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Abstract. In this paper, we implemented an improved tanh function Method for some
exact solutions of (3+1)-dimensional Shallow water wave equation and (2+1)-dimensional
fifth-order nonlinear equation.
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1. INTRODUCTION

Nonlinear partial differential equations (NPDES) have an important place in applied
mathematics and physics [1, 2]. There are some analytical methods for solving these
equations in the literature [3-8]. Besides these methods, there are many methods which reach
to solution by using an auxiliary equation. Using these methods, partial differential equations
are transformed into ordinary differential equations. These nonlinear partial differential
equations are solved with the help of ordinary differential equations. These methods are given
in [9-16].

We used the improved tanh function method to find the exact solutions of the (3 + 1) —
dimensional shallow water wave equation (SWWE) and (2+1)-dimensional fifth-order
nonlinear equation in this study. This method is presented by Chen and Zhang [9].

2. ANALYSIS OF METHOD

Let's introduce the method briefly. Consider a general partial differential equation of
two variables,

OV, Ve, Uy, Uy ) = 0, 1)
and transform Eq. (1) with
v(x, t) = v($), o= k(x — Bt)

here k and [ are constants. With this conversion, we obtain a nonlinear ordinary differential
equation for v(¢),
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o'W, v v",.)=0. 2
We can express the solution of equation (2) as below,

v(¢) = Liloa:iF' (), 3)

here is M a positive integer and is found as the result of balancing the highest order linear
term and the highest order nonlinear term found in the equation.

If we write these solutions in equation (2), we obtain a system of algebraic equations
for F(g).F*(@)....F'(8) after, if the coefficients of F{g).F*(@)....F (@) are equal to zero, we
can find the k.8 ag.ay.....a, constants.

The basic step of the method is to make full use of the Riccati equation satisfying the
tanh function and to use (g}, solutions. The Riccati equation required in this method is given
below

F'(¢) = A+ BF(¢) + CF?*(¢). 4)

. drlig)
Here, F'(g) = —

as the following [9].

and A.EB and ¢ are constants. The authors expressed the solutions

Example 1. We consider the (3+1)-dimensional shallow water wave equation,
Vxzt T Uxxxyz — vaxvyz - 2vyvxxz - 4vaxyz - 4'szvxy = 0. (5)

Using the traveling wave solution v(x,t,y,z) = v(@), @ = k(x + ay + fz — wt) for
equation (5), we get

—Bwv"" + k2afv® — 6kaB(v'")? — 6kafv'v'"0, (6)
balancing (v'")? v'v"" with v gives M = 1. The solution is as follows:
v =ay+ a,F(D). @)

(7) is substituted in equation (6). We obtain a set of equations for k,w,a,,ay, a,. The
obtained systems of algebraic equations are as follows:

—Aa;B*wf — 24%a,Cwp — 12A%a?B?kaf — 12A3a?Ckaf + Aa,B*k?apf +
22A%B%a,Ck?ap + 16A3a,C%k?*af = 0,

—a,B3wf — 84a,BCwp — 24Aa?B3kaf — 84A%a?BCkaf + a,B k*af +
52AB3a,Ck?af + 136A%a,BC?*k?ap = 0,

—7a,B*>Cwf — 84a,C*wp — 12a?B*kaf — 156Aa?B?*Ckaf — 84A%aiC?*kap +
31B*a,Ck?ap + 292Aa,B*C*k?af + 136A4%a,C3k?ap = 0,

—12a,BC?*wp — 84a?B3Ckaf — 264Aa?BC?kaf + 180a,B3C%k%af +
480Aa, BC3k2ap = 0,

—6a,C3wp —192a2B%C%kaf — 1324a%C3kaf + 390a,B2C3k?af + 240Aa,C*k?*ap = 0,
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—180a?BC3kap + 360a,BC*k%ap = 0,
—60a?C*kaf + 120a,C°k%ap = 0. (8)

If the system is solved, the coefficients are found as

a;

C+0w=w,pB=0, a0=0,k=§

,a,(2Aa, — B2k) # 0,

a=——= ___ wB£0, )

a,(2Aa;—B%k)

with the help of the Mathematica program. After these operations, the solutions of equation
(5) are found as follows:

Solutions 1

vy =a, [coth (—alx - aﬁly —a,.fz+ alwt) + cosech (—alx - aily —a,fz+ alwt)]

v, = [tanh (—alx - aiy —a.fz + alwt> + isech (—alx - aly —a.fz + alwt)] (10)
1 1
Solutions 2

V3 = ay |sec (alx - aﬁly +a,fz — alwt) + tan (alx — aﬁly +a,fz — alwt)]
Vs = ay |cosec (alx - ally + a0z — alwt) —cot (alx — aily +a,0z — alwt)]

Vs = a4 |cosec (—alx + aiy —a.fz + alwt) + cot (—alx + aﬁy —afz+ alwt)]
L 1 1

Vg = a4 |Sec (—alx + aﬁy -z + alwt) —tan (—alx + aiy -—afz+ alwt)] (11)
| 1 1

Solutions 3

— A, w4 e
v7—a1tanh( > X =2y 2ﬁz+zwt)

v8=a1c0th(—%x—%y—%ﬁz+%wt) (12)
Solutions 4
aq w aq aq
Vg :altan(7x—2—aly+7ﬁz—7wt) (13)
Solutions 5
— _% w4 et 14
Vip = aqc0t 2x+2a1y 2,82+2Wt (14)
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Example 2. We consider the (2+1)-dimensional fifth-order nonlinear equation,
VUter — vtyyyy — Vtxx — 417yy17yt - 4vyvyyt = 0, (15)

Using the traveling wave solution v(x,y,t) = v(@), @ = k(x + ay — pt) for
equation (15), we get

30" + k2a*Bv) + 4kaB(v")? + 4ka*pv'v™" = 0, (16)
balancing (v'")? v'v"" with v® then gives M = 1. The solution is as follows:
v =ay,+ a,F(9), (17)

(17) is substituted in equation (16). We obtain a set of equations for k,a,f,ay, a;. The
obtained systems of algebraic equations are as follows:

Aa;B%pB + 2A%a,CB + 8A%a?B%ka3f + 8A%3a?Cka’p + Aa,B*k?*a*p +
22A%B?%a,Ck?*a*p + 16A3a,C*a*af — Aa;B*B3 — 24%a,CB3 = 0,

a;B3B + 84a,BCP + 16Aa?B3ka3p + 56A%aiBCkap + a,B°k*a*p +
52AB3a,Ck*a*B + 136A%a,BC?k*a*p — a, B3B3 — 84a,BCR3 =0,

7a,B*CB + 84a,C?pB + 8a?B*kap + 104Aa?B*Cka’3p + 56A%a%C%ka3p + 31B*a,Ck?*a*p +
292Aa,B*C*k?a*p + 1364%a, C*k*a*f — 7a,B*Cf* — 8Aa, C25° = 0,

12a,BC?B + 56a?B3Cka3f + 176Aa?BC%*ka3f + 180a,B3C%*k?*a*p +
4804a, BC3k2a*B — 12a,BC2B3 = 0,

6a,C3wp + 128a?B2C%ka3p + 884a2C3ka®p + 390a,B*C3k?a*p +
2404a,C*k2a*B — 6a,C3B% = 0,

120a2BC3ka3B + 360a,BC*k2a*B = 0,
40a?C*ka®p + 120a,C°k?a*p = 0. (18)

If the system is solved, the coefficients are found as

Ck #0, ﬁ=J1+B2k2a4+§Aa1ka3,a0 =0, a=—2,a,#0. (19)

with the help of the Mathematica program. After these operations, the solutions of equation
(15) are found as follows,

Solutions 1

v, =a [coth (kx + =y - (— ’81 + 16a1)t> + cosech (kx +=y - (21/ 16a1)t>l
v, = ay [tanh <kx + Zaly (— /81 + 16al)t) + isech <kx + 2aly ( / 16a1)t>] (20)
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Solutions 2

v3 = a4 [sec <kx — Zgﬂy — (g f8 16al)t) + tan (kx

vy = a, |cosec (kx — 2y — (81— 16“1)t) — cot (kx ~2ay, (& 81— 16“1)t>
vs = a, |cosec <kx +2y - (5 [81- 16611)t) + cot (kx +2y- ¢ /81 - 16“1)t)

Ve = a, |sec (kx + ﬂy (% /8 16a1)t> — tan (kx

Solutions 3

v, = a tanh <kx + %y — (g 81+ 4al)t)
a; k 4af
Vg = alcoth<kx+?y—(; 81 + )t>

Solutions 4

vy = aqtan <kx - %y - (g 81 — 46ll)t)

Solutions 5

Vi = a cot (kx + %y - (g 81— 4al)t)

o

+iy /81—%)t>] (21)

(22)

(23)

(24)

3. GRAPHS AND NUMERICAL EXPLANATIONS OF SOME SOLUTIONS

The (3+1)-dimensional shallow water wave equation: The shapes of Eqs.(10)-(12) and
(16) are represented in Figs. 1-3 within the interval —10 = x = 10, -1 = t = 1. The (2+1)-
dimensional fifth-order nonlinear equation: The shapes of EQs.(27),(32) and (33) are

represented in Figs. 4-6 respectively, within the interval
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Figure 1. i) The 3D surfaces of Eq. (10) for a; =1.w = 3,8 = 1.v = 1.z = 1. ii) The 2D surfaces of Eq.
(10)fora; =l,.w=3.f=1ly=1Lz=1landt=1

i) i)
Figure 2. i) The 3D surfaces of Eq. (12) fora; =1,w = 3,8 = 1.y = 1.z = 1. ii) The 2D surfaces of Eq.
(12)fore; =l,w=3,f=1ly=1lLz=1landt=1

i) i)
Figure 3. i) The 3D surfaces of Eq. (16) for a; =1,w = 3,8 = 1.y = 1.z = 1. ii) The 2D surfaces of Eq.
(16)foray =1L, w=3,f=1Ly=1lz=1landt=1
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-10 -5 5 10

i i)
Figure 4. i) The 3D surfaces of Abs( Eq. (27)) for @ = 2.¥ = L.k = 1. jj) The 2D surfaces of Abs( Eq.
@7)fora: =2y =Lk =1gpdt=1.

i) i)
Figure 5. i) The 3D surfaces of Eq. (32) for a; = 2, ¥ = 1.k = 1. ii) The 2D surfaces of Eq. (32) for
=2, y=1k=1landt= 1

-10|
~15"

i) i)
Figure 6. i) The 3D surfaces of Eq. (33) for a; = 2,¥ = 1,k = 1. ii) The 2D surfaces of Eq. (33) for
a, =2, y=1k=1andt = 1.
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4. CONCLUSION

We used the improved tanh function method to find the exact solutions of the (3+1)-
dimensional shallow water wave equation (SWWE) and (2+1)-dimensional fifth-order
nonlinear equation. This method has been successfully applied to solve some nonlinear wave
equations and can be used to many other nonlinear equations or coupled ones.
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