Journal of Science and Arts Year 19, No. 4(49), pp. 859-868, 2019

ORIGINAL PAPER

SOME INTEGRAL TRANSFORM OF THE GENERALIZED FUNCTION

Gp,n,r [a; Z]

SEEMA KABRA!, HARISH NAGAR!

Manuscript received: 05.08.2019; Accepted paper: 15.11.2019;
Published online: 30.12.2019.

Abstract. This paper refers to the study of generalized function G, ,,[a, z]. Using
generalized function G,,.[a,z] defined in [2], we derive various integral transform,
including Euler transform, Laplace transform, Whittaker transform, Mellin transform, Hankel
transform K-transform, Ps transform and Fractional Fourier transform. Some results are
expressed in terms of generalized Wright function. The transforms found here are likely to
find useful in problem of Sciences, engineering and technology.
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1. INTRODUCTION

Integral transform is widely used for problem solving in various fields of physics and
applied mathematics. The present paper deals with the evaluation of various integral
transforms of the generalized function G, .[a, z].

Definition 1.1. Lorenzo and Hartley defined the following special function named as

generalized function G, [a, z] [1-3] as:

_ -n—-1 © (r)p (az”)"
Gorla 2] =277 Yoo rrony RE(Pr—m) >0 )

On taking r = 1 and z = z — c in equation (1), it reduces to special R-function which
is defined by Lorenzo and Hartley [2]

= (7 — c)p—n-1yw  [a=of?
Rp,n [a, G Z] (Z C) Zn:O r(np+p—n)' p = 0' p 2 n (2)

Details related to the function R, [a,c,z] and G, [a,z] can be seen in Lorenzo and
Hartley [1, 2], H. Nagar and Menaria [3]

Definition 1.2. The Euler transform of a function f(z) is defined as [4]

B{f(2);a,b} = [, 2% (1 - 2)*"'f (2)dz a,b € C,R(a) > 0,R(b) >0 A3)
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Definition 1.3. The Laplace transform of a functionf (t), is given by the equation [4]
F(s) = L{F(6); s} = [} e~st f(t)dt R(s) >0 4

Provided that the integral (4) is convergent for t > 0 and of exponential order as
t - oo. Also

[Femstpige = 1B R(p) > 1,R(s) > 1. (5)

sp’
Definition 1.4. The Whittaker Transform is defined as [5]:

r(G+a+r(G-A+¢)

f0°° e‘z£ t W, p(t)dt = FarD (6)
where R(B £ () > — 1/2and W, p(t)is the Whittaker confluent Hypergeometric function

Wpg(2) = r e Map(2) + s Mo (2) ()
where M, ;(z) is given by

Mg p(z) = zV/?*Fe~1/22 |F, (% +B—a;2B + 1;2) (8)
Definition 1.5. The Mellin transform of f(t) is given as [6]

M{f()}(s) = [, t7 fe)dt, R(s) > 0. 9)
Definition 1.6. The Hankel transform of f(x), denoted by g(p; v) is defined as [7]
9®iv) = [F@07 L,pOf()dx; p >0 (10)

The following formula can be used to solve the integral in equation (10) [8]

© . A-1 — 9A-1,-1 r(%)
Jo 7y (ax)dx = 2*""a ey (11)
Definition 1.7. The K-transform is defined by the integral equation [9]
Ry [f (0); p] = glp; v] = [, (0x)/?K, (px)f (x)dx (12)

Here R(v) > 0; K, (x) is second kind Bessel function which is defined in [9]

1/

KD = () Woo(22)

where W, ,,(.) is the Whittaker function defined in equation (7).
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In evaluating the integrals, the following result given by Mathai et al. [8] will be used
*4p-1 — 9p-2,-p1 (PLV). )
J, tPTKy(ax)dx = 2P72a™PT —); Ry(@) > 0; Ry (p £ v) > 0. (13)

Definition 1.8. The Ps[f(t); s] transform of a function f(t) ,in which s is a complex variable
is defined as [10]:

PsLF(0);5] = Foy(s) = [T1+ (8 — Ds] 51 f(£)dt; 6> 1 (14)

Ps-Transform of the power function t#~1 is given by

_ 5-1 B
Definition 1.9. The fractional Fourier Transform of order @, 0 < a < 1 is defined by [11]

(@) = Sa[ul(@) = | e‘“’[ﬂ‘u(t)dt (16)

On takinga = 1, equation (16) reduces to the conventional Fourier transform and
onw > 0, it reduces to Fractional Fourier transform given by Luchko et al. [11]

Definition 1.10. Some compositions are expressed as generalized Wright Hypergeometric
function [12] Ly, (z)(for detail, see [15]), for z€ C,a;b; € Cand a; f5; € R/{0},
(i=12,..,p;j =12,..q), is defined as [12-14]:

(ap, a;)q D T(a;+aik)z*
p¥q(2) = piq l(bi'ﬁihql = k= 01'[" T(b;+B)K! (17)
Definition 1.11. Generalized Hypergeometric Function is defined by [15]:

(al)n---(“p)n zn

o g 7] = e O GG, (18)

This series (1.18) is known as the generalized Gauss series or simply the Generalized
Hyper-geometric function [16]. Here p and q are positive integers or zero, the numerator
parameters ay, ..., o, and the denominator parameters Bl,...,Bq take on complex values,

provided that
B, #0,-1,-2,..;G=1,..,9.

2. INTEGRAL TRANSFORMS OF G, ,[a,z]

Theorem 2.1. Let p,n, 7, p,q € C,be such that
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_ I (rD,p+p-n-1p)
BlGonrla2lip 0} = 565 2 |Grp — 1,0, (rp 4 p+ g -1 — 1,0

where R(p) > 0,R(q) > 0.

Proof: On using (1.1) and (1.3), we get
B{ Gpnrla, z]; Lpq}= fzp YA =271 Gy pla zldz

00 1

— (r)nan fzrp+np+p—r/—1—1 (1 _ Z)q—ldz
OF(rp +np —n)n!

= 0

B I'(r+n)a™
B o () (rp +np —n)n!

B(rp+np+p—-n—-1,q)

I'(r+n)a™ I'rp+np+p—n—1T(q)
_OF(r)F(rp +np—mn! Trp+np+p+q—n—-1)

According to the definition of (1.17), we arrive at the result (2.1), which completes the
proof of the theorem.

Theorem 2.2. Let p,n, 7, € C and R(s) > 0, be such that

N-Tp n
L{G,p,la z];s} = SF(r) z I'(r+n) (sip)
n=0

Proof: On using (1.1) and (1.4), we get
L{ Goyirla z); s} = f e Gyprla,z] dz

— (r)na" J ZTP+np-n-1 -5z 4,
OF(rp +np —n)n!
= 0

On using (1.5)

8

_ (r)na™ I'(rp+np—n)
. I'(rp+np—n)n!  sTPnp-n
n=

This directly completes the proof.
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Theorem 2.3. Let p,n,7,€ C; R({) > 0,R(B + {) > —1/2 be such that

t
j e 2t Wy (1) G,y rla, t]dt
0

1 (r,l),(ﬁ+rp+(—n—%,p),<rp+(—ﬁ—n—%,p)
=F(T) 3lp2 1 |a
(rp—n,p),(rpﬂ—a—n—z,p)

Proof: On using (1.1), we get

0

s [ ot S e
2¢6-1 — 2¢¢-1 rp-n-1 n
f e 2t Wop(t) Gyyrla, tldt f e 2ts Wy p(t) (t or(" o trp— Tl)n!) dt
0 0 n=

© n ©
= E (Dna f e_%t””"p"”f‘l‘1 W p(t)dt
. I(np+rp—n)n! @B
n= 0

Making use of (1.6)

o]

1 1
_ (r)pa™ F(§+18+r,0+np+(—77—1)F(E—ﬁ+rp+np+(_n_1)
~ LiT(np+rp—mnl

F(rp+np+(—n—1—a+%)

B : Ir(rInp+rp—n)n!
n=

re4man  T(BtrotnptC—n—g)T(rotmp+{-f—n—3)

F(rp+np+(—n—a—%)

It directly completes the proof by using (1.17)

Theorem 2.4. The Mellin Transform of Generalized function G, , . [a, t] is given by:

- 1 (Mg
ts1¢g Jtldt =

j- p.n,r[a ] S+rp+np—7’—1 OF(RP+TP_TI)

0 "=

where p,n,7,€ C; R(s) > 0.

Proof: Using the definition of Mellin Transform (1.9)

[ee]

M{ Gp,n,r [a,t]; 5} = f 51 G,D.U,T [a,t]dt

0
and using (1.1)
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r [ SERONCRk
571G, [a, t]ldt = j gsL| ¢rPn—1 dt
oj par ) — I'(np +rp—n)n!

on changing the order

— (r)nan j ts+rp+np—n—1—1 dt
: I'(np +rp—n)n!
= 0

On setting t = e~ , it completes the required result of (2.4).

Theorem 2.5. The Hankel Transform of function G

o, Z] is given as

1
rp—M—5+7v
(r,1), 2 ,B
1 /2\"P7" 1 2 2 2\P
g v)=—(—) — 2> :a(—>
v2\p/  T(r) v+n_rp+% o\ P
(TP_TI:P): 2 ’_E

where p,n,7r,€ C,p > 0.

Proof: On using (1.10), we get

giv) = j 02)2),(2) Gy [0, 2] dz
0

Making use of (1.1) and changing the order of integration

Mna® [, 1 .

— p+np-n-1
TGt 75 = j (p2)2J,(p2) 2 dz
= 0

o]

N (r)na" 1 rp+np— +1—1
= p2 fz PPN 1, (p2z)dz
— !
s I'(np +rp—n)n!

On using (1.11), we get
rp+np— n + +v

n 1 1 1
(r)na 5 2rp+np—n+§—1 n-5-Tp-np

— I'(np +rp —n)n! P

v+n—rp—np—%

{1+ >
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rp+np—n+%+v
2

2\"\"
: ()
s+tv+n—rp—np p

n!I'(np +rp —n)T' 2 >

I'(r+n)r

_ 27”,0—77—% pn—rp i
I'(r) P

Using equation (1.17), this immediately leads to (2.5).
Theorem 2.6. The K-transform of special G, , ,[a,z] function for (p) > 0;p,n,7,€ C , is

. pnr
given as

¢ , 1 /2 rp+p'—n—1 1

f tP 1K, (wt) G, lat] dt :?<Z) =

0

p+p +v-n-1 ro+p —v—n—1
(r, 1), prp n ,B, pPTp n 'B 2\ P
(rp —n,p)

Proof: On using (1.12) and (1.1) , we get

[ [ = (r), (atP)ntP—n-1
ft/’ 1K, (wt) G,y pla, t]dt = f tP 1K (wt) () (at?) dt
0 0

I'(rp +np —n)n!
n=0

Changing the order of integration

[e¢]

- (r)nan '
= trptptnp-n=2 g t) dt
0F(r,0+np—17)n! J v(wt)
n= 0

Using (1.13) for R,(w) > 0,R,(p' £ v) >0

n
— (r)na 2rp+p'+np—77—3w1+n—rp—p'—np

_n_OF(rp+np—r])n!
ro+p +np—n—1+v\ _(rp+p +np—-n—1-v
Xr(p ptnp—n )F<p ptnp—n >

2 2

27P+P N=3y1401-TPp=p" N [(r + n)aw "
r'(r) s ['(rp +np —n)n!
n=

. ro+p —n—1+v+np r rp+p —n—1—v+np\ a®2™
2 2 wnP

The required result in (2.6) directly follows on using (1.17).

Theorem 2.7. For § > 1,p,n,r, € C, the following result holds true
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[ [ t]' S] 1 [r ' a
oL (X(CS; S))rp—n v ’ x(8;s)
where y(5;s) = —1;(61 Ls]

Proof: Using equation (1.14), we get

t
Ps[ Gyrla jl+(8—1)s "5-1 G,y la tldt
0

On changing the order of integration and using (1.1)

o]

r)pa” N t

_ ( )n f[l + (5 _ 1)5]_5_1 trp+np—77—1dt
OF(rp +np —n)n!

= 0

Here making use of result (1.15), we obtain

— N (r)pa™ 5—1 rp+np-n
= ;F(rp +np —n)n! (ln[l + (5 — 1)5]) I'(rp +np —1n)

- 25 Ll

rp+np-n

In view of the definition (1.18), we arrive at the required result.

Theorem 2.8. Let p,n, 1, € C; be such that

pnr(a t) = Z +g3nna

e

where a > 0.

Proof: Using (1.1) and (1.16), it gives

]a[Gp,n,r(a, t)](a)) — j eiw(ﬁ)t

R

Gynr(a, t)dt

f iw(é)t @ (r)nan trp+np—77—1
e
R —~ ['(rp +np —n)n!

— (r)nan f eiw(%)t trp+np—77—1 dt
— I(rp+np—mnn! J;
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1
On setting iw(E) = —u, then we obtain

0 rp+np-n-1
_ (r)a™ fo e —du
P! I(rp+np—nn! J_, iw(%) iw(%)

a

Z Dnt : f e~ UyrPne—n-14y,
rp+np—
= I'(rp +np —n)n! (i)rP+np-n (_1)rp+np_n_1w(w) J

i (r)pa® 1 Fero + )
= = rp+np—n
n=0r(rp + np — 77)71! (i)rp+np—n (_1)rp+np—n—1a)(rp+?#)
v (M)pat 1
B Z n! . ~ o1, (EERT)
=0 (DHrptnp—n (—1)rptnp-n-1g a

This completes the proof.

3. CONCLUSION

The results obtained in this paper are new and can be further modified in various new

and known integral transforms, which are used in various areas of engineering, science,
applied mathematics, bio-engineering etc.
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