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Abstract. In this paper, we implemented an improved tanh function Method for some
exact solutions of fifth order equation of Burgers hierarchy. This method is presented by Chen
and Zhang.
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1. INTRODUCTION

Nonlinear partial differential equations (NPDES) have an important place in applied
mathematics and physics [1, 2]. Many analytical methods have been found in literature [3-8].
Besides these methods, there are many methods which reach to solution by using an auxiliary
equation. Using these methods, partial differential equations are transformed into ordinary
differential equations. These nonlinear partial differential equations are solved with the help
of ordinary differential equations. These methods are given in [9-16]. We used the improved
tanh function method to find the exact solutions of fifth order equation of Burgers hierarchy in
this study. This method is presented by Chen and Zhang [9].

2. ANALYSIS OF METHOD

Let's introduce the method briefly. Consider a general partial differential equation of
two variables,

@OV, Vg, Vg, Uyy ) = 0, 1)
and transform equation (1) with v(x,t) = v(@) @ = k(x — Bt) here k,  are constants. With
this conversion, we obtain a nonlinear ordinary differential equation for v(@),

oWw,v,v" ..)=0. 2)
We can express the solution of equation (2) as below,

(@) = Xiso a:F (), ©)
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here is n a positive integer and is found as the result of balancing the highest order linear term
and the highest order nonlinear term found in the equation.

If we write these solutions in equation (2), we obtain a system of algebraic equations
for F(@).F*(@)....F'(g) after, if the coefficients of F{@).F*(g)....F'(8) are equal to zero, we
can find the k. £, a;.a,. ..., a, constants.

The basic step of the method is to make full use of the Riccati equation satisfying the
tanh function and to use F(g). solutions. The Riccati equation required in this method is given
below

F'(¢) = A+ BF($) + CF2(¢). (4)

drig)
dg

Here, F'(g) = and A.EB and ¢ are constants. The authors expressed the solutions [9].

Example 1. We consider the fifth order equation of Burgers hierarchy,

Ve + Vyrnnex + 10V2, + 15V, Vpy + SVUVppnx + 1503 + 5000, 0, + 100204, + 300207 +
10v3v,, + 5viy, = 0. (5)

Let us consider the traveling wave solutions v(x, t) = v(z), z = k(x — Bt) then Eq.
(5) becomes

—Bv' + k*v® + 10k3(v")2 4+ 15k3vv" + 5k3vv™® + 15k%(v)3 + 50k2vv'v" +
10k?v2%v" + 30kv?(v)? + 10kv3v" + 5v*v = 0, (6)

when balancing vv'v", with v® then n = 1 gives. The solution is as follows:
v=ay+ a,F(D). @)

(7) is substituted in equation (6), a system of algebraic equations for k, 8, a,, a; are obtained.
The obtained systems of algebraic equations are as follows:

B*k*a, + 22A%B?Ck*a, + 16A3C%*k*a, — ABa, + 5AB3k3aya, + 40A2BCk3aya,
+ 10AB%k?a3a, + 20A%Ck?a3a, + 10ABka3a, + 5Aaja, + 25A?B?*k3a?
+ 3043Ck3a? + 5042Bk?a?a, + 30A%ka3a? + 1543k?a3 = 0,

B%k*a; + 52AB3Ck*a, + 1364%BC?*k*a, — Bfa, + 5B*k3a,a, + 110AB*Ck3aya,
+ 8042C%k3aya, + 10B3k2a3a, + 80ABCk?a3a,; + 10B%*ka3a,
+ 20ACkada, + 5Baga, + 55AB3k3a? + 23042BCk3a? + 120AB%*k?aia,
+ 140A%Ck?a?a, + 90ABka3a? + 20Aa3a? + 954%Bk?a3 + 60A%kaya3
=0,

31B*Ck*a, + 292C2B2Ak*a, + 1364%C3k*a, — CBa, + 75B3Ck3aya,
+ 300C%BAk3aga; — 70CB%k?a3a, + 80C?Ak?a3a, + 30CBkaja,
+ 5Caga, + 30B*k3a? + 450AB%Ck3a? + 270A%C?*k3a? + 70B3k2aqa?
+ 460ABCk%aya? + 60B%kaia? + 120ACkata? + 20Baja?
+ 1554B%k%a3 + 165CA%k?a3 + 150ABkaya3 + 304a3a3 + 304%kaf
= O’
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180B3C%k*a, + 480ABC3k*a; + 250B%C2k3aya, + 200AC3k3aga, + 120BC?k?a2a,
+ 20C?ka3a, + 255B3Ck3a? + 880ABC%k3a? + 340B*Ck?aya?
+ 360AC%k?aya? + 150BCkaa? + 20Ca3a? + 75B3k?a3 + 470ABCk?*a3
+ 90B%kaya3 + 180ACkaya3 + 30Ba2a3 + 70ABkaf + 20Aaqaf = 0,
390B2C3k*a, + 240AC*k*a, + 300BC3k3aga; + 60C3k2a2a, + 665B2C%k3a?
+ 490BC?k?aya? + 90C%kaZa? + 315B%Ck?a} + 3254C%k2a3
+ 210BCkaya3 + 30Ca2a3 + 40B%kat + 80ACka} + 20Bayat + 5Aaqa;
= O,

360BC*k*a, + 120C*k3aya, + 690BC3k3a? + 220C3k?aya? + 415BC?k?a3
+ 120C?kaya3 + 90BCkat + 20Caqat + 5Ba} = 0,

120CSk*a, + 250C*k3a? + 175C3k3a3 + 50C2ka? + 5Ca’ = 0. (8)

If the system is solved, the coefficients are found as,

Case 1:
a, A%at
a0=0,B=0C¢0, k:_ﬁ’ BzT,aliQ
Case 2:
2
Aa0¢0,3=0,a1=\/%a0, k=—A“7°, B =—11af, a; # 0. (9)
1

with the help of the Mathematica program. After these operations, The solutions of equation
(5) for case 1 and case 2 are as follows:

Solutions 1
v,(x,t) = a;[Coth(a,x — ajt) + Cosech(a;x — a3t)]
v,(x,t) = a,[Tanh(a;x — a3t) + iSech(a;x — a3t)] (10)
Solutions 2
v3(x,t) = a;[Sec(—a,x + adt) + Tan(—a,x + a3t)]
v,(x,t) = a;[Cosec(—a;x + adt) — Cot(—a,x + a3t)]
vs(x,t) = a;[Sec(a;x — ajt) — Tan(a,;x — ajt)]

ve(x,t) = a;[Cosec(a,x — ajt) + Cot(a,x — alt)] (11)
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Solutions 3
5
a, aj
vy(x,t) =a, [Tanh <7x — 7t>l
5
vg(x, t) = a, [Coth (%x — %t)] (12)
Solutions 4
5
vo(x, t) = a4 [Tan (— %x + % t)] (13)
Solutions 5
5
vio(x, t) = ay [Cot (%x — % t)] (14)
Solutions 6

vy1(x, 1) = ag + V2iag[Coth(V2iagx + 11V2iagt) + Cosech(V2iagx + 11v2iagt)]
V12 (x, £) = ag + V2iag|Tanh(V2iaex + 11V2iagt) + iSech(V2iapx + 11V2iagt)|  (15)
Solutions 7
v15(x, ) = ag + V2aq[Sec(—V2aex — 11V2ait) + Tan(—v2aex — 11V2ajt)]
v1.(6,t) = ay +V2a, [Cosec(—\/iaox — 11\/§a8t) — Cot(—\/iaox — 11\/§a8t)]
vy5(x, t) = ag + V2a,[Sec(V2agx + 11V2ait) — Tan(vV2aex + 11vV2ajt)]

v16(x,t) = ag + V2a,[Cosec(V2apx + 11v2ajt) + Cot(V2aox + 11V2a3t)]  (16)

Solutions 8
agi  1liaj
v1,(x,t) = ay + V2ia, |Tanh Ex + 7 t
. . 5

v18(x, t) = ay +V2ia, [Coth (%x + 11;;" t)] a7

Solutions 9
5
v1o(x, t) = ag +V2a, [Tan (— %x - 1\1;210 t)] (18)
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Solutions 10

Va0(x,t) = ag +2a, [Cot (%x + 1\1/;‘? t)] (19)

3. EXPLANATIONS AND GRAPHICAL PRESENTMENTS OF SOME OBTAINED
SOLUTIONS

The graphs of some solutions of Equation (5) are as follows:

| | N | |
. N\ 5 \o
4
6
0

Figure 1. i) The 3D surfaces of solution v, for the value a; = 1 within the interval —10 < x < 10,-1 <
t < 1. ii) The 2D surfaces of solution v, for the values a; = 1 and t=1 within the interval —10 < x < 10.
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Figure 2. i) The 3D surfaces of solution v,4 for the value ay = 1 within the interval -10 < x < 10,-1 <
t < 1.ii) The 2D surfaces of solution v,4 for the values a, = 1 and t=1 within the interval —10 < x < 10.

4. CONCLUSION

We used the improved tanh function method to find the exact solutions of fifth order
equation of Burgers hierarchy. This method has been successfully applied to solve some
nonlinear wave equations and can be used to many other nonlinear equations or coupled ones.
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