G,, G,, G,

developable ruled surface with the line of curvature of the pencil surface. Finally, we
construct the corresponding surfaces which possessing some representative curves as lines of
curvature.
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1. INTRODUCTION

In geometry, Ruled surfaces have already been widely used in designing cars, ships,
production of products and several additional areas for example movement analysis and
simulation of a rigid body and model-based object recognition systems. Contemporary surface
area modeling systems consist of ruled surfaces [1-4]. The geometry of ruled surfaces is vital
for studying kinematical and positional mechanisms in Euclidean 3-space. This surface area is
often found in the scientific study from days gone by. For example, Odehnal explored
subdivision algorithms ruled surfaces and Chen defined the mu-basis for a rational ruled
surface [5-20].

A developable surface may be formed by bending or rolling a planar surface without
stretching out or tearing; in additional terms, it can become created or unrolled isometrically
onto a plane. Developable surfaces are also known as singly curved surfaces since one of their
principal curvatures is usually zero. Developable surfaces are broadly utilized with
components that are not really responsive to extending. Applications consist of the
development of ship hulls, ducts, shoes, clothing, and car parts such as upholstery, body
windshields and panels [6].

In this paper, we study the new parametric representation of a the D -pencil surface by
using Darboux frame in Minkowski 3-space. The first, we tersely summarize properties
Darboux frame and Frenet frame which are parameterized by arc-length parameter s and the
fundamental ideas on curves and surfaces. The second, we get general circumstances of one
another different G,, G, ve G,surface with the timelike line of curvature of the timelike

pencil surface P(s,t). Then, we similarly obtain general conditions with spacelike line of
curvature of the timelike pencil surface and the spacelike line of curvature of the spacelike
pencil surface. Furthermore, for a 3D parametric curve a(s), where s is the arc-length
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parameter, by using the Darboux frame, we deduce the necessary and sufficient condition for
a surface pencil to contain a(s) as a line of curvature. Finally, some representative curves are

chosen to construct the corresponding surfaces which possessing these curves as lines of
curvature E°.

2. MATERIALS AND METHODS

Let us consider Minkowski 3-space E13:{E13,(+,+,—)} and let the Lorentzian inner

product of X =(x,,x,,x,) and Y =(y,,y,,y,) be
<X ,Y> =X Y1+ XY, = XYs.

A vector XeE,? is called a spacelike vector when (X,X)>0 or X=0. It is called
timelike and null vector in case of <X,X><0and <X,X> =0for X =0 respectively [21].

The vector product of vectors X =(x,,x,,x,) and Y =(y,,y,,¥,) inE;* is defined by
[22],

X XY = (X5 = Xg Vo0 X0 Ys — Xa Y1, X2V — XY )

A surface in E,> is called a timelike surface if the normal vector on the surface

spacelike vector and is called spacelike surface if the normal vector on the timelike vector.
On the other hand, for given non-null and null curves fully lying on a surface in

Minkowski 3-space E°, let us begin to set up the Darboux equations for these curves
according to Lorentzian casual characters of surfaces and the curves lying on it as follows:
i - If the surface W is an oriented spacelike surface, then the curve fzé(s) lying on

W is a spacelike curve. Thus, the equations which describe the Darboux frame of 5(5) is
given by:

] T(s) 0 x, x,|T(s)
) |=|-x, 0 7, | 000
n(s) k, 7, 0 )n(s)

where a prime denotes differentiation with respect to s. For this frame the following is
satisfied

(T.T) = {8.9)=~nn)=1,
(Tm) = (ng)=—g.T)=

In this frame T is the unit tangent of the curve, n is the unit normal of the surface W
and g is a unit vector given by g=nxT

ii - Let Wbe an oriented timelike surface, then the curve fzf(s) lying on W can be
a spacelike or a timelike curve.
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In case of &(s) is a spacelike curve, the derivative formula of the Darboux frame of
&(s) takes the form:

ds

where T, n, gsatisfy the following properties:

T.T) = (n)=-gg)=1
Txg = —-n,gxn=-T,nxT=g.

In case of §(s) is a timelike curve, the derivative formula of the Darboux frame of
&(s) takes the form:

; TGs)) (0 x, x, \(T(s)
™ g(s) [=|x, O -z, als)|
ns)) \x, 7z, 0 Jn(s)

where T, n, g satisfy the following properties:

-TT) = (hm=(g.9)=1
Txn = —-g,nxg=T,gxT=-n.

In (i), (ii), x, is geodesic curvature of the &(s), x,and 7, are respectively the

normal curvature and the geodesic torsion of the curve 5(5) [23].

Definition 2.1. Let x and y be future pointing (or past pointing) timelike vectors in
E,*. Then there is a unique real number ¢>0 such that (x,y), =—|x|y|cos¢ . This number is
called the hyperbolic angle between the vectors x and y [21].

Definition 2.2. Let x and y be spacelike vectors in E,*. Then span a timelike vector

subspace. Then there is a unique real number ¢>0 such that (x,y) =|x|y|coshg This
number is called the central angle between the vectors x and y [21].

Definition 2.3. Let x and y be spacelike vectors in E,>. Then span a spacelike

vector subspace. Then there is a unique real number ¢>0 such that (x,y), =|x||y|cos¢ This
number is called the spacelike angle between the vectors x and y [21].

Definition 2.4. Let x be a spacelike vector and Y be timelike vector in E’. Then
span a spacelike vector subspace. Then there is a unique real number ¢>0 such that
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(x,y), =|x||y|sinh¢ This number is called the Lorentzian timelike angle between the vectors
x andy [21].

A surface is regular if it admits a tangent plane at each point. The unit normal of the
regular surface W:(s,t)—>W/(s,t) at each point is defined by

m(S,t): WS(S,t )(Wt S,t

W, (5.)
W, s, W s, 1)

1)

where W_ and W, are the partial derivatives of the parametric representation with respect to
s and t , respectively.

Theorem 2.5. A necessary and sufficient condition that a curve on a surface be a line
of curvature is that the surface normals along the curve form a developable surface [11].

3. D-PENCIL SURFACES BY USING DARBOUX FRAME

In this paper, our goal is to find the necessary and sufficient condition for the given
curve &(s) being a line of curvature on the pencil surface W(s,t). Given a spatial curve
&£:s— £&(s), where s is the arc-length parameter. On the other hand, the parametric form of

the surface W(s,t):[0, L]x[0,T]—E? possess &(s) as a line of curvature is given by

W(s,t)= &()+x(s,t)T(s)+ y(s, tha(s)+ (s, t)n(s), 2

where 0<s<L,0<t<T, x(s,t), y(s,t) and z(s,t) are C* functions. The values of these

functions indicate the extension-like, flexion-like, and retortion-like effects, by the point unit
through the time t, starting from &(s), respectively.

3.1. TIMELIKE GENERATOR CURVES ON TIMELIKE PENCIL SURFACE IN
MINKOWSKI 3-SPACE E?

Firstly, the normal m(s,t) can be computed by taking the cross product of the partial
differentials, that is, based on the following derivation using the Darboux formula

AW(s,1)
s

= [1+y(s,the,(s)+z(s,t)e,(s)+

D0, ) (5., () )

and
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OW(S.t) _ ox(s.t) g, VS oy a2ls.t) )

ot ot ot J ot

The normal vector which occurred vector product of 8V\g(s,t) and 8Wa(ts,t)
S

can be

expressed as

m(s,t)=7,(s, )T(s)+7,(s,t)a(s)+7:(s,t)n(s),

Where
n(s0) = —x(sm, () T (s 0)r, () ZEU AN 26
+x(s,t)zcn(s)aygi’t)—y(s,t)rg(s)éyg’t)Jrang’t)ng’t),
n(st) = —az(s’t)—y(s,t)xg(s)az(ai’t)—z(s,t)/cn(s)az(s’t)_ax((;’t)azg;[’t)
Fx(s0)x, (S)ax(ai't)—Y(S't)Tg (S)axg?t)“L@Z(a:t) 6x(;[,t),
n(st) = 2y (a 0 (920D 15y, () L0, KD VY
ox(s.t) ox(s,t) oy (s.t)ax(s.t)
—X(st)ry (8) == —2(s: )z, (8) =~~~

Following, we derive the necessary and sufficient condition for a surface pencil that
possesses the given curve as a common line of curvature. Since the curve £(s) is an

isoparametric curve on the surface W(s,t). According to Theorem 2.5, the curve &£(s) is the
line of curvature on the surface W(s,t) if and only if the normal m,(s), m,(s), m,(s) to the
curve and the normal m(s,t) to the surface W(s,t) are parallel to each other.

Case 1. Let
G, (s,t) = &(s) +tm,(s)andm, (s) = g(s)cos y, +n(s)sin y,

be a parametric surface possess g(s) as a timelike generator curve in E}. According to
theorem 2.5, &(s) is the line of curvature of the surface W(s,t) if and only if G,(s,t) is
developable and the normal vector m, is parallel to the normal vector m(s,t). However, from
[24], the surface G,(s,t) is developable if and only if (£ (s),m,(s),m;(s))=0. After simple
computation, we have
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(£ (5),m,(s),mi(s)) = 0O
& —1,(S)cos?y, + 71 cost 1 —74(S)sin? 1, + 71 sinty, =0

< nls)=1,(9).

That is,
7/1(5) = LsTg (S)dS +70(So),

0

where is s, the starting value of arc-length and y, = »(s,). Hereafter, in this paper, we
assume s, =0. If m,(s) is parallel to m(s), the curve &(s) is the line of curvature of the
surface W(s,t).

Corollary 3.1.1. The given spatial curve &£(s) is a line of curvature on the surface W(s,t) if
and only if

X(s.t,)= y(s.ty) = 2(s.,) =0,
7(8.%) = 0,77,(5.t) = A(s)c0s y, 73(s. 1) = A4 (S)sin 13,
where 0<t, <T,0<s<L, A(s)=0.
Case 2. Let
G,(s,t) = £(s) +tm,(s)andm, (s) = T(s)cosh y, +g(s)sinh 7,

be a parametric surface possess &(s) as a timelike generator curve in E’. According to
theorem 2.5, &£(s) is the line of curvature of the surface W(s,t) if and only if G,(s,t) is
developable and the normal vector m, is parallel to the normal vector m(s,t). However,
from [24], the surface G,(s,t) is developable if and only if (5' (s),mz(s),m'z(s)):o. After
simple computation, we have

(£ (s)m,(s).m,(s) = 0
& K, coshy,sinhy,—7,(s)sinh?y, =0
That is,

Ty

7,(s) = arctan h{ﬂ]

If m,(s) is parallel to m(s), the curve &(s) is the line of curvature of the surface
W(s,t).
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Corollary 3.1.2. The given spatial curve &(s) is a line of curvature on the surface W(s,t) if
and only if

X(s,t,) = y(s,t,)=z(s,t,)=0,
m(3,t) = A(8)cosh ,, 7,(8,t) = 4, (8)sinh 7, 75(s,t,) = 0,
where 0<t, <T,0<s<L, 4(s)=0.
Case 3. Let

G, (s,t) = &(s) +tm,(s)andm,(s) = T(s)cosh y +n(s)sinh y,

be a parametric surface possess &(s) as a timelike generator curve in E’. According to
theorem 2.5, &(s) is the line of curvature of the surface W(s,t) if and only if G,(s,t) is
developable and the normal vector m, is parallel to the normal vector m(s,t). However, from
[24], the surface G,(s,t) is developable if and only if (5' (s),ma(s),m's(s)): 0. After simple
computation, we have

(£ (s).my(s).my(s)) = O
< —x,coshy,sinhy, —z,(s)sinh?y, =0
That is,

7,(s) = arctan h{— ﬁ}

T

If my(s) is parallel to m(s), the curve &(s) is the line of curvature of the surface
W(s,t).

Corollary 3.1.3. The given spatial curve &£(s) is a line of curvature on the surface W(s,t) if
and only if

X(S’to) = Y(S’to) = Z(Sfto) =0,
771(S't0) = AG(S)COSh V3 Uz(sito) =0, 773(S’t0) = %(S)Sinh V3
where 0<t, <T,0<s<L, A(s)=0.
Now, we study special cases of parametric representations of a timelike surface pencil.

we also consider the case when the marching-scale functions x(s,t), y(s,t) and z(s,t) can be
decomposed into two factors:

X(s,t)=1(s)X (t),
y(s.t)=m(s)¥ @,
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2(s,t)=n(s)Z (1),
where 0<t<T,0<s<L and I(s), m(s),n(s), X(t),Y(t) and Z(t) are C* functions and

I(s), m(s) and n(s) are not identically zero.

Thus, by using corollary 3.1.1, corollary 3.1.2 and corollary 3.1.3, we can get the
following theorems, respectively.

Theorem 3.1.4. The necessary and sufficient condition of the curve &(s) be being a line of
curvature on the surface W(s,t) is

where 0<t, <T, 4(s)=0.

Theorem 3.1.5. The necessary and sufficient condition of the curve &(s) be being a line of
curvature on the surface W(s,t) is

where 0<t, <T, 4,(s)=0.

Theorem 3.1.6. The necessary and sufficient condition of the curve &(s) be being a line of
curvature on the surface W(s,t) is

where 0<t, <T, A(s)=0.
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3.2. SPACELIKE GENERATOR CURVES ON TIMELIKE PENCIL SURFACE IN
MINKOWSKI 3-SPACE E?

Firstly, the normal z(s,t) of the surface W(s,t) can be computed by

2(s,1)= 145, )T(s)+ 11,(5. t)a(s)+ p15(s, ) (s),

where

w(st) = —x(slt)Kg(S)ﬁzg,t)_z(sit)fg(S)GZ(;,t)_ayéz,t)6z§,t)
(58 (9 LV y(s.)r, (9 20N, 2EY YY),

t(sit) = —az(s't)—Y(S't)’fg(S)M—z(s,t)xn(S)azfai’t)_a)((az’t)8259?)
_X(S,I)Kn(s)axgi’t) Sy (sit)r, (S)Gxg:,t)Jr 8zgz,t) éxf;[,t),

wlst) = =Rt (00 -afen 92 -SRI R
+X(s,t)x, (S)¥+Z(S,t)r9 (S)axg?t)“L 6y((32,t) 8x(;[,t).

Theorem 3.2.1. Let F(s,t)=£&(s)+tc(s) and c,(s)=g(s)coshg +n(s)sinhg be a
parametric surface possess &£(s) as a spacelike generator curve in E2. The given spatial curve
&(s) is a line of curvature on the surface W(s,t) if and only if

X(s,t) = y(s,t,) = 2(s,t) =0,
h= =] 7, (S)ds + (o).
ﬂl(s’to) =0, ﬂz(sito) = a)l(S)COSh ¢, ﬂs(sito) = a)l(S)Sinh ¢,
where 0<t, <T,0<s<L, a(s)#0.
Theorem 3.2.2. Let F,(s,t)=&(s)+tc,(s) and c,(s)=T(s)coshg, +g(s)sinhg, be a

parametric surface possess &£(s) as a spacelike generator curve in E2. The given spatial curve
&(s) is a line of curvature on the surface W(s,t) if and only if

X(S’to): Y(S’to) = Z(Sfto) =0,
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¢, = arctan h(ﬁ]

Ty

14(8,5) = @, (s)cosh g, 11,(,t,) = @,(s)sinh 4, 45(s,t,) = 0,
where 0<t, <T,0<s<L, a,(s)=0.

Theorem 3.2.3. Let F,(s,t) = £(s) +tc,(s) and c,(s)=T(s)cos ¢, +n(s)sin 4, be a parametric

surface possess &(s) as a spacelike generator curve in E}. The given spatial curve &£(s) is a
line of curvature on the surface W(s,t) if and only if

X(S’to): Y(S’to) = Z(S’to) =0,

— Kg
¢, = arctanh| —— |,

Ty

:ui(s’to) = a)S(S)COS ¢37ﬂ2(5't0) =0, ﬂs(sito) = a’a(S)Sin e

where 0<t, <T,0<s<L, m,(s)=0.

By using theorem 3.2.1, theorem 3.2.2 and theorem 3.2.3, we study special cases of
parametric representations of a timelike pencil surface. Then, we can get the following
corollarys, respectively.

Corollary 3.2.4. The necessary and sufficient condition of the curve &(s) be being a line of
curvature on the surface W(s,t) is

where 0<t, <T, a,(s)=0.

Corollary 3.2.5. The necessary and sufficient condition of the curve &£(s) be being a line of
curvature on the surface W(s,t) is
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where 0<t, <T, @,(s)#0.

Corollary 3.2.6. The necessary and sufficient condition of the curve &(s) be being a line of
curvature on the surface W(s,t) is

-m(s)Y'(t,) = as)sing,
Zl(to) = 0

where 0<t, <T, @,(s)=0.

3.3. SPACELIKE GENERATOR CURVES ON SPACELIKE PENCIL SURFACE IN
MINKOWSKI 3-SPACE E?

Firstly, the normal u(s,t) of the surface W(s,t) can be computed by

u(s,t)= z,(s,t)T(s)+ 7, (s,t)o(s)+ z,(s,t)n(s),

where

w(50) = x(50)x, () ZE s (s 1)e, () ZU, AO 2

—x(s,t)Kn(S)ayf;'t)—y(s,t)rg(S) - P o
7 (st) = —az(s’t)+y(s,t)xg (s)azf;['t)—z(s,t)zcn(s)az(;[’t)—ax(az’t) 82(8i,t)
+4&0m4g6$;”+y@¢yb@fﬂgifﬁ%§‘V”§”X

7 (s:1) :—Q§Q+wwﬂuﬂwgﬂ—dmy“gwﬁﬂ_“ﬁﬂW@ﬂ

ot 0s ot
+qmyﬁg§gﬂ+4ung”§0+W§””g”.

Theorem 3.3.1. Let H,(s,t)=¢&(s)+td,(s) and d,(s)=g(s)coshe, +n(s)sinhg, be a
parametric surface possess &£(s) as a spacelike generator curve in E2. The given spatial curve
£(s) is a line of curvature on the surface W(s,t) if and only if
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X(S’to) = y(s’to) = Z(S’to) =0,
2 _J:Tg (S)dS + @ (so)’

7(8,%)= 0, 7,(3,t) = vy(s)cosh g, 75(s,t,) = vy(s)sinh g,

where 0<t, <T,0<s<L,y,(s)=0.

Theorem 3.3.2. Let H,(s,t)=£&(s)+td,(s) and d,(s)=T(s)cosg, +g(s)sinp, be a
parametric surface possess &(s) as a spacelike generator curve in E?. The given spatial curve
&(s) is a line of curvature on the surface W(s,t) if and only if

X(S’to): y(s,to) = Z(Sito) =0,

@, = arctan{— 5}
Tg

ﬁl(s’to) = Uz(S)COS %3 ﬂz(sito) = Uz(S)Sin ZY 72'3(S,t0) =0,
where 0<t, <T,0<s<L,0,(s)=0.

Theorem 3.3.3. Let H,(s,t) = &(s)+td,(s) and d,(s)=T(s)coshe, +n(s)sinhep, be a

parametric surface possess &(s) as a spacelike generator curve in E. The given spatial curve
&(s) is a line of curvature on the surface W(s,t) if and only if

X(S’to): Y(S’to) = Z(S’to) =0,

K,
@, = arctan h{— —QJ
Tg

7,(5,t,) = v5(s)cosh g, 7,(3,t5) = 0, 75(,t, ) = wy(s)sinh g,

where 0<t, <T,0<s<L,uy(s)=0.

By using theorem 3.3.1, theorem 3.3.2 and theorem 3.3.3, we study special cases of

parametric representations of a timelike pencil surface. Then, we can get the following
corollarys, respectively.
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Corollary 3.3.4. The necessary and sufficient condition of the curve &£(s) be being a line of
curvature on the surface W(s,t) is

where 0<t, <T, v,(s)=0.

Corollary 3.3.5. The necessary and sufficient condition of the curve &£(s) be being a line of
curvature on the surface W(s,t) is

where 0<t, <T, v,(s)=0.

Corollary 3.3.6. The necessary and sufficient condition of the curve &£(s) be being a line of
curvature on the surface W(s,t) is

where 0<t, <T, uv,(s)=0.
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