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Abstract. In this paper, Pseudo-Jacobi matrix polynomials are introduced, starting
from the hypergeometric matrix representation. Some properties of these matrix polynomials
such as generating matrix functions, Rodrigues’ formula, matrix recurrence relations and
expansions are deduced.
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1. INTRODUCTION

The classical Jacobi polynomials have been used extensively in mathematical analysis
and practical applications (see for instance [1, 2]). In the recent papers, matrix polynomials
have significant emergent. Some results in the theory of classical orthogonal polynomials
have been extended to orthogonal matrix polynomials [3]. In [4], these matrix polynomials are
orthogonal as examples of right orthogonal matrix polynomial sequences for appropriate right
matrix moment functionals of integral type. Recently, Jacobi matrix polynomials have been
introduced and studied in [3, 5, 6]. Our main aim in this paper is introduce and study of the
Pseudo-Jacobi matrix polynomials. The generating matrix functions, Rodrigues’-type
formula, matrix recurrence relations and expansions these new matrix polynomials are
obtained. In the due course, we observe that some these results the extended matrix versions
for [7].
Throughout this paper, the set of all eigenvalues of matrix A in
is denoted by  (A) .
We say that a matrix A in
is a positive stable if Re( ) > 0 for all   (A) [6,8, 9].
1
The reciprocal Gamma function denoted by  1 ( z ) =
is an entire function of the
( z )
complex variable z . Then the image of  1 ( z ) acting on A denoted by  1 ( A) is a welldefined matrix. Furthermore, if

A  nI is invertible for all integer n  0,

(1.1)

then (A) is invertible, its inverse coincides with  1 ( A) and from [10, 11], one gets
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( A)n =
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A( A  I )...( A  (n  1) I )

(1.2)

= ( A  nI )1 ( A); n  1; ( A)0 = I .
Definition 1.1 [3, 8, 12] Let A , B and C be a matrices in
, such that C  nI is
invertible for all integer n > 0 the hypergeometric matrix function is given by

( A)n ( B)n [(C )n ]1 n
z.
n!
n >0

F ( A, B; C; z ) = 

(1.3)

Definition 1.2 [3] Let A , B, C and C ' be a matrices in
, such that C  nI and C ' nI
are invertible for all integer n > 0 the Appell’s matrix function F4 is given by


F4 ( A, B; C , C '; z, w) =

 ( A)

m n

m, n 0

( B)m n [(C )m ]1[(C ')n ]1

zm wn
.
m !n !

(1.4)

Definition 1.3 [3] Let A and B be a matrices in
, such that B  nI is invertible for all
integer n > 0 the Humbert matrix function 3 is given by

3 ( A; B; z, w) =





m,n 0

( A)m [( B)m n ]1

zm wn
.
m !n !

(1.5)

2. DEFINITION AND SOME GENERATING MATRIX FUNCTIONS

Starting, we introduce Pseudo-Jacobi matrix polynomials

as follows:
(2.1)

where

satisfying the following conditions
Re(z)>-1 for all z in  (A) ,
Note that

Re(z)>-1 for all z in  ( B)

is a matrix polynomial of degree

and AB=BA.

in the form
(2.2)

Applying Euler's transformation (cf. [3, 13]) to (2.1), we have
(2.3)
According to (2.1) and (2.3) Pseudo-Jacobi matrix polynomials
following finite series:
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And

Next, the following generating matrix functions for Pseudo-Jacobi matrix polynomials
:

(2.6)
-

(2.7)

(2.8)

where
Proof of (2.6): Using (2.5), we find that
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Further simplification yields

This completes the proof of (2.6).
Proof of (2.7): From L.H.S of (2.7) and using the definition (2.5) of Pseudo- Jacobi matrix
polynomials, we get

Applying Kummer's second matrix formula [13] and (1.5), we have

This leads us to the required result.
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Proof of (2.8): From (2.5) and (1.4), we see that

In fact, we have

Now, we have the result

where P and Q are matrices

satisfying the following conditions

Re(z)>-1 for all z in  ( P) ,

Re(z)>-1 for all z in  (Q)

and PQ=QP.

Taking
.
Let

with the following relations

Using (2.11), we get
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Similarly

Also,

Therefore, we obtain

Hence,
.
So that (2.9) and (2.10), imply

Or

where

. This given the proof of (2.8).

3. THE RODRIGUES-TYPE FORMULA AND RECURRENCE RELATIONS

Two more basic properties of the Pseudo-Jacobi matrix polynomials
developed in this section. First, the Rodrigues’-type formula of
is given by

are

.
The proof of this formula is similar to the proof of the Theorem 4.1 of [6].
Second, some matrix recurrence relations for the Pseudo-Jacobi matrix polynomials
are given as follows:
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and

Also, we have

where

.

and

4. SOME EXPANSIONS OF MATRIX POLYNOMIALS

In this section, we present some expansions for the matrix polynomial
as follows:
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