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Abstract. In this paper, we deal with the next difference equation 
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where ,a b    and the initial conditions  , 1,2, ,6 ,ix i   are real numbers. Also, we give 

the form of well-defined solution of aforementioned difference equation. Finally, we study the 

asymptotic behavior of well-defined solution of this equation by using obtained formulas. 
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1. INTRODUCTION  

 

 

 Our aim in this study is to show that the following difference equation  
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  (1.1)  

 

where  ,a b   and the initial conditions  , 1,2, ,6 ,ix i   are real numbers, is solvable in 

closed-form by using suitable transformation. Also, it is to study the asymptotic behavior of 

well-defined solution of Eq. (1.1). 

In recent years, due to important the theory and applications of difference equations 

and system of difference equations to physics, economy, ecology, biology and so forth, one 

can see the citation in [1-11], to find the difference equation or their system which can be 

solved in closed form have been studied extensively in the following articles [12-30]. Besides, 

it is very important to characterize the behavior of the solutions of these equations and 

systems. Although many methods are proposed by researchers, the most basic method to do 

this is to find a closed formula of the solution of the equation or system and analyze it. For 

example, Tollu et al. [23] studied the solutions of two specials types of Riccati difference 

equations  
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such that the obtained solutions are related to Fibonacci numbers. Cinar, in [13, 31], got the 

form of solutions of the next difference equations  
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Elsayed, in [14, 16], investigated the behavior and expression of the solutions of the 

following difference equations  
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Touafek et al. [25], studied the solution form of the next difference equations systems  

 

       
   

2 4 3 4
1 1

1 2 4 1 2 3 4

and .
1 1

n n n n
n n

n n n n n n n n

x x x x
x x

x x x x x x x x

   
 

      

 
   

  

 

The paper is organized as follows. In section 2, we will give the solution form of Eq. 

(1.1)  by using suitable transformation. Later, we will study the asymptotic behavior of well-

defined solution of Eq. (1.1) according to the parameters a and b. In section 3 we will present 

numerical examples for the solution of Eq. (1.1) regarded to the different values  a and b. The 

obtained solutions are plotted in    , nn x -plane by using Mathematica 9. 

 

 

2. MAIN RESULTS 

 

 

The aim of this section is to show that Eq. (1.1) can be solved in closed form. Another 

aim of this section is to investigate the behavior of the solution of Eq. (1.1). Throughout this 

paper we suppose that the general solution of Eq. (1.1) is well-defined. 

 

Theorem 2.1. Suppose that  
6n n

x


 is a well-defined solution of Eq. (1.1).  Then, for  

1m    and   2,3,4,5 ,j  we have   
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 If 1,a   and  
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If 1,a   where 
1 1 2 3 4 2 2 3 4 5,X x x x x X x x x x            and 3 3 4 5 6.X x x x x       

 

Proof. By means of the change of variables   
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the equation in (1.1) becomes    

 3 0, .n ny ay b n     (2.2) 

 

 From (2.2), we can write  
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 By employing the well-known formula for the solution of linear difference equations, 

we get   

 
1

1

3 3 0

1
, ,

1

m
m

m i i

a
y y a b m

a




 


  


  (2.4) 

 If 1,a   and 

  3 3 01 , ,m i iy y m b m       (2.5) 

 

 If 1.a   From the change of variables (2.1), we get the equation   
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 1 0,1,2,3 ,i   from which it follows that 
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for each  2,3,4,5j  and  0,1,2i   and every 1.m    Using (2.4) and (2.5) in (2.7) we 

can write the solution of Eq. (1.1) as follows   
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If 1,a   where 
1 1 2 3 4 2 2 3 4 5,X x x x x X x x x x            and 3 3 4 5 6.X x x x x     ■  

  

The following results follow from above Theorem. 
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where 
1 1 2 3 4 2 2 3 4 5,X x x x x X x x x x            and 3 3 4 5 6.X x x x x     ■ 

 

Corallary 2.3. Let   
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 be a well defined-solution of Eq. (1.1) with 0a   and 0b  . 

Then, for 1m   and 6,7,...,17k  , we get 
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for every  {2,3,4,5}j , from which along with Theorem 2.1, the result can be seen easily. 

(b)-(d): We will exclusively prove (b) since the others can be proven similarly. When | | 1,a    
1

1
a

b
X 

  , 1
2

a
b

X 
   and 1

3 ,a
b

X 
    we get  

 

 3 3 1 3 2

3

1
lim , lim , limj j j

m m m
m m m

w w a w a
a

 

  
     (2.12) 

 

for every  {2,3,4,5}j , from which along with Theorem 2.1, the results in (b) can be 

obtained easily.  
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for every  {2,3,4,5}j , from which along with Theorem 2.1, the results in (e) follow easily.  
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The results follow from (2.14) - (2.16) and the condition  | | 1.a   
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from which the result easily follows.  

(k): For each  {2,3,4,5}j   and suffciently large m, we obtain 
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x C m e

x C m e
1 1

210 ,

m

s s

  (2.19) 

 

32 1

32 1

1 2

0 1 2

2 3 1

12 3 2 3 10

0 1 2 3

11 ( 1) 1 ( 2)

44 4

3 10 3 0 1 ( 1) 1 1
1 4 4

1 4 1 1 4 1 4 2

1 4 1 1 4 1 4 1

11 1
( )

1 1 1

m

m j j

s

jbXj bX j bX
m

sbXsbX sbX

j j bX jbX
s m sbX sbX

s j bX s j bX s j bX
x x

s j bX s j bX s j bX

x C m
3

3

0

1 1
4 210

1 1
4 10

( 1)

4

3 10 3 0 2 2 2
1

ln 1

3 10 3 0

3 10 3 0

1 1 1 1 3 1
( ) 1 1 1

4 4 4

( )

( )

m

ss m s

m

s m

j bX

sbX

m

j

s m

j

j

x C m
s s s s s s

x C m e

x C m e
1
2

.
s s

  (2.20) 

 

  From (2.18) -(2.20) and employing the fact that 
1 1 1

1m

j j
 as ,m  then the 

statement can be seen easily.■ 

 

The following theorem gives the behavior of well-defined solution of Eq. (1.1) in the 

case 1, 0.a b  
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Theorem 2.5. Suppose that  
1 11, 0, 0, 1,2,...,6,ia b x i   and 

6n n
x  is a well-

defined solution of Eq. (1.1). Let  1 2 3 4 1,i i i i iN bx x x x   for  0,1,2i   and  1,2.t   

Then the next statements hold. 

a) If 2
1 2 3 ,

b
X X X  , then 

6n n
x  is twelve-periodic.  

b) If  2
2 3 b

X X  and 
0| | 1,N  then 12 6 2m t ix  and 12 6 2 1 0,m t ix  as 

.m  

c) If  2
2 3 b

X X  and 0| | 1,N  then 12 6 2 0m t ix    and 12 6 2 1 ,m t ix  as 

.m  

d) If 2
1 3 b

X X  and 
1| | 1,N  then  

12 6 2 0m t ix  and 12 6 2 1 ,m t ix  as 

.m  

e) If 2
1 3 b

X X  and 1| | 1,N  then 12 6 2m t ix  and 12 6 2 1 0,m t ix  as 

.m  

f) If 2
1 2 b

X X   and 2| | 1,N  then 12 6 2m t ix  and 12 6 2 1 0,m t ix  as 

.m  

g) If  2
1 2 b

X X  and 2| | 1,N  then 12 6 2 0m t ix  and 12 6 2 1 ,m t ix  as 

.m  

h) If 2 2 2 1 1
1 2 3 2 3, , , ,

b b b b b
X X X X X  and 1

2
| | 1,

N

N
 then 12 6 2 0m t ix  

and 12 6 2 1 ,m t ix  as .m  

i) If 2 2 2 1 1
1 2 3 2 3, , , ,

b b b b b
X X X X X  and 1

2
| | 1

N

N
 , then 12 6 2m t ix  

and 12 6 2 1 0,m t ix  as .m  

j) If  2
1 b

X  and 1

2
1,

N

N
then 

6n n
x  is twelve-periodic.  

k) If  2
1 b

X  and 1

2
1,

N

N
 then 

6n n
x  is twenty four-periodic.  

l) If 2 2 2 1 1
2 1 3 1 3, , , ,

b b b b b
X X X X X   and 0 2| | 1N N  , then 

12 6 2m t ix  and 12 6 2 1 0,m t ix  as .m  

m) If 2 2 2 1 1
2 1 3 1 3, , , ,

b b b b b
X X X X X  and 0 2| | 1,N N  then 12 6 2 0m t ix  

and 12 6 2 1 ,m t ix  as .m  

n) If  2
2 b

X  and 0 2 1N N  , then 
6n n

x  is twelve-periodic. 

o)  If  2
2 b

X  and 0 2 1N N  , then  
6n n

x  is twenty four-periodic.  

p) If  2 1 1
3 1 2, ,

b b b
X X X  and  0

1
| | 1,

N

N
 then 12 6 2m t ix  and 

12 6 2 1 0,m t ix  as .m  

q) If  2 1 1
3 1 2, ,

b b b
X X X  and 0

1
| | 1,

N

N
 then 12 6 2 0m t ix  and 

12 6 2 1 ,m t ix  as .m  

r) If 2
3 b

X  and 0

1
1

N

N
 , then 

6n n
x  is twelve-periodic.  

s) If  2
3 b

X  and 0

1
1

N

N
 , then 

6n n
x   is twenty four-periodic,  

where 1 1 2 3 4 2 2 3 4 5,X x x x x X x x x x            and 3 3 4 5 6.X x x x x      
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Proof.  

(a): From Theorem 2.4.-(i), the result can be seen easily. 

In here, we will prove the items (b)-(c) since (d)-(e) and (f)-(g) can be proved similarly. 

(b)-(c):When  2
2 3 b

X X  and 2
1 b

X , from Corollary 2.3. we have that 

 

1
1 1

1 1

4

3 121 1

12 3 3 12 14 1
2 ( 1)0 1 1
2 ( 1)

2 ( 1)
,

2 ( 1) j

j

s jm
j

m j j ms j
bX bXs
bX bX

xbX bX
x x

bX bX
  (2.21) 

 

2
1 1

1
1 1

4 1

3 111 1

12 3 1 3 11 14 2
2 ( 1)0 1 1
2 ( 1)

2 ( 1)
,

2 ( 1) j

j

s jm
j

m j j ms j
bX bXs
bX bX

xbX bX
x x

bX bX
  (2.22) 

1
1 1

2
1 1

4 2

3 101 1

12 3 2 3 10 14 1
2 ( 1)0 1 1
2 ( 1)

2 ( 1)
.

2 ( 1) j

j

s jm
j

m j j ms j
bX bXs
bX bX

xbX bX
x x

bX bX
  (2.23) 

 

 In here there are two cases to be considered. 

 j is even case: In this case we have 

 

            
2 1

1 1

2
1 1

6 12 6 12
12 6 1 1

2 ( 1)
1

2 ( 1)

,
1t

t

t t
m t m m

bX bX

bX bX

x x
x

bX
  (2.24) 

 

             
2 2

1 1

2 1 1
1 1

6 11 6 11
12 6 1 1 1

2 ( 1) 1
1

2 ( 1)

,
t

t

t t
m t m m

bX bX
bX

bX bX

x x
x   (2.25) 

 

              
2 1

1 1

2 2
1 1

6 10 6 10
12 6 2 1 1

2 ( 1)
1

2 ( 1)

,
1t

t

t t
m t m m

bX bX

bX bX

x x
x

bX
  (2.26) 

 

      where  2j t   and  {1,2}.t  

 j is odd case: In this case we get   

 

              
2

1 1

2 1 1
1 1

6 9 6 9
12 6 3 1 1

2 ( 1) 1
1

2 ( 1)

,
t

t

t t
m t m m

bX bX
bX

bX bX

x x
x   (2.27) 

 

               
2 1

1 1

2
1 1

6 8 6 8
12 6 4 1 1

2 ( 1)
1

2 ( 1)

,
1t

t

t t
m t m m

bX bX

bX bX

x x
x

bX
  (2.28) 

 

               
2 2

1 1

2 1 1
1 1

6 7 6 7
12 6 5 1 1

2 ( 1) 1
1

2 ( 1)

,
t

t

t t
m t m m

bX bX
bX

bX bX

x x
x   (2.29) 

 

where  2 1j t   and  {1,2}.t  
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From (2.24)-(2.29), the results can be seen easily. 

(h)-(k): When  2 1 1 2 2
1 2 3 2 3, , , , ,

b b b b b
X X X X X  and from Corollary 2.3., we 

have  

 

1 2
3 3 2 2

1 2
2 2 3 3

4 1 4 2

2 2 3 3

12 3 3 12 4 1 4 2
0 3 3 2 2

3 12

1 1
2 ( 1) 2 ( 1)

2 ( 1) 2 ( 1)

2 ( 1) 2 ( 1)

2 ( 1) 2 ( 1)

,
j j

j j

s j s jm

m j j s j s j
s

j

m m
bX bX bX bX

bX bX bX bX

bX bX bX bX
x x

bX bX bX bX

x   (2.30) 
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2 ( 1)2 ( 1)
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x   (2.31) 
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s

j
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bX bX bX bX

bX bX bX bX

bX bX bX bX
x x

bX bX bX bX

x   (2.32) 

 

 Similarly, in here there are two cases to be considered. 

 

 j is even case: In this case we have 

 

           

2 1 2 2
3 3 2 2

2 1 2 2
2 2 3 3

3

2

6 12
12 6 1 1

2 ( 1) 2 ( 1)

2 ( 1) 2 ( 1)
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1
1

1

,
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t
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t
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bX

x
x
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  (2.33) 

 

           

22 1
3 32 2

2 1 2 2
3 3 2 2

2
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,
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t
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bX bXbX bX

bX bX bX bX

t
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  (2.34) 
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3

2
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2 ( 1) 2 ( 1)
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t
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t
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x
  (2.35) 
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where 2j t  and {1,2}.t  

 

 j is odd case: In this case we get   

 

           

2 2 2 1
3 3 2 2

2 2 1
2 2 3 3

2

3
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12 6 3 1 1

2 ( 1) 2 ( 1)
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t
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3
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2 ( 1) 2 ( 1)
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t
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2

3
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12 6 5 1 1

2 ( 1) 2 ( 1)

2 ( 1) 2 ( 1)
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,
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t
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t

m
bX

bX

x
x

x
  (2.38) 

 

where 2 1j t  and {1,2}.t  

 From (2.33)-(2.38), the results can be obtained easily. 

 The proofs of (l)-(o) and (p)-(s) can be proved similar to the proof of (k)-(l). So we 

will omit them here.■ 

 

Finally we investigate the asymptotic behavior of solution of Eq. (1.1) when 

0, 0,a b  by employing the following formulae, for the case  1, {0,1,2}a i   

 

 
12 3 3 12 0

0

1
, ,

m

m j i j i

s

x x m
a

  (2.39) 

 while for  1,a  

 
12 3 3 12 0, .m j i j ix x m   (2.40) 

 

 By using above formulae, we give the following theorem. Proof of the theorem can be 

seen easily from (2.39)-(2.40). 

 

Theorem 2.6. Let 0, 0a b  and 
6n n

x  be a well defined solution of  Eq. (1.1). Then, 

the next statements hold. 

a) If | | 1,a  then 0mx  as .m  

b) If | | 1,a , then mx  as .m  

c) If 1,a  then  
6n n

x  is twelve-periodic. 

d)  If 1,a  then 
6n n

x  is twenty four-periodic. 
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3. NUMERICAL EXAMPLES 

 

 

For confirming the results of this paper, we give numerical examples for the solution 

of  Eq. (1.1) regard to the different values of  a and b.   

 

Example 3.1. Consider the equation (1.1) with the initial values 6 15.71x ,  

5 4 3 2 187.76, 48.97, 12.23, 0.45, 97.01x x x x x . Moreover, we take the 

parameters  2.27, 1.34,a b  i.e.,  

 

 
In this case the condition (a) in Theorem 2.4 is satisfied. Hence, the solution of Eq. (1.1)  tend 

to zero. 

 

Example 3.2. Consider the equation (1.1) with the initial values  6 52.25, 0.64,x x  ,  

4 3 2 13.75, 1.52, 2.91, 3.64.x x x x  Moreover, we take the parameters  

0.5, 2,a b  i.e., 

 

 
In this case the condition (h) in Theorem 2.4 is satisfied. Thus the sequence  

012( )m i mx   

converge for every  0,11i  . 
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Example 3.3. Consider the equation (1.1) with the initial values 6 50.8, 0.5,x x    

4 3 2 110, 0.1, 1, 2.x x x x  Moreover, we take the parameters 1, 5a b , i.e.,  

                
 

In this case the condition (q) in Theorem 2.5 is satisfied. Thus some of subsequence of the  nx   

sequence converge to zero and simultaneously the absolute value of the others diverge to 

infinity. 

 

Example 3.4. Consider the equation (1.1) with the initial values 6 53.47, 0.7,x x  

4 3 2 11.97, 1.2, 0.45, 3.01.x x x x  Moreover, we take the parameters  

1, 1.5,a b   i.e., 

 

 
 

In this case the condition (k) in Theorem 2.4 is satisfied. Thus, the solution of Eq. (1.1)  tend 

to zero. 

 

Example 3.5. Consider the equation (1.1) with the initial values  6 50.85, 9.68,x x  ,  

4 3 2 11, 14, 0.5, 0.2.x x x x  Moreover, we take the parameters  1, 0,a b   

i.e., 
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In this case the condition (d) in Theorem 2.6 is satisfied. Hence, the solution of Eq. (1.1) has a 

periodic solution with period twenty-four. 
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