Journal of Science and Arts Year 19, No. 2(47), pp. 311-324, 2019

ORIGINAL PAPER

ON IDEAL CONVERGENT DOUBLE SEQUENCES OF ¢ -BOUNDED
VARIATION IN 2-NORMED SPACES DEFINED BY
A SEQUENCE OF MODULLI

VAKEEL A. KHAN!, SAMEERA A. A. ABDULLAH!, AYHAN ESI?,
KAMAL M.A.S. ALSHLOOL!

Manuscript received: 09.03.2019; Accepted paper: 11.05.2019;
Published online: 30.06.2019.

Abstract. The notion of ideal convergence in 2-normed spaces was defined and
studied by Gurdal [1] for single real sequences. After Girdal work Saeed Sarabadan and
Sorayya Talebi [2] defined and studied the notion of ideal convergence in 2—normed spaces
for double sequences. The space of all double sequences of o—bounded variation has been
defined and studied by Vakeel [3]. In this present article we are working on to connect the
above two studies and define some new spaces double sequences of g—bounded variation in
2-normed spaces using the moduli F = (f;;) and some others operators as well. Further, we
study basic topological and algebraic properties and prove some inclusion relations on these
spaces.

Keywords: Invariant mean, sequence of o—bounded variation, 2—-normed space,
paranormed space, I-convergence, I-Cauchy, I-bounded double sequence over 2—normed
space.

1. INTRODUCTION

Throughout the article, let N,IR and C denote the set of natural, real and complex
numbers respectively. Let us denote w for the space of all real or complex sequences x =
(x) where k € N. Recall that, a sequence x = (x;) € w is said to be statistically convergent
to £ € C, if for each € > 0, the natural density of the set {k € N: |x, — #| = €} equal zero. The
notion of ideal convergence was first introduced by Kostyrko et al. [4] as an interesting
generalization of the concept we just mentioned above which was introduced by Fast [5] and
Steinhaus [6] independently for the real sequences. On other hand, the concept of 2—normed
spaces was initially developed by Géhler [7]. Recently ideal convergence in 2—-normed spaces
has been studied by Girdal [1]. As a continuation of the work provided by Girdal, Saeed
Sarabadan and Sorayya Talebi [2] defined and studied the notion of ideal convergence in 2—
normed spaces for double sequences.

In this article we continue in the same direction and studying the concept of ideal
convergence in 2—normed spaces by considering the specific type of sequences, that is double
sequence of og—bounded variation which was defined by Vakeel [3] and define some new
spaces of these double sequences by using the double sequence of moduli F = (f;;) and some
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others operators as well. In addition, we study basic topological and algebraic properties and
prove some inclusion relations on these spaces.

Definition 1.1 [7] Let X be a real vector space of dimension d, where 2 < d < oo.

A 2-normed on X is a function ||-,-|l: X X X — R which satisfying the following conditions:
(). I x;,x, ll= 0 ifand only if x;, x, are linearly dependent in X,

(“) Iy, 20 =11 x5, xq I,

(ii). I axq, x5 I= || Il xq,x, |l forany a € R,

(iv). Iy +xx U< xq, 2 |+ X, x5 |l

is called a 2—norm on X and the pair (X, II-,-Il) is called a 2—normed space over R.

Example 1.1 [1] Take X = R? being equipped with the 2-norm || x,y |l := the area of the
parallelogram spanned by the vectors x and y, which may be given explicitly by the formula

Il x,y I=|x1y2 — x291l, X = (X1,%2), ¥ = (V1,¥2)-

Definition 1.2 [2] A double sequence (x;;) in a 2-normed space (X, II-,-Il) is said to be
converge to some L € X if for every e > 0 there exists a positive integer N such that

Il x;j—LzIlI<e forall i,j= N, for every z€ X.

Definition 1.3 [2] A double sequence (x;;) in a 2-normed space (X, Il--Il) is said to be

Cauchy with respect the 2—norm if there exist a two positive integers s = s(e),t = t(e) such
that

lim || x;; — x5,z I=0  for every z€ X.

i,jooo

If every Cauchy sequence in X converges to some number L € X, then X is said to be
complete with respect to the 2—-norm. Any complete 2—normed space is said to be a 2-Banach
space.

Definition 1.4 [8] A double sequence (x;;) in a 2-normed space (X, II-,Il) is said to be
statistically convergent to L € X, if for each € > 0, for every nonzero z € X, the double natural
density of the set {i,j € N: |l x;; — L, z I= €} equal zero.

Definition 1.5 [9] Let X be a linear metric space. A function g: X — R is said to be
paranorm, if forall x,y € X,

(i). g(x)=0forallx € X,
(ii). g(—x) = g(x),
(iii). glx+y) < gx) +g(y) forall x,y € X,

If (1,,) is a sequence of scalars with 4,, = A asn — oo and x,, is a sequence of vectors
with g(x, —x) - 0asn — oo, then g(4,x — Ax) = 0asn — o0.) [10].

A paranorm g for which g(x) = 0 implies that x = 0 is called total paranorm and the
pair (X, g) is called a total paranormed space. It is well known that the metric of any linear
metric space is given by some total paranorm ([11] - Theorem 10.4.2, p. 183).

Let £, and c¢ denotes the Banach spaces of bounded and convergent sequences
x = (xy), respectively with the usual norm || x l|I= supy|xx|. Let o be a one—to—one mapping
from the set of positive integers into itself having no finite orbits for all positive integers and
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T be an operator on #, defined by T, =T(xy) = (xgu)) for all x = (xy) € . A
continuous linear functional ¢ on £, is said to be an invariant mean or s—mean if and only if:

(). @(x) = 0 where the sequence x = (x) has x; = 0 for all k.
(ii). p(e) = 1wheree ={1,1,1, ... }.
(iii). ©(Xgm)) = @(x) forall x € £,,.

By V; (see, [12]) we denote the set of bounded sequences of all whose invariant means
are equal. That is

v, = {x = (x3): Z tmr(x) =L uniformly in k,L = ¢ —limx;, (1.1)

m=1
wherem > 1,k > 0 and

xk+xa(k)+m+xam(k)

tme(x) = such that t_i, =0, (1.2)

m+1
where o™ (k) denote m!"—iterate of ¢ at k. Invariant means have recently been studied by
Ahmad and Mursaleen [13], Raimi [14] and many others. Later on, the concept of invariant
mean for double sequences was defined in [15].

Definition 1.6 A sequence x € ¢, is of o—bounded variation if and only if: ) [@mx(X)]
converges uniformly in k, lim,,_.ty, (x) which must exist, should take the same value for
all k.

By BV, we denote the space of all sequences of o—bounded variation which was
defined by Mursaleen [16] as follow:

BV, = {x € o z | @i (x)| < oo, uniformly in k ¢, (1.3)
m=1
where
Pk (X) = L (X) =tk (%), and t_q) = (1.4)

having the following properties, for any sequences x, y and scalar A,

Pmi(x +Y) = O (X) + @i (¥)-
Omic (Ax) = AP (X).

Vakeel et al. [17] developed the same space we just mentioned above to a double
sequences. Later with the help of the concept of I-convergence, Vakeel et al. [18] have
defined many different spaces related to the space BV that is being studied. For more details
see [3, 19-21].

Definition 1.7 [22] Let X be a non—-empty set. A family of sets I € 2% is said to be an ideal
in X if:

(). Qpel,

(ii). I is additive, thatisA,B el = AUB €|,
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(ii). 1 is hereditary, thatisA €, B S A= B € I.

* Anideal I € 2% is said to be non-trivial if I # 2%.

« A non-trivial ideal I < 2% is said to be admissible if I 2 {{x}:x € X}.

+ A non-trivial ideal I € 2% is said to be maximal if there cannot exist any non—trivial
ideal J # I containing I as a subset.

Definition 1.8 [22] A non-empty family of sets F < 2% is said to be a filter on X if and only
if

(i). 0 ¢F,
(ii). For A,e Fwehave ANB € F,
(iii). Foreach A € F with A € B implies B € F.

Remark 1.1 [22] For each ideal I there is a filter F(I) which corresponds to I (filter
associate with ideal I), that is

F()={K € X:K¢ €I}, where K¢ = X\K. (1.5)

Definition 1.9 [2] A double sequence (x;;) in a 2-normed space (X, Il-Il) is said to be
I —convergent to a number L € R if, for every € > 0, the set

{(L)) e NXN:|l (x;;) —LzlI= €} €1, for every z€X. (1.6)
and we write I —lim; ; Il x;5,z l= L.

Definition 1.10 [2] A double sequence (x;;) in a 2-normed space (X, II-,-Il) is said to be I-null
if, for every € > 0, the set

{(i,j) ENXN:| (xij),z 1= 6} €I, for every z € X. (1.7)
and we write I — lim; ; Il x;;,z I= 0.

Definition 1.11 [2] A double sequence (x;;) in a 2-normed space (X, Il-,-Il) is said to be I-
Cauchy if, for each € > 0, there exists a numbers s = s(€) and t = t(¢e) such that the set

{(0,)) e NXN:l (x;5) — (xs¢),z 1= €} € 1, for every z € X.

Definition 1.12 [20] A double sequence (x;;) in a 2-normed space (X, Il-,-Il) is said to be
[-bounded if there exists M > 0, such that, the set

{(i,j)) e NXN:ll x;5,z I= M} €1, for every z € X.

Definition 1.13 [20] A double sequence space E is said to be solid or normal, if (a;;x;;) € E
whenever (x;;) € E and for any double sequence of scalars (a;;) with [(a;;)| < 1, for all
(i,j) e N x N.

Definition 1.14 [20] A double sequence space E is said to be symmetric, if (xrq ) € E
whenever (x;;) € E, where 7 (i, j) is a permutation on N X N.
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Definition 1.15 [20] A double sequence space E is said to be sequence algebra, if (x;;) *
(vij) = (xi;.vij) € E whenever x;;,y;; € E.

Definition 1.16 [20] A double sequence space E is said to be convergent free, if (y;;) € E
whenever (x;;) € E and x;; = 0 implies that y;; = 0 forall (i,j) € N X N,

Definition 1.17 [20] Let K = {(igj;) E N X N:i; <i, <+ and j; <j, <} ENXN
and let E be a double sequence space. A K-—step space of E is a double sequence space

A = {x = (xyj,) €  w: x5 € E}

A canonical pre-image of a double sequence (x;_;,) € AL is a double sequence
Yij € 2 w defined by
“:{xij if i,jEK
Yij 0  otherwise.

A canonical pre—image of a step space is a set of canonical pre—images of all elements
in AE, i.e., y is in the canonical pre-image of AL iff y is a canonical pre-image of some
element x € A£.

Definition 1.18 [20] A double sequence space E is said to be monotone, if it is contains the
canonical pre—images of it is step space.

The idea of modulus function was introduced by Nakano [23] in 1953. It is defined as
a function f: [0, ) — [0, c0) satisfying the following conditions:

(1). f(®) =0 ifandonlyift =0,

(ii). ft+u) < f(t)+ f(u)forall t,u >0,
(iii). f is increasing,
(iv). f is continuous from the right at zero.

Ruckle [24] used the idea of a modulus function f to construct the sequence space

X(f) = {x = xp: =y [(Ixxc]) < o0}

The space X(f) is closely related to the space ¢, which is an X(f) space with
f(x) = x for all real x > 0. Thus Ruckle [25, 26] proved that, for any modulus f

X(f) c¥; and X()* =4,
The spaces X (f) is a Banach space with respect to the norm.

I = Y=y fIxe]) < co.
After then Kolk [27, 28] gave an extension of y(f) by considering a sequence of
modulus functions called the moduli F = (f},) and defined the sequence space:

X(F) = {x = (x): (fie(Ixee ) € X}.
From the above four properties of modulus function it can be clearly seen that f(x)

must be continuous everywhere on [0, o). For a sequence of moduli, we have further two
properties:
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supfx(t) < oo forall t > 0,

lim;_,q fx (t) = 0 uniformly in X and for k > 1.

X

Example 1.2 Let f be a function from [0, o) to [0,). If we take f(x) = ——, then the

x+1'
function £ is a bounded modulus function and if we take f(x) = xP, 0 <p < 1, then f is an

unbounded modulus function.

The following popular inequalities will be used throughout the article. Let p = (p;;)
be the bounded double sequence of positive real numbers. For any complex 4, with 0 < p;; <
H = Supi,j(pij) < oo, We have

|A|PY < max{1, |A|*}.

Let D = max{1, 2"}, then for the factorable double sequences (a;;) and (b;;) in the
complex plane, we have

|aij + bij|PY < Dfja;; [P + |by;|P}, (1.8)

forall i and j. Also |a;;|P4 < max{1, |a;;|"} for all a € C. We used the following lemmas to
establish some results of this article.

Lemma 1.1 [29] Every solid space is monotone.
Lemmal?2 LetKeF({)andM S N.If M ¢ [,then M NK €& I.

Lemmal3 fIc2NandM cN.IfM ¢ I, thenM NN ¢ I.
2. MAIN RESULTS

Let I be an admissible ideal of N X N, let F = (f;;) be a double sequence of moduli,
let (X, 1I-,-1I) be a 2-normed space, let p = (p;;) be a factorable double sequence of strictly
positive real numbers, let ,w(2X) be the space of all double sequences defined over the 2—
normed space (X, II-,-Il), then for each € > 0, we define the following new spaces of double
sequences:

2BVF[F,u,p, lI-0M] = {x = (x;;) €2 w(2X): {(i,j) E NXN:
Wii [F(l @miij(x) — L,z I)]PY = €} € 1, for some L € X and for every z € X}, (2.1)

2BV [F, u,p,I111]) = {x = (xj) €; w(2X):{(i,j) E N X N:
Wi [F (Il @miij(x),z )]PY = €} € I, for every z € X }, (2.2)

2( BV [F,u,p, 111]) = {x = (x;j) €; w(2X):{(i,j) E N X N:
3K>0s.t w[F(l @mrij(x),zI)]P4 > KY€ Lfor z€ X }, (2.3)
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2 (o BVo [F,w,p, I11]) = {x = (xi) €, @(2X): supu [F(Il @ (x), 2 I)]PY < 0} (2.4)
L]

We also denote

2 Mgy [Fou,p, 1] =2 BVS[F,u,p, I-l] Nz (wBVs[F,u,p, II-1I]),
and
Z(OMBgVO_[F) ul p) ”'1'”]) :2 (OBVO![FI u;p, "'1'"]) r12 (OOBV()'[FruJ p: ”'1'”])-

Theorem 2.1 For any sequence of moduli F the spaces of double sequence

2BV [F, w,p, 1012 BV [F, w,p, 11D, 2 Mgy, [F,w,p, 1] and 5 (oMgy, [F,w,p, 1I--11])
are linear spaces.

Proof. We shall proof the result for the space ,BV/[F,u,p, Il-,-Il]), for other spaces the proof
will follow similarly. Let x = (x;;), y = (yi;) €2 BVF[F,u,p,l--I]) be two arbitrary

elements and let a, B are scalars. Now, since x = (x;;), ¥ = (¥ij) €2 BVS[F,u,p,lI--1]),
then, there exists L,, L, € C such that the sets

Ay ={(i,)) € NX N [F(ll @mpij(x) — Ly, z )]PY < g, for every zX} €, (2.5)
Ay ={(,)) E NXN:u [F(ll @mpij(y) — La, z ID]PY < g, for every z€ X} €1,(2.6)
Since F is sequence moduli, we have,

Wi [F(Il (@@miij(x) + BPmrij (V) — (aLly + BLy) )]PL
< wj[F(Il @] (@miij(x) = L1) + |B1(@mrij (V) — L) 1D]PY
< U [F(I (@muij () = Ly) + (@mii; ) — Lz) 1)]PY (2.7)

Therefore, by (2.5), (2.6) and (2.7), we have,

{(i,/) € NX N [F(Il (@@miij(x) + Bomiij(¥)) — (aLy + BLy) = € D]}
Cl[A; UA, €l
implies that

{(.)) € NX Now [F(Il (@@mpij(x) + BOmrij(v)) — (aLly + BLy) = € D]PU} € 1.
But x = (x;;), ¥y = (vij) €2 BVJ[F,u,p,ll-ll] are arbitrary elements. Therefore

a(x;;) + B(i;) €2 BVS[F,u,p,lI--] and for x = (x;;), ¥y = (vi;) €2 BVZ[F,u,p, -]
Hence, ,BV[F,u,p, II-,-II]) is linear spaces.
Theorem 2.2 The inclusions

2(oBVI[F,w,p,II+1) €5 BV [F,u,p, I'Il] €2 (0BVI[F,u,p,1--1]) hold.

Proof. For this let us consider x = (x;;) €; (oBVI[F,u,p,lIIl]). It is obvious that it must
belong to ,BV,/[F,u,p, Il-,Il]. Consider
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Ui j[F (N @mpeij () — L,z DP9 < wii [F (N @i (%), 2 D]PY + wyi [F (I L, z 1D]PY.
Taking the limit on both sides we get

I'=Timug; [F (N @i () = L, 2 N]Pu = 0.

Hence x = (x;;) €; BV [F,u,p, lI-].
Now it remains to show that ,BV/[F,u,p,lIIl] €3 (wBVS[F,u,p,lI-,-l]). For this let
us consider x = (x;;) €, BV} [F,u,p, II--ll], then

I—llijmul-j[F(ll Omiij(x) — L,z I]PY = 0.
Consider

Ui [F (I @imieij (), 2 DP9 < wii [F (I @i () — Lz D]PY + g [F (I L, z 1)]PY.
Taking the supremum on both sides we get

supu; [F (Il @i (x), z )]PY < oo.
ij

Hence x = (x;;) €; (BV; [F,u,p, lI--1I]).
Lemma 2.1 Let f be a modulus function and let 0 < § < 1. Then for each x > §, one has

flx) <2f(1)6 x, (2.8)

Theorem 2.3 Let F = (f;;) be a sequence of moduliand 0 < in fp;; = h < supp;; = H <
oo. Then the following statements hold:

ZBVO! [ui p! ”.I.”] c ZBVO![F; u; p; ".l'"]'
2(0BVs [, I1:1]) € 2 (oBVs [F,u, p, II-1I]).

Proof. For some & > 0, choose 8, > 0 such that max{&}, §&} < 5. By the continuity of
F = (f;j) for all (i,j) € Nx N, we can choose some € € (0,1) such that for every t with
0 <t < ewehave
F(t) <6y V(i,j) e NxN. (2.9)

Let x = (x;5) €, BV}[u,p, II-,/II], then for some L > 0, § > 0 and for every z € X,

i=123,..,(n—1), we have
A={()) € NX N [(Il ormpij(x) — L,z )] = e} € 1.
Therefore for (i,j) ¢ A, we have
Ui [l @rpij (X) — L,z ID]PU < €M,

Wi [ @i (x) — L,z ID]PY < e.
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So by inequality (2.9), we have
FI(N @mpij(x) — L,z ID]PY < 8o,
[F (Il @mpij(x) — L,z D]PY < max{&§, 6} < 6,
{(i,)) € NX New; [F(Il @mpij(x) — L,z D]PY = 8} € 1.
This implies that x =€, BV[F,u,p, I+lI]. Hence BV, [u,p, II-Il] <, BVI[F,u,p, I
,/Il]. The other part can be proved similarly. The inclusion is strict as for the reverse inclusion

we need the condition given in the next theorem.

Theorem 2.4 Let F = (f;;) be a sequence of moduli if lim sup(f;;(t)/t) = A > 0 forall
(i,j)) e N XN, then

2BV [w,p, I:11] = 2BV [F,u,p, lI-1l],
2BV [u, p, II-1]) = 2(oBVZ [F,u, p, II-,-1I]).
Proof. (i) To prove BV [w,p, I/l = BV)[F,u,p, -], it is sufficient to show that
LBVI[F,u,p, I/l € ,BV)[u,p, lIll]. Let x €, BV[F,u,p, lI-Il], then, by definition, we
* Wij [F (Il @mrij(x) — L,z ID]P5 < 6. (2.10)

By the given condition lim.sup(f;;(t)/t) = A >0 for all (i,j) € NX N, we have
fij = At forall (i, ), that is,

F(l @mij(x) = L,z 1) 2 Al @mpeij(x) — L, z 1I).
Ui [F U @umrij () = L,z 1D]P5 = A" [ (Il @i (x) — L,z ID]PU. - (2.11)
from inequalities (2.10) and (2.11), we get
& > i [F(Il @muij(x) — L,z ID]PY = A" [ugj (Il @i (x) — L,z ID]PY. (2.12)
which consequently implies that
Wi [ @miij(x) — L,z D]PY < 6.
That is,
{(0,)) € NX Now; [(Il @mpij(x) — L,z NPy = 8} € 1. (2.13)
This implies that x €, BV [u,p, II-,-Il]. Hence ,BVI[F,u,p, -] S, BV [w,p, II-,-11].

Hence, from the previous theorem and inclusion (2.13), we get the required result. The other
part can be proved similarly.
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Corollary Let F* = (f;;) and F? = (f;%) be a sequence of moduli if lim,sup(f;;(t)/t) < o
for all (i,j) € N x N, then

2BVIFYL w,p, lI-01l] = 2BVI[F2u,p, I+,
2GBVAFY, w,p, 111D = 2(0BVLFZ w,p, I--11]).
Theorem 2.5 Let F! = (f;}) and F? = (f;3) be sequence of moduli, then
Z[F%,u,p, -] € Z[F*F?,u,p, |I-,1I].
ZIFY, u,p, 10 0 Z[F?,u,p, I1-:11] € Z[(F + F2),u,p, lI-,+11],
for Z =, BV{, 2(oBVS), Z(OMéVg)r ZMéVU'
Proof. For some € > 0, we choose €, > 0 such that maxel < e. Now as F! is a sequence of
moduli, we can choose & € (0,1) such that, for every t € (0,5) we get F1(t) <¢,. Let
x = (x;;) € BVF[F?u,p, ll--ll]. Then by definition, we have
A={(0)) € NXN:u [(F*(l @mij(x) — L,z ID]Pu =87} el.  (2.14)
For (i,j) & A, we get
Wi [(F2(Il @rmij(x) — L,z ID]PY < 67 implies wi;[(F2( @pmij(x) — L,z 1)]PY < 6.
Now, by the continuity of F1, we have
Fugi [F? (Il @romij(x) — L,z ID]PY] <€,
which further implies that
F* [ug; [F2(I @i () — L,z ID]Pi] < maxe” <e,
which implies that
{(i,)) € N X Now; [FYF2(ll @gmij(x) — L,z IN]PY = €} € L.
Therefore
x €, BVI[FYFZ,u,p, Il

The rest result can be proved similarly.

Let x €, BVI[FY,u,p, I-,Il] Ny BVI[F?,u,p,lI-,Il]. Then by the definition of both the
spaces, we get

Ui [FE (I @remij(x) — L,z D]PU <€,

and
Ui [F2 (1 @romij (X) = Lz D]PY < e,
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using the fact that (F* + F?)(x) < KF'(x) + KF?(x), we have

Ui [(F* + FA) @rmij(x) — Lz N]PY < Kug; [FY (I @pemij(x) — L, z IN]PY
+Kui; [F? (Il @imij(x) — L,z 1)]P4

< K(e+¢€)=2K(e) =€ (say).
So we get

{(i,j) e NxN: uij[(F1 + F2) (I Ormij(x) — L,z N]PYU = €} € I. (2.15)
Therefore we have x €, BVI[(F! + F?),u,p, lI,-lIl]. Hence we have
2BVS[F,u,p, I1-1] 0z BVF[F2,u,p, IIl] S5 BVF[(F* + F?),u,p, IIl]
The rest results can be proved similarly.

Theorem 2.6 For any sequence of moduli F and a factorable double sequence of strictly
positive real numbers  p = (p;j), the  spaces ,(oBVL[F,u,p, II-,lI]) and
Z(OMéVG [F,u,p, lI,-II]) are solid and monotone.

Proof. Let us consider ,(oBV;[F,u,p,lI--I]) and for ,(o(Mgy, [F,u,p, lI--lI]) the proof will
be similar. Letx = (x;;) €; (oBVS[F,u,p, ll--Il]) be an arbitrary element, then

I'=lim w;i[F (I @mpij (), z 1)]PY = 0.

Let a;; be a double sequence of scalars with |a;;| <1 for i,j € N. Now, F is a
sequence of moduli. Therefore

Wi [F(I a;j@mpij(x), 2 NP = i [F (Il ajj@mpij(x), z IN]PY
< wij[lai i [PUF (Il @piij (), z D]PY
= Ui [F (Il @j@miij (), 2 DIPY < u; [F (I @prij (%), 2 1D]PY, foralli,j € N

= = limug [F(I @;j@mi; (%), 2 D]PY = 0.

Thus we have a;;x;; €, (oBV; [F,u,p, lI-+lIl]). Hence ,(oBV/[F,u,p,ll-Il]) is solid.
Therefore by lemma 1.1 the space ,(oBV.[F,u,p, ll-I]) is monotone. The rest results can be
proved similarly.

Theorem 2.7 For any sequence of moduli F and a factorable double sequence of strictly
positive real numbers p = p;;, the spaces ,(oBV/[F,u,p,lI--II]) and BV, [F,u,p,l-Il] are
not convergence free.

Proof. To show this, let I = I and F(x) = x for all x € [0,0). Now consider the double
sequences (x;;) and (y;;) which is defined as follows:

Xij = 55 and yij=i+j, forallij€eN.
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Then we have (x;;) belong to both ,(oBV; [F,u,p, lI--Il]) and BV, [F,u,p, lI--l], but
(y:;) does not belong to ,(oBV,[F,u,p,lI--Il]) and BV, [F,u,p,l--ll]. Hence, the spaces
2 (oBVA[F,u,p,lI-]) and ,BVI[F,u,p, Il-,ll] are not convergence free.

Theorem 2.8 The spaces ,BV,)[F,u,p,|l-Il] and ,(oBV,}[F,u,p, ll-,Il]) are sequence
algebra.

Proof. Let x = (x;;),¥ = (vi;) €2 (oBVS[F,u,p, lI--1I]) be any two arbitrary elements, such
that
I—ilijmuij [F (Il @mrij(x), z I1)]PY = 0,

I — liir]nuij[F(” Omkij V), z D]PY = 0.

Ui [F (Il @miij(xy), 2 D]PY < i [F (I @i j () @i (), z )P

Therefore,
{(i,)) € NX N:w [F(Il @mrij(xy), z D]PY = €} € 1.

= 1= I%rjnuij [F (I @mkij () Pmiij ), z 1)]P4 = 0.

Therefore we have (x;;y;;) € (oBVI[F,u,p,lI--1]). Hence ,(oBVE[F,u,p, lI--I]) is
sequence algebra. The rest results can be proved similarly.

Theorem 2.9 For any sequence of moduli F and a factorable double sequence of strictly
positive real numbers p = (p;;), the spaces ,BV;[F,u,p, lI--lI] and ,M3py [F,u, P, |I--II] are
neither solid nor monotone in general.

Proof. Here we give counter example for establishment of this result. Let X =, BV} and
ZMéVU- Let us consider I = I and F(x) = x, for all x = (x;;) € [0, %). Consider, the K-
step space Xg[F,u,p, ll-,-Il] of X[F,u,p, Il-,-Il] defined as follows:

Let x = (x;;) € X[F,u,p, lI-,-Il] andy = (vij) € Xk[F,u,p, lI-l] be such that

y _{xij, if i,j is even
H 0, otherwise .

Consider the double sequence (x;;) defined by (x;;) =1 for all i,j € N. Then
x = (xij) € BVF[F,u,p,lI--I] and Mgy [F,u,p, |l-Il], but K-step space pre-image does
not belong to BV, [F,u,p,l--I] and Mgy [F,u,p,lI--I]. Thus ,BV/[F,u,p,Il-I] and
2 My [F,u,p, |I--Il] are not monotone and hence they are not solid.
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6. CONCLUSIONS

In this present paper we have defined and introduced some spaces of [—convergent
double sequences of o—bounded variation, that is

BVO![F! u, pr ”';'”])) Z(OBVO![F, u, p; ”';'”]), Z(OOBVO![F! u, p, "','”]), Z(OOBVO'[FJ u, p, "','"])

over 2-normed spaces by using different operators. In addition, we studied some basic
topological and algebraic properties of these spaces. These definitions and results provide new
tools to deal with the convergence problems of double sequences occurring in many branches
of science and engineering.

Acknowledgements: The authors would like to record their gratitude to the reviewer for
her/his careful reading and making some useful corrections which improved the presentation
of the paper.
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